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Abstract

In this thesis we study higher spin operators in conformal field theories with weakly broken higher
spin symmetry. Exact higher spin symmetry is known to be very constraining, containing the usual
conformal group as a subgroup, and actually enforcing the theory to be free. Moreover, even in the
presence of some weak, perturbative breaking of this symmetry, it still constrains the correlation

functions.

In particular, it simplifies the calculation of anomalous dimensions of those currents to the lowest
order in perturbation theory, reducing it to a two-point function of the non-conservation operator
corresponding to the current. We apply this method to a variety of vector models, both bosonic and
fermionic. Specifically, we reproduce some known results for Wilson-Fisher model in 4 — € expansion,
as well as the 1/N expansion of the model and use those to interpolate with good accuracy to d = 3
Ising model. We also get some new results for non-linear sigma model in 2 4 ¢ expansion and cubic
models in 6 — e. We also apply this technique to fermionic models, the Gross-Neveu-Yukawa model
in 4 — € expansion and 1/N expansion. Further, we use a combination of direct Feynman diagram
calculation and analytic bootstrap methods to calculate the anomalous dimension of some composite

operators.

In the last chapter, we study vector models in d = 3 with a Chern-Simons interaction, which were
an object of close study recently as a testing ground of a whole family of boson-fermion dualities.
In particular, these dualities imply a matching of anomalous dimensions and three-point functions of
higher spin currents between bosonic and fermionic theories under a certain mapping of the Chern-
Simons coupling and the rank of the gauge group. We confirm those predictions using both the

non-conservation operator formalism and a direct Feynman diagram calculation.
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Chapter 1

Introduction

Much of the physics of 20-th (and, at least so far, 21-st) century was concentrated on the study of
critical phenomena. It was marked by two fundamental breakthroughs: the classical field theoretic
model of symmetry breaking proposed by Landau and Ginzburg [1], which provided a non-quantized,
thermodynamic description of second-order phase transitions (or in a more moderate language, crit-
ical points); and the discovery of renormalization group by Wilson [2], where a path-integral, fully
quantum-field-theoretical treatment was given. Together with a plethora of related work, these con-
cepts provide an understanding of a concept of universality, that is different physical systems behaving

in the same way nearby the critical point.

A very handwavy explanation as to what conformal theories have to do with critical phenomena
can be formulated as follows. In a typical thermodynamic setting, critical points occur at the end
of a continuous line of first-order phase transitions, where some characteristic energy scale of the
transition, such as the latent heat for water-vapor phase transition, vanishes. Amusingly enough, at
this point the correlation length & of, say, density fluctuations becomes infinite. These two facts are
of course related, owing to the relation [ ~ 1/F in natural units. In other words, in the vicinity of
critical points physical observables (such as the correlation functions, from which other observables
can be derived) can no longer depend on £, but have to capture something characteristic of phase
transition itself. More concretely, away from a critical point, a typical correlation function of a local
quantity O(z) behaves like

(0(2)O(y)) o e~le=vl/¢ (1.0.1)



whereas in the absence of £ the only functional form you would be forced to write would be

1

(0@)0)) x ——= (10.2)
|z —y|®

This argument establishes relevance of studying field theories with scale invariance. From a La-

grangian perspective, that would seem to be any theory without dimensionful parameters. At the

quantum level, however, there is a subtlety: an energy scale can be dynamically generated. With-

out diving into details for now, we just mention that scale invariance requires the vanishing of beta

functions of the theory:
dg;
dlog A

(1.0.3)

for all couplings g;. This connects to the second point mentioned above: that scale invariant theories

represent ending points of the renormalization group flows, where couplings no longer evolve.

1.1 Conformal invariance

With the observations made above, we now point out that empirically scale invariant critical theories
also exhibit full conformal invariance (under certain assumptions such as unitarity). With those
assumptions there exists a proof of that statement in d = 2 [3,4]. In other dimensions the situation is
more complicated, with varying amount of evidence or proof available. Perhaps the most compelling
argument was given for d =4 in [5]. We refer the reader to the overview [6] as well as original papers
for d = 3 [7,8] and d = 6 [9]. For now we will take that symmetry enhancement for granted and

describe the construction of the conformal group, following [10] and [11].
Conformal transformations of d-dimensional R? space with flat metric g, = 7, are defined as

coordinate transformations x — x’ which preserve the metric up to an overall conformal factor A(x):

OxP 0x°
lpo ox'* Ox'v = A(x)nlw (1'1'1)

It’s straightforward to observe that scale transformation x — Ax trivially satisfies this equation with

A(z) = A72. The Poincaré group transformations also do, with A(z) = 1.

A key new (relative to scale and Poincaré) transformation which completes the conformal group



is the so called special conformal transformation (SCT):

B 2 pH
(" 1.1.2
* 1—2(b-z) + b2a? (1.12)
with the scale factor
A(z) = (1 —2(b-x) + b*z?)? (1.1.3)
To rewrite in a more intuitive way:
A

which means shows that SCT is just a composition of inversion, translation and another inversion.
This remark simplifies the analysis of constraints imposed by the conformal group on the correlation
functions: for instance, the coordinate dependence of 2-, 3- and 4-point functions will be universal
up to (possible) functions of inversion-invariant coordinate combinations. Under the inversion, the

distance between two points x5 = |x1 — x2| transforms as:

2

2 P)
= 12 1.1.5
L9 xfa:% ( )

It is also possible to write down the action of the conformal group on local fields. Omitting the details,

imposing that a field belongs to an irreducible representation of the Lorentz group (for Euclidean

1

signature this would be just SO(d) rotations) *, we construct the so-called quasi-primary fields. Under

a conformal transformation these fields transform as:

_A
d

L (1.1.6)

P'(2") = or

Here we restrict our attention to scalar fields, we will return to fields with spin later. Notice that A

in this definition coincides with scaling dimension: under 2’ = Az transformation we get:

d(Az) = A2 o(x) (1.1.7)

Using those transformation laws and imposing conformal symmetry, it is possible to restrict correlation

1Simply put, it means that the field has the amount of indices equal to its spin, eg it’s a vector field and not a
derivative of a scalar.



functions. For the two point function of two scalar primaries of dimensions A;, Ay we get:

(B1(1)n(az)) = 20222 (1.18)
Ly2

which is only non-zero for A; = A,. For three-point functions we get

Ci23
(01(21)02(22)05(23) = —R 3R —R, A58, A AeTA A (1.1.9)
Z12 23 Z31

We will refer in future to Ci2 and C123 as two and three-point coefficients. Note that it’s possible to

"normalize away” (19, since only the combination

2
0123

— 1.1.10
C12023C3 ( )

is physical. Finally, for a four-point function one gets

T13

1 T24 A1 T14 Ao
(P1(z1)@2(22)P3(23)Pa(24)) = X 7Am; movas (x) () F(u,v) (1.1.11)
Ry, 14

Here u and v are the conformally invariant cross-ratios 2 given by

=72 2 2 .2
Ti3L34 L33L714

It is possible to impose constraints on higher-point functions. However, it is less relevant as the
operator-product expansion allows to reduce these two a combination of two- and three-point functions.
Most of the dynamics of a conformal field theory (CFT) is encoded in such an expansion of a four-
point function. It is also possible to impose similar constraints for fields with spin. We come back to
it in later chapters. We conclude those introductory remarks by noticing that promoting conformal
invariance from a classical to a quantum case is not automatic: it breaks down for theories with non-
vanishing beta-functions. It doesn’t mean that one is restricted to studying non-interacting conformal
field theories however. The most physically interesting case is the study of critical points, where two or
more terms in the beta function cancel out at some value of couplings, giving rise to a fully interacting
CFT. Finally, the concept of radial quantization described in all classical textbooks on CFT (eg [10])

allows to define a Hilbert space of states in a CFT and thus provides a mapping between local fields

2Inversion (and thus conformal) invariance follows from (1.1.5).



and operators. We will therefore use those two terms interchangeably further on.

1.2 Higher spin operators

We will now turn our attention to operators with spin. This is accomplished by allowing the quasi-
primary fields mentioned in the previous chapter to transform in some non-trivial representation R of
SO(d). We then conclude that the spectrum of a d-dimensional conformal field theory [12] consists
of local operators labeled by conformal dimension A, representation R, and possibly a representation
rq of an internal global symmetry group. The precise determination of the spectrum of an interacting
CFT is of fundamental importance. Together with the knowledge of the OPE coefficients, it essentially

amounts to a solution of the CFT.

It is well-known that in a unitary CFTy, dimensions of primary operators satisfy certain inequal-
ities known as unitarity bounds [13,14]. For a spin s operator J,,,,...,, in the symmetric traceless

representation of SO(d), the unitarity bound is

Ag>d—2+s, s>1. (1.2.1)
For a scalar operator O, it reads
d
Doz g1 (1.2.2)

and one may derive similar bounds for more general representations of SO(d). When these inequalities
are saturated, the corresponding operator satisfies some differential equation, and it belongs to a short
representation of the conformal algebra. In the case of a scalar operator, the shortening condition
is simply the wave equation 920 = 0, i.e. O is a free scalar field. For a spin s operator (s > 1),
saturation of the bound (1.2.1) implies that it is a conserved current

o J,

Bz fis

=0. (1.2.3)

The cases s = 1 (an exactly conserved current with A =d— 1) and s = 2 (the conserved stress tensor

with A = d) are familiar in any CFT. Conserved currents of higher spins s > 2 are explicitly realized



in free field theories. For example, in a free scalar CFT they take the schematic form

Tprooe = O CskOppy 0y 80y, Oy (1.2.4)
k=0

where brackets denote traceless symmetrization and the coefficients may be determined by the conser-
vation equation, as we review in Section 2.1. It is evident that these operators have exact dimension
Ay = d — 2+ s in the free theory. As usual, conserved currents correspond to symmetries of the
theory. The presence of exactly conserved currents of all spins implies that the CFT has an infinite
dimensional higher spin symmetry which includes the conformal symmetry as a subalgebra. Higher
spin symmetries turn out to be very constraining. One may prove that if a CFT possesses a spin 4 con-
served current, then an infinite tower of conserved higher spin operators is present, and all correlation

functions of local operators coincide with those of a free CFT [15-19].

In an interacting CFT, the higher spin operators are not exactly conserved and acquire an anoma-
lous dimension

Ag=d—2+s+s. (1.2.5)

An interesting class of models are those for which the higher spin symmetries are slightly broken. By
this we mean that there is an expansion parameter g, playing the role of a coupling constant, such
that for small g the anomalous dimensions v5(g) are small, and in the g — 0 limit one recovers exact
conservation of the currents. Explicit examples are weakly coupled fixed points of the Wilson-Fisher
type [20], where g corresponds to a power of ¢, or certain large N CFT’s, where ¢ is related to a power
of 1/N. At the operator level, this implies that the non-conservation equation for the spin s operator
takes the form

8- J, = gK, (1.2.6)

where K;_; is an operator of spin s — 1, and we factored out g to highlight the fact that at g = 0
the current is conserved. The slightly broken higher spin symmetries (1.2.6) can still be used to put
non-trivial constraints on the correlation functions [21]. The equation (1.2.6) also gives an efficient
way to determine the anomalous dimensions 7, to leading order in the small parameter g [22,23].
As we show below, using (1.2.6) and conformal symmetry one readily finds that v,(g) x g%, where
the proportionality constant is simply obtained by computing the two point functions (Ks_1 K1)

at ¢ = 0. This method is similar in spirit to the one recently advocated in [24], where the leading



anomalous dimension of ¢ at the Wilson-Fisher fixed point in d = 4 — ¢ was reproduced by using

conformal symmetry, without explicit input from perturbation theory.

In addition to their intrinsic interest and their relevance in statistical mechanics, the higher-
spin operators we study in the thesis also play an important role in the context of the AdS/CFT
correspondence. According to a well understood entry of the AdS/CFT dictionary, exactly conserved
currents of spin s in CFT, are dual to massless spin s gauge fields in AdSg41. Interacting higher
spin gauge theories in AdS;;; were explicitly constructed by Vasiliev [25-28], and a class of them
were naturally conjectured [29] to be dual to the singlet sector of the free O(N) vector model (we
will describe the AdS/CFT interpretation for fermionic and Chern-Simons models in chapter 3 and
4 respectively). The exactly conserved currents J; with s = 2,4,6,... are dual to the corresponding
massless gauge fields in the Vasiliev theory, and the scalar operator Jy = ¢'¢’ to a bulk scalar field with
m? = —2(d — 2)/¢?%,5- As further conjectured in [29], one may extend this duality to the interacting
case, obtained by adding to the free theory the “double-trace” interaction A(¢'¢?)?. For d < 4 there
is a flow to an interacting IR fixed point® which is conjectured to be dual to the same Vasiliev theory
but with alternate boundary conditions on the bulk scalar field [31]. A distinguishing feature of large
N interacting vector models is that the descendant operator Ks_; appearing in the non-conservation

equation is a “double-trace” operator, schematically

1
d-J, = WZJJ. (1.2.7)

This implies that the anomalous dimensions are 75, ~ O(1/N), which corresponds to a quantum
breaking of the higher spin gauge symmetry in the bulk: the higher spin gauge fields acquire masses
through loop corrections? when the bulk scalar is quantized with the alternate boundary conditions.
In representation theory language, the equation (1.2.6) means that the short representation of the
conformal algebra with (A =d — 2 + s, s) combines with the representation (A =d—1+s,s —1) to
form a long multiplet with (A > d — 2+ s, s). In the bulk, this phenomenon corresponds to a higher
spin version of the Higgs mechanism [32]: the gauge field swallows a spin s — 1 Higgs field to yield a
massive spin s field. The fact that the operator on the right-hand side of (1.2.7) is double-trace implies

that the Higgs field is a composite two-particle state, and the breaking is subleading at large N. This

3For 4 < d < 6 there is a flow to a (presumably metastable) perturbatively unitary, UV fixed point [30].
4In the higher spin/CFT dualities, the bulk Newton’s constant G scales as 1/N. The mass of a spin s field
in AdSgy; is related to the dual conformal dimension by (As + s — 2)(As 4+ 2 —d — s) = m2¢% ,, which implies

m262 ;5 ~ 1/N for v ~ 1/N. To leading order at large N, m2¢2 ;< =~ (25 + d — 4)7s.



is different from theories of Yang-Mills type, where Ks_; in (1.2.6) is a single trace operator, and the
anomalous dimensions are non-zero already at planar level. In the bulk, this would correspond to a

tree-level Higgs mechanism.

1.3 Outline

We begin by setting up some general notation and the method used to fix the anomalous dimensions of
the higher-spin currents in particular models. In Chapter 2, based on [33], co-authored with S. Giombi,
we apply that machinery to a family of bosonic O(NN) vector models in dimensions between 2 and
6. In Chapter 3, based on [34] with E. Skvortsov and S. Giombi, we study various fermionic models.
Finally, in Chapter 4, based on [35] with S. Giombi, E. Skvortsov, S. Prakash and V. Gurucharan, we
calculate the 1/N anomalous dimensions for Chern-Simons vector models in d = 3 and use them to

confirm a particular case of d = 3 boson-fermion dualities.

1.4 General method

In this section we will setup the definitions and notations which will then be applied to the particular
models. We will also describe the derivation of the master formula which allows to calculate the

lowest-order value of the anomalous dimensions without doing any loop calculations.

1.4.1 Constructing higher spin currents

We first introduce some useful technology for the manipulation of symmetric tensors. For a given
a rank s tensor J, u,...,, in the symmetric traceless representation, we may introduce an auxiliary
“polarization vector” z*, which can be taken to be null (22 = 0), and construct the index-free projected

tensor

Jo = Ty 22t 22 =0, (1.4.1)

It is evident that the multiplication by z# selects only the symmetric traceless part of J,,...,,,. One
may always go back to the full tensor by “stripping off” the null vectors and subtracting traces.

In practice, this can be done efficiently with with the help of the following differential operator in



z-space [23,36-38] (sometimes called Thomas derivative):
d 1
Dt = 3 1) 0., +2"0.,0., — 52“8%82”. (1.4.2)

Acting once with this operator removes a z*, thus freeing one index of the tensor, while taking into

account the constraint 22 = 0. The unprojected .J,, ..., can thus be recovered via

J

stz X D2 D7 D2 (1.4.3)

s

The symmetrization and tracelessness of the operator obtained this way is ensured by the properties
[DY, DY] =0, DiDy, = 0. (1.4.4)

Similarly, the conservation equation (1.2.3) of the spin s operator may be written compactly in this

notation as

8,D"J, = 0. (1.4.5)

z

This equation is satisfied in any free field theory (bosonic or fermionic).

1.4.2 Anomalous dimensions of the weakly broken currents

Let us consider a CFT with a parameter g playing the role of a coupling constant, such that in the
g = 0 limit there are exactly conserved currents Js;. When a non-zero coupling ¢ is turned on, the

currents will be no longer conserved for general s and acquire anomalous dimensions
Ag=d—24s+7(g). (1.4.6)

The non-conservation of the currents means that a non-zero operator of spin s — 1 must appear on

the right hand side of (1.2.3), or equivalently (1.4.5)
d,D"J, = gK, 1, (1.4.7)

where we have pulled out an explicit factor of g in front of the descendant to stress that the right

hand side vanishes when g = 0. Here g is assumed to be a small expansion parameter, and may be



either a power of € in the Wilson-Fisher type models, or a power of 1/N in the large N approach. We
now proceed by noting that in a CFT the form of the two-point function of the spin s operators is

fixed by conformal symmetry to be

A A IAS
(Js(x1) g (22)) = 055 C(g) CAL (1.4.8)
12
where
~ Hov
I= IMVletzéj ) qu = Nuv — 2% . (149)
12

Acting on this two-point function with 0, D% on both operators (with different projection vectors z;

and z9), one gets, using the form of the non-conservation equation (1.4.7)

61MD51 5‘2#D§2 <js(5171)je($2)> = 92<Ks—1(171)f%s—1(I2)>- (1.4.10)

On the other hand, differentiating the right hand side of (1.4.8), setting z; = 22 at the end, and

dividing by the two-point function of J's, one finds the relation [22,23]

P <K<—J1g3f(;§f>”2)> = —7u(g%)s(s + d/2 — 2)[(s + d/2 — 1)(s + d — 3)

+75(g%)(s* + sd/2 — 2s +d/2 — 1)].  (1.4.11)

The right-hand side being proportional to 7, is not a coincidence and follows from the conservation of
the higher-spin current at zero coupling (1.4.5). From a CFT standpoint, (1.4.11) is an exact relation.
In practice, when doing perturbation theory in g, one computes the correlators on the left hand side in
powers of the coupling. It is then evident that (1.4.11) allows to gain an order in perturbation theory.
To obtain the anomalous dimensions of the broken currents to leading order in g, one has simply to
evaluate ratio of correlators in the free theory, g = 0. In particular, this only involves finite tree-level

correlators, avoiding the issues of regularization and renormalization.

1.4.3 Universal large spin behavior

All of the results in this thesis can be compared to the universal prediction of large spin behavior of

operators of the form (bésqﬁ done in [39,40]. More concretely, the leading order s — co asymptotic for

10



the twist, 7, = As—s and consequently the anomalous dimension of higher-spin currents is established:
Cr, .
Te =2Tp — = 4 ..., (1.4.12)

The coefficient ¢, ;. is given by the formula (3.18) of [39] which reads in terms of two- and three-point

function coefficients

T(Tmin + 2Smin) D(A)? Choo
Crmin = — — P o
28min 11“(%%)2 T(A — Ti2)2 C2 ,Co.

Timin (1.4.13)
O

min ~ Tmin

where Cpo and Co 0., are the two-point function coefficients of O and O

mi

S rin ODerators and

Cooo,, . is the three-point function coefficient (the fraction in (1.4.13) is the one appearing in the
conformal block expansion of the four-point function of O’s, and the derivation of (1.4.13) uses the

contribution to of O block to the four-point function in a certain limit.)

Let us briefly review the derivation of this result, closely following the method used in [41]. We

study the four-point function of four scalar operators O:

2 (1 + Z ansuT/QfT’s(u, v)) =u” (1 + Z a7-75v7/2f775(v, u)) (1.4.14)

T,8 T,8

where the contribution of the identity operator is isolated and the conformal blocks are written as

gr.s(u,v) = u™/2f, (u,v) to emphasize the small-u behavior (functions f, , stay finite as u — 0).

Now we will study this equation in a double-scaling limit, where we first send v to 0 and then
u. As shown in [39,40], the presence of the identity operator in the crossed channel gives rise to
double-trace higher spin operators constructed from O, [O, O],, with twists 7, = 2A o + 75 where the
anomalous dimension s vanishes as s — o0o. The right-hand side will in turn be dominated by the
contribution of the operator with minimum twist 7,5, such that the most singular contributions as

v — 0 of (1.4.14) take the form:

> a2 ) oo = ar 0 AL (0,100 (1.4.15)

where a are the normalized three-point coefficients (as in the last term of (1.4.13)) and the collinear

11



s)

conformal blocks f C(o” are given by (see eg [42]):

A'(A+s+ L) TRA+2+ 2L —1)
D(s+ % +10(A)?T(2A + 25+, — 1)

(1.4.16)

g =

fc(jl)l(v) =1 -0’21 (A4 s+7s/2, A+ s+ 75/2,2A + 25 + v5; 1 — v) (1.4.17)

A key observation is that each conformal block only diverges logarithmically in the second argument (v
on LHS, u on RHS). Thus we need a sum of logarithmically divergent terms to reproduce a power-like
vTmin/2=5 on RHS. This is only possible if infinitely many terms on LHS contribute. Now we proceed

with small u expansion, extracting only logu pieces:

> au B log uf oy (v) a0 = @, 0™ AL ()] 0o (1.4.18)

log u,u—0

The RHS is known to be (see [41,43]):

(7 + 2s)
(v, vy = ————— " _logu+O 1.4.19
frlv u)|1ogu,u0—>o (—2)s0(Th22)2 et ) ( )

As alast step, we convert the sum over the spin s in (1.4.18) into an integral over the variable j = sy/v

at large s, using the following form for the hypergeometric function:

. I(o b1 — et
oF1(a,b,¢;2) = TO)T(e =) /0 dt (1= t2)° (1.4.20)

so that (1.4.18) takes the form:

o0 1) T (Tomin + 25min)
GEA(G,v) =Y — min T 2Smin)__ mmin/2(1 4 O(v 1.4.21
/0 J (j ) 2 (_2)81"(Tmin+228min)2 ( ( )) ( )

where the kernel K2 (j,v) is complicated expression given in [41]. This equation determines 7, order
by order in 1/s by applying the inverse of the kernel K (j,v) to the RHS. However, for the purpose

of determining the leading order behavior, it’s sufficient to point out that

o . . v ni nF(Ain)2 n+1
/0 djiK2(j,v) <32> = WH)@ 1) (1.4.22)
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It’s evident then that we can just set n = 7,,:,/2 in the equation above, such that

g = — Tmin (1.4.23)

S§Tmin

and then upon collecting all the coefficients the formula (1.4.13) is reproduced exactly (the (—1)%min
is not important for the case of four identical scalar operators, as only even spins can be exchanged
in the four-point function). Notice that it’s possible to calculate all the terms in the logwu part of the
conformal block (1.4.19), as well as extra terms in (1.4.22). This allows to systematically extract all

terms in the 1/s expansion of 5. For this and other details of the calculation see [41].
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Chapter 2

Anomalous dimensions in the

bosonic vector models

2.1 Introduction and Summary

In this chapter, we apply the general method to the explicit example of interacting scalar field theories
with O(N) symmetry in various dimensions. These include the familiar Wilson-Fisher fixed point of
the ¢* theory in d = 4 — ¢, the large N expansion of the critical O(/N) model in arbitrary dimension
d, the perturbative IR fixed points of the cubic O(N) models in d = 6 — € [30], and the UV fixed point
of the non-linear sigma model in d = 2+ €. In all these examples, we determine the explicit structure
of the non-conservation equation (1.2.6) and use it to find the leading order anomalous dimensions of
higher spin operators in the singlet, symmetric traceless and antisymmetric representations of O(N).
Many of our findings were obtained before by different methods [44,45], but the results in the cubic
models in d = 6 — € and in the nonlinear sigma model in d = 2 + € are new as far as we know. In all
examples, we pay particular attention to the large spin behavior of the anomalous dimensions, finding
precise agreement with general expectations [39,40,46-48]. Combining information from the d = 4 —¢
and d = 2 + € expansions, as well as some input from the large spin limit, in Section 7 we also obtain
some estimates for the dimension of the singlet higher spin operators in the d = 3 O(N) models for a

few low values of spin s and N.
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2.1.1 The higher spin currents in free field theory

Let us now construct the explicit conserved higher spin currents in the free CFT of NV real massless

scalar fields. They satisfy the free wave equation
*¢'=0, i=1,...,N (2.1.1)

and there is a O(N) global symmetry under which ¢! transforms in the fundamental representation.
This free CFT admits an infinite tower of exactly conserved higher spin operators (1.2.4), which are
bilinears in the scalars with a total of s derivatives acting on the fields. Projecting indices with the

null vector z#, these operators can be written as

S
J9 =" ckd* ROk (2.1.2)
k=0
where we have introduced the projected derivative o = Ouz*, and cgp, are coefficients that will be
fixed shortly. Of course, one can separate this operator into irreducible representations of O(N), as
discussed in more detail below. It is convenient to rewrite (2.1.2) in the following form

J9 = f,(01,02)¢" (1)@’ (22)

XT1,Lo3—T

s . ) (2.1.3)
fs(u7v)zzcsku87k’0k, U:al,vzag.
k=0

where we have encoded the coefficients ¢y into the function fq(u,v). Now the conservation equation
(1.4.5) may be turned into a differential equation for the function fs, which, upon using the free

equation of motion 92¢ = 0, reduces to!
((d/2 = 1)(Dy + 0) + udz + v92) fs = 0. (2.1.4)

The following ansatz for f, is convenient

fo= (U+v)s¢s(312)7 (2.1.5)

IThe same equation may be obtained by requiring that Js is a conformal primary, see e.g. [37].
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and results in the ordinary differential equation

2
((1—752)% —(d—2)t 5 +s(s+d— 3)>¢S(t) =0. (2.1.6)

The solution to this equation is given by the order s Gegenbauer polynomials, ¢s(t) = /=32 (t)

)

which are even (odd) for even (odd) s. Hence, up to the overall normalization, one gets the following

expressions for the conserved higher spin currents

A1 — Oy

JzJ — (al —|—82) Cd/Q 3/2(8 a
1+ 02

)¢>(x1)¢J(x2) : (2.1.7)

T1,T2—T

One may also write

(u +v)*CY2=3/2 (HU) (2.1.8)

Vil (¢ +s-1)T -3) < (—1)kus—kyk
2d— 4F(T3) ;k!(s—k)!F(k+%—1)F(s—k+%—1)

from which one can read-off the coefficients cg in (2.1.2) if desired. The overall normalization is
arbitrary at this level. Note that one feature of the form (2.1.7) is that it vanishes at d = 3, see the
factor in front of the sum in (2.1.8). This vanishing is not meaningful, one could always remove it by
normalizing the currents differently. For the explicit calculations below, we find it more convenient to

use the form (2.1.7) in terms of Gegenbauer polynomials.

The higher spin operators may be decomposed into symmetric traceless, antisymmetric and singlet
of O(N)
Ji = Jaa) ¢ glidl ¢ g, (2.1.9)

where J, = J¥ denotes the singlet current. It is evident by symmetry that the singlet and symmetric
traceless representations only exist for even spin, and the antisymmetric one for odd spins. For s =1,
the antisymmetric operator Jl[ij Vs nothing but the familiar conserved current corresponding to the
O(N) global symmetry. The presence of the conserved currents of all spins implies that the free
CFT has an infinite dimensional exact higher spin symmetry. The generators can be constructed in
a canonical way as follows. First, by contracting a spin s current with a spin s — 1 conformal Killing

tensor (Hi-Hs—1 2 we may obtain an ordinary current JC = Kz2---ts which is conserved as it
9 .S M2 s 9
K :

2A conformal Killing tensor is a symmetric tensor satisfying 8, Cus-ps) = ﬁﬁg(mmal’cmmus),j.
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is easily checked. From this, one can get a conserved charge QS in the usual way. For instance, for
s = 2, the singlet current J, is proportional to the traceless stress tensor of the CFT, and contracting
this with the linearly independent conformal Killing vectors one gets the (d 4+ 2)(d 4+ 1)/2 generators
of the conformal algebra. In the interacting theory, all of the currents (2.1.9), except for Jl[ij } and Ja,
will be broken. In particular, while the free CFT has N(N + 1)/2 conserved “stress tensors”, only

one of them remains conserved when interactions are switched on.

For what follows, it will be useful to work out the normalization of the two point function of
the currents (2.1.7) in arbitrary dimensions d. Since the currents are bilinear in ¢ there will be two
propagators, which are differentiated by the hatted derivatives at both points. The calculation is

drastically simplified by using the Schwinger parametrization of the propagator

- . rd/2—-1) &9 [ da ya9 _ow?
7 J _ _ sij /2—2 —ax
(9" (x)¢” (0)) dndT (z2yd2 1) /0 iz e . (2.1.10)
Owing to the fact that 92 = 0, since 22 = 0, all hatted derivatives are replaced by —2ad if acting at
point x and +2az at point 0, so that instead of spin sums we have integrals of Gegenbauer polynomials
over the parameters o and «y for the first and second propagator respectively. Separating the O(N)
indices, we may write

Ny (2)%

(T2 @) T0) = 667 + (<1815 (2.1.11)

The (—1)® comes from the property of i 3/2( x) = (71)505/2_3/2(@. The spacetime and z*
dependence is of course as required by conformal symmetry for a spin s conserved operator. The

normalization factor N is given by the following expression

(— 1)223/ / /22d/22_ 2s ~vd/2-3/2 ( Q1 — Q2 - a1 — &
dod o1 —as sC/ 3/2( )Cd/Q 3/2 (7)
(4md/2)2 10020y (a1 + az2) o o)t o T o

(=1)%2% [ d4+2g+1— )4/2=2(Cd/2-3/2
:Wo dp 9d—3 b dq / (C/ /())

(2.1.12)

from which we get

 (=1)%2% al(d + 25 — 3)[(d + s — 3)
M= (4md/2)2 22d=85|(T(d/2 — 3/2))? (2.1.13)
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The norms corresponding to the irreducible representations of O(N) are then

~ ~ i.?s
(@).0) = N1+ (1) FD (2.1.14)

»

(

for the singlet,

F6d) (1) 7 L+ (=D%) cinogt | st 2 cigehny Na(@)*
(J0D () TR (0)) = L L (557t 4 §ileIk — N(S j5kl)($2)dm (2.1.15)
for the symmetric traceless, and
Ay 5 1—(=1)%), ik e i Na(@)?
(J09) () ¥ (0)) = ( (2 ) ),(5 k5]l—5l53'“)(332)(§+28_2 (2.1.16)

for the antisymmetric.

2.1.2 Anomalous dimensions of the weakly broken currents

The considerations above are general and apply to any CFT with weakly broken higher spin operators
(1.4.7). For the explicit examples discussed in the rest of the chapter, it will be useful to determine
the general form of the descendants K;_; in the scalar theories. Applying the divergence operator to

the higher spin currents (2.1.7), we find in terms of the function fs(u,v):

8Mng;] = [hs(él,ég)af + (—1)Shs((§2, 31)83] ¢i($1)¢j(1‘2) s
T1,T2—T
: (2.1.17)
B, 0) = (4/2 = )0 fo + 502, Fo + 002, f,

Of course, this is zero in the free theory where 9? = 95 = 0. In the interacting theory, (2.1.17) allows
to determine the form of the descendent once the equation of motion for ¢ is known in the specific
model of interest. The function hs(u,v) can be evaluated more explicitly using the recurrence relations

between the Gegenbauer polynomials, and one finds

ha(u,v) = (u+ v)*"1(d — 3)[(d/2 — 1)C¥>~1/? (Z - Z) = Q(Z - 11))”0512;1/2 (%)] . (2.1.18)

As discussed above, the vanishing at d = 3 is superficial and is a consequence of the normalization of

the currents (2.1.7).
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Note that the methods described in this section can also be used to fix the leading order anomalous
dimension of a nearly free field. For instance, in the case of a scalar field, the equation of motion takes
the form

0% =gV (2.1.19)

where V' is some operator of spin zero and bare dimension d/2 + 1. By an analogous calculation as
the one described above for the higher spin operators, one can show that to leading order v4 ox g2,
where the proportionality constant is related to the two point function (VV) at ¢ = 0. We will
use this method in the next Section to reproduce the well-known anomalous dimension of ¢ at the
Wilson-Fisher fixed point, see also [24]. The analogous calculations in the large N approach and in

the nonlinear sigma model in d = 2 4 € are given in Section 4 and 6 respectively.

2.2 O(N) modelin d=4—¢

We now apply the general formulae obtained in the previous section to the case of the critical O(N)

¢* model in d = 4 — ¢ dimensions, with action
S = /ddx(la PO + 5(¢i¢i)2). (2.2.1)
2 4

The one-loop beta function is well known and reads

(N +8)A?

/B()‘) = —€A + 871'2

(2.2.2)

and thus there is a IR critical point at A, = f,’fge + O(€?). Before moving on to the higher spin
operators, let us show how to reproduce the leading order anomalous dimension of ¢ using the classical
equations of motion, following the methods reviewed above, see also [24]. In the free theory, when
A = 0, the elementary field ¢ has canonical dimension Ay = d/2 — 1, thus saturating the unitarity
bound and obeying 0%¢* = 0. The tree-level two-point function of ¢’ is given by

(6 (1) () = F(cZi/—Q 1) (I%SZ/” . (2.2.3)
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When we turn on the interaction, the equation of motion is modified to
D¢ = Agipi o, (2.2.4)

and the two-point function receives corrections. At the conformal point, the exact two-point function

is constrained by conformal symmetry to be

i : i O
(9" (x1)¢" (w2)) = 0 JW. (2.2.5)
Applying the equation of motion twice, i.e. taking the 9703 on both sides and taking the ratio one

gets:
)\2(:162 )2 <¢i¢k¢k($1)¢j¢l¢l(x2)>
R (9" (x1)97 (22))

The fact that the right-hand side is proportional to ~4 is expected and is due to the shortening

= 4’7¢(’7¢ + 1)(d -2+ 2’y¢,)(d + 2’Y¢). (2.2.6)

condition at zero coupling, 8%*¢* = 0. To get the leading order in € for v, we notice that in the left

hand side A2 ~ €2, so in the two-point function ratio we can just plug d = 4 propagators

; ; 1 64
(¢"(21)¢ (2)) = w2, (2.2.7)
In the right-hand side we get
475(p + 1)(2 — € +74) (4 — € + 274) = 3274 + O(€?) (2.2.8)

since it is evident that , ~ €2. Now, the two-point function in the numerator of (2.2.6), evaluated at

tree level, yields
(6 65" (1) 6 (22))o = ——— (2N + )69 —1— (2.2.9)

(4m2)3 (21,)
Finally, taking the ratio by the free propagator and equating the right-hand side (2.2.8), we recover

the well-known result
N N+2 N+2
Yo = = €.
(472)2 16 4(N + 8)2

(2.2.10)

One can contrast this to the usual calculation, which is technically quite different. There, the lead-
ing order correction to the two-point function of the ¢’ field is given by extracting the logarithmic

divergence of the standard two-loop diagram in Fig. 1.
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Figure 2.1: The 2-loop diagram yielding the leading order anomalous dimension of the ¢ field in the
O(N) model in the standard approach.

We may now proceed to studying the higher spin currents using the same method. We use the
definition of the currents (2.1.7) and the descendant (2.1.17). To lowest order the e dependence is

fixed by the critical coupling ., so we can use d = 4 everywhere. The currents are then:

J9 = (8, + @)S@“(M)qﬁi(mw(m)

(2.2.11)
01 + 02

)
T1,L2—T

and the descendant:

)
*1,2,3,4—T

KZ | (x) = (hs(él + 05+ 04,02) + (—1)*hy (2 + O + O, é1))<l5i($1)¢j(952)925k(353)925'“(964)

J— - 6 —
he(u,v) = (u+v)° 1[C§£21(Z+Z> - ufvcfg(:j-}z)]

(2.2.12)
Note that this form is redundant in the sense that we could combine 3+, into 95 acting on ¢i¢i(x3),
but it makes all the symmetries of the diagrams we will need to calculate explicit. A few examples
might be useful. For instance, for s = 1 the only non-zero current is the antisymmetric one, for which
the descendant vanishes as it should since it’s the current in the adjoint of O(N). For s = 2 we have

non-zero currents for the symmetric traceless and the singlet representations, and the descendant is

Ky =205 + 01 = 01 = 92)0' (11)¢ (22) 6" (wa) 9 (z0)] = =20(8'¢")9"6" + 2067 (6" ")
o (2.2.13)
This vanishes for the singlet as it is the conserved stress-energy tensor. It does not vanish for the
symmetric traceless representation, as the corresponding operator acquires an anomalous dimension

in the interacting theory. As another example, the spin 3 descendant of the spin 4 singlet current is

K3 = 20(¢'¢'0%(¢F 0") — 69(¢'¢")9? (6" %) + 33(8'0%¢" — 300¢° ') D (" o*)
—30(3¢'9%¢" — 49¢'H¢") " " (2.2.14)
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The master formula (1.4.11) at the leading order yields the following for ~;:

X PR @K.a(0)

1 1
s = — - - 2.2.15
BT TRs 102 (Ju(2)de(0)) (2219
For the two-point function of the currents one has in d = 4, according to (2.1.12):
PN 1 (22)%% 7l(2s + 1)['(s+ 1) (2s5)!  (2%)%®
J.J) = 2N — 9N 92.2.16
{ ) (472)2 (22)25+2 sI(0(1/2))2 (472)2 (22)2s5+2 ( )
for the singlet and similarly
Ariiy A . o2 (2s)!  (2%)%
(i) J(kl)y — 51k5]l 51k5]l _ 767,]5kl 291
<Js Js > ( + N )(47'['2)2 ($2)23+2 ( 7)
AT A . X . . 2 | _ 2A 2s
<Js[2]]Js[kl]> — (52k5]l _ 5zk5gl) ( S) ( I) (2218)

(42 (a2

where we used the fact that the singlet and symmetric traceless representations exist for even spins

only, and the antisymmetric one for odd spins.

To obtain the anomalous dimensions via eq. (2.2.15), we have to compute the two-point function of
the descendant at tree level. Each descendant (2.2.12) consists of a differential operator acting on four
¢ fields. We simply have to compute the free field Wick contractions between the fields (contractions

of fields on the same descendant are of course excluded)

(' (21) ¢ (22)™ (23) ™ (24) , &* (y1)9' (y2) 0™ (y3) 0™ (¥4))o (2.2.19)

and then act with the differential operator in (2.2.12) on the resulting product of free propagators,
setting 21234 — x and y1,2.34 — 0 at the end. It is straightforward to do this for any given spin: the
problem is purely algebraic and there are no integrals to compute. However, to obtain a general result
as a function of spin, it is convenient to use the Schwinger representation (2.1.10) of the propagator
and carry out the resulting integrals of products of Gegenbauer polynomials. Some technical details
of this are collected in Appendix 2.7. The final result takes the following form. For even spins, based
on symmetry we get the structure

5ik6jl + 5il6jk

<IA(;J—1K§Z—1> = (ASN+ CS) 2

+ B, gkt s=2,4.6,... (2.2.20)
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and similarly for odd spins

5ik§jl _ 5il5jk

(R RE ) = (A + ) 00

s=1,35,... (2.2.21)
The A, (and A’) terms come from contracting the first pair of ¢ fields at different points with each
other and the second pair as well (hence the O(N) indices form a closed loop); the By term is from
contracting the pairs across (pair one with pair two and vice-versa); the Cy (and C?) term is from
contracting one ¢ from the first pair with one from the second one (so that the O(V) indices thread

the diagram without loops). The final result for the coefficients A, Bs, Cs, A%, C? is:

i (24)%52
A= (o st )+ DN R
=4s(s s )
B, = 4s(s + 1)(2 )!(x2)25+2(471'2)4 (2.2.22)
21252
Cy = —2(s — 2)s(s + 1)(s + 3><23)!(:c2§2‘5+)2‘(47r2)4

Al =—As, Cl =2A,

From (2.2.20) and (2.2.21), we can readily extract the singlet, symmetric traceless and antisym-

metric parts. They are

(Ky 1K, 1) = (As + B,)N? + C,N

i - ANECy [ iy o 2
(K1) §’“’2>:;(Méﬂml’faﬂ—Na%“) (2.2.23)

<K£if]1k£]il]1> = —%(N +2) (5759 — gik gy

It is now straightforward to extract the one-loop anomalous dimensions, using the general formula

(2.2.15) and the normalization of the currents (2.2.16), (2.2.18). For the singlet operators, we get?

_E(N+2) 6
T T (N 1 8)? (1 (st 1)> (22.24)

This vanishes for s = 2 as it should, corresponding to the conservation of the stress-energy tensor.

3Tt is amusing that the spin dependent factor in brackets in (2.2.24) is the same as the central charge of the unitary
minimal models M (s, s + 1), which have ¢ = 0,1/2,7/10,... for s = 2,3,4,.... Similarly, the result (2.2.26) for the
antisymmetric representation is proportional to the central charge ¢ = % (1 —38/(p(p+2))) of the N = 1 supersymmetric
minimal models for p = 2s. One may wonder if there is a deeper significance to these apparent coincidences. We thank
Igor Klebanov for bringing this to our attention.
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For the symmetric traceless operators, we get

€2(N +2) 2(N +6)
s(ii) = — 2.2.25
Tsis) 2(N+8)2( (N+2)s(s+1)> (2:2.25)
and for the antisymmetric ones
€*(N +2) 2
= 1-— . 2.2.26
Vs[ij) 2(N+8)2( 8(8—1—1)) ( )

The latter vanishes for s = 1, corresponding to the exact conservation of the current in the adjoint of
O(N). All these results are in agreement with [44].

It is worth mentioning the s — oo behavior analysis of these results done in [39,40], in light of
(1.4.12). First of all, we see that the limiting value is equal to % = 274 as follows from expanding
(1.4.12) to order e. Second, the leading correction behaves as S%, which is a manifestation of having
a tower of operators with twist 2, which at this order in e are the higher-spin currents and the ¢*¢*
operator (see [39] for more details). As mentioned, the coefficient ¢, . is determined by the certain

three-point functions of these operators with ¢. We will go into more detail about this in the next

two sections.

2.3 The large N critical O(N) model

To develop the 1/N expansion of the ¢* theory, one may introduce a Hubbard-Stratonovich auxiliary

field o, so that the action (2.2.1) may be rewritten as

2

S = /ddx(%amiawi + %Jqﬁiqﬁi - %) (2.3.1)

In the IR limit for d < 4, the last term becomes unimportant and can be dropped.* To develop

perturbation theory, it is convenient to rescale o so that the action becomes

S = /ddx(%aucbia“(/ﬂ + ﬁaqﬁ%i). (2.3.2)

4For d > 4, the last term can be dropped in the UV limit, corresponding to a non-trivial UV fixed point.
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The o field then acquires an effective non-local propagator upon integrating out ¢*°

C,o - 29127 (4 — 1) sin(nd/2)

1
) CO'O' - 2
CHE ~0(4 —2)

(2.3.3)

wjw

so that o, which replaces the scalar operator ¢‘¢¢, is a primary operator of dimension 2 + O(1/N)
at the interacting fixed point. Systematic perturbation theory can be developed using this effective
propagator, the canonical propagator (2.2.3) for ¢ and the o¢’¢® vertex, with 1/v/N playing the role

of the coupling constant.

The equation of motion for ¢ is
1

VN

and the equation of motion for o is formally ¢’¢’ = 0 after we drop the last term of (2.3.2) in the IR

¢ = od (2.3.4)

limit. The role of this equation is to “subtract” from the theory the operator ¢*¢’, which is replaced

by o. This fact will play an important role in our calculation below.

Before turning to the higher spin currents let us calculate as a warmup the anomalous dimension
v4 of the ¢ field, without computing Feynman diagrams. Using the equations of motion (2.3.4) and

acting on the ¢ two-point function with 9792, we get

i(xQ )2 (¢'o(a1)¢ o (2))
N (¢ (@) (x2))

= 2’y¢(’}/¢ + 1)(d — 24 2’Y¢)(d + 2ﬁ/¢). (2.3.5)

From this, the leading order value of v, immediately follows

 Coe  2sin(wd/2)I(d—2)
7T INd(d—2) T NaT(Z—2)0(Z 1) (2.3.6)

which is a well-known result. It is quite remarkable how simple the calculation is, provided we know
Cy,o. It is also helpful that one completely avoids (to the lowest order) the issues of regularization

and renormalization, which are actually somewhat thorny in the 1/N expansion.

Let us now turn to the higher spin currents. These have the same form (2.1.7), and using (2.1.17)

5The quadratic term in the resulting o effective action is just proportional to the two-point function (¢*¢*(z)$? 7 (y))o
in the free theory. The o propagator is obtained by Fourier transforming to momentum space, inverting, and trans-
forming back to xz-space.
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and the equations of motion (2.3.4), one ends up with

.y 1
(%D?JSJ == ﬁKS{I (237)

where
K7, = (hs(él + 3, 0) + (—1)°h(Da + s, 51)) 9" (21)¢ (x2)0 (x3) U (2.3.8)

and the function hg(u,v) is given in eq. (2.1.18).% It is possible, and convenient for what follows, to

decompose the descendant in products of the conformal primaries J,, o and their derivatives. We find

5s—2 s—s' —1
K9, =3 Y G 1ok (23.9)
s'=0 k=0

where the coefficients Cy/y, are given explicitly by

s—s) (28 +d—3)(** ! _S_S,+k_d+3, s — s’ even
(s — &) G I G

Cop = (2.3.10)

0, s — s’ odd

An important point is that so far we have only used the ¢ equation of motion (2.3.4), and not the
equation for o whose role is to formally project out Jy = ¢'¢’ from the theory. This implies that
in fact the form of the descendant (2.3.9) only applies as written to the non-singlet currents. For
the singlets, one obtains the correct descendant by the prescription that the term s’ = 0 should be

dropped from the sum. As an example, for s = 2 we get from (2.3.9)
K{ = (d—1)(d—3)((d —2)J) do — 2(8J )o) (2.3.11)

For the symmetric traceless K fij), on the right hand side we have jéij) = ¢li¢7) and the descendant
is non-vanishing. However, for the singlet we would have Jy = ¢'¢?, which should be thrown away.
This leads to K, = 0, as it should be according to the conservation of the stress-energy tensor. In a

similar way, the spin 3 descendant of the spin 4 singlet current is

Ky = (d+3)(d +1)((d + 2)J200 — 2(d.J2)0) (2.3.12)

6Note that the vanishing of hs at d = 3 is of course not meaningful, and just follows from the normalization of the
currents that we have chosen. Such factors of (d — 3) cancel out in the ratio (Ks—1Ks—1)/(JsJs).
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At d = 3, we see that K3 o« Jodo — 2/5(0.J2)0, in agreement with [21].

We can now compute the anomalous dimensions using (1.4.11). Let us first discuss the case of the
non-singlet currents, where we can use directly the form (2.3.8), equivalent to (2.3.9). The descendant
two-point function can be computed similarly to the previous section and one ends up with

I (s—1)(d+s—2)
Talid) = Vslid) = 102 s = 9)(df2+ 5 — 1)

(2.3.13)

where 7, is the anomalous dimension of ¢ field. This is the correct result, in agreement [45]. Let us
now turn to the case of the singlet currents, which is slightly more involved due to the Jy projection
discussed above. The correct singlet descendant is given by (here as usual we denote by Jy = J% the

singlet operators)

s—2 s—s'—1
K=Y Y Cundr= 1,04 = Kiye — KO,

Z’_:f k=0 (2.3.14)
K2 =) Coud* F 1 Jpdbe

k=0

where K™¥¢ coincides with (2.3.8), with O(N) indices traced. Its two-point function leads to a
contribution equal to (2.3.13) to the anomalous dimension. To subtract the contribution of the term

K°_, proportional to Jy, we note that

(K RYNY) = (Koo Koo) + (K KD y) (2.3.15)
since K, and K9 | are orthogonal, due to orthogonality of the spin s primaries ((JyJo) ~ dgg).
Then, the correct singlet anomalous dimension is obtained by simply subtracting from (2.3.13) the
contribution of the two-point function (K' g(l)lf(' S((i)1>. By this procedure, we get the final result

B 1 Td+1Dl(s+1)
e gaa s -y T T T s ra s )

(2.3.16)

in agreement with [45]. One may also check that setting d = 4 — ¢, (2.3.16) and (2.3.13) precisely
match the results (2.2.24), (2.2.25), (2.2.26) expanded to order 1/N.

27



It is again interesting to mention the s — oo behavior [39,40]. The expansion at large s yields
rd+1) 1 dld—2) 1
= 27 — 2 92 o
Vo= T ey gy a4 @t

dd—2) 1
’Ys(ij) = 2743 — 27¢T872 + ...

(2.3.17)

We see a tower of higher spin currents (1/s%~2) in the singlet channel, as well as the o (1/s?) in both
the singlet and the traceless parts. The higher-spin contribution vanishes for the symmetric traceless.
The 1/s? coming from o is universal and can be calculated. Using (1.4.13) and plugging O = ¢,
O;,... = o such that A =d/2 -1, Tpin =2, Co, o is the three-point function coefficient of

Tmin ~ Tmin

ppo, Cpyp = %, Cyo is defined above. Putting all the factors together, the coefficient of 1/s? is

exactly reproduced.

2.4 Cubic models in d =6 — €

let us consider the following model with N + 1 scalars and O(N) invariant cubic interactions
_ d. (1 iau i, L 2 91 i, 92 3

As argued in [30], in d = 6 — e this model possesses IR stable, perturbatively unitary fixed points
which provide a “UV completion” of the large N UV fixed points of the O(N) model in d > 4.
This proposal has passed various non-trivial checks [30,49,50]. These perturbative fixed points exist
for N > 1038(1 + O(e)), and are expected to be unitary to all orders in € and 1/N expansions.
However, non-perturbative effects presumably render the vacuum metastable via instanton effects. In
this section we just perform perturbative calculations, and in particular we obtain further non-trivial

agreement with the large N expansion in d > 4. 7

In this model, a novel feature in the calculation of the anomalous dimension of the higher spin

operators is that the free theory contains two independent towers of conserved, O(N) singlet, higher

7Calculations of anomalous dimensions of higher spin operators in a similar cubic model with an adjoint scalar and
tr ¢3 interaction were carried out in [51,52].
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spin currents:

) 1 . - Or—0a\ i
Jog = —= (01 + 8n)°C32 (F—22) ¢ (1) $'
o= O+ a) O (F—) e 012
T 5 b h
_ s¥3/2( Y91 T 92
Js,o (01 +02)°C5 (51 + éz)o(ml)a(xz) T1,T2—T

where we have normalized J, 4 so that both currents have (J;Js) ~ O(1). Once interactions are
turned on, we expect these operators to mix non-trivially, and one should determine the appropriate

eigenstates of the dilatation operator.

The equations of motion are

Rl = grod
1 (2.4.3)
0% = 5 (166" + g20%).

It is evident that the equations of motion will induce the mixing between the currents, since (0-Js 40-
Js.0) # 0 due to the g;-dependent interactions in (2.4.3). The descendant operators (in this case we

find it more convenient to include the coupling constants into the definition of the K,_1’s)
D" ey =K 14, D"y =Ks 1,0 (2.4.4)

can be computed in a straightforward way by following similar steps as in the previous sections.

Explicitly, they are given by

Ky 14= \/% (hs(él +03,05) +1 ¢ 2) 910 (21)9" (x2)0(3) S (2.4.5)
Kooto= (ho(Or+03,02) + 16 2) ($6/(@1)o(22)6 (w0) + Sola)ol@olas)) |

J— - 5 —
hs(u,v) = 6(u + v)° I[Cffﬁ(erZ) - U:UCZE(ZJFZ)]

We can then use the general relation (1.4.11), suitably generalized to the present case with non-trivial

mixing, to obtain the following anomalous dimension mixing matrix

2

6 i 1
48'941773 (1 - (s+1)(s+2)) *49% 8(s+1)(s+2) \/N

(2.4.6)

: 1 1 3 12
— i 8(s+1)(s+2)\/ﬁ wrnN + sas (- oer)

where the non-diagonal terms comes from the non-zero two-point function <IA(S,1,¢K s—1,0)- From this
mixing matrix, one can compute the two eigenvalues to leading order in € and finite N, using the

expression for the fixed point couplings given in [30]. The resulting finite N expressions are easy to
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get, but rather lengthy. At large N, using the expressions for the fixed point couplings [30]

. [6e(4m)3 22 726 326180
. Ge(4m)3 162 68766 41224420
one finds that the eigenvalues are given by
2¢ (s — 2)(s +5)(s? + 35 + 8) 9
N== +O(1/N7)
N 1)2 2)2
(s +1)*(s +2) (2.4.9)

16€ 5s* + 30s3 + 3852 — 21s — 25
Y2 =€+ o
N (s+1)2(s+2)2

+ O(1/N?)

The higher order corrections can be obtained to any desired order, but for simplicity we have listed
here only the leading order in 1/N. We see that the +; eigenvalue vanishes at s = 2, and one can
check that this is true for any N. This eigenvalue then corresponds to the tower of “single-trace”
higher spin currents which include the stress-energy tensor. Indeed, one can explicitly verify that v,
matches the 1/N expansion result (2.3.16) expanded in d = 6 — e. The dimension corresponding to

the second eigenvalue is

16¢ 5s* 4+ 30s% 4 3852 — 215 — 25
N (s +1)2(s +2)2

Ap=d—2+s5+v=4+s+ +O(1/N?) (2.4.10)

which suggests that this should match the “double-trace” operator cd°c ~ ¢?0°¢? in the large N
approach. Indeed, one can match (2.4.10) with the result given in [45] for the dimension of such
composite operators of spin s. For s = 0, this is the scalar operator o2 of the large N model, which
has dimension A =4 — 100¢/N + ... near d = 6 and corresponds to a particular mixture of the mass

operators ¢'¢’ and o2 in the cubic model [30].

One can also study the spin s operators in the symmetric traceless and antisymmetric represen-
tations of O(N), where no mixing occurs (since J, , is a singlet of O(N)). Following similar steps to
the previous sections, we obtain the result

e (s=D(s+4) 2 44 (s—1)(s+4)
) = 30 (s )+ - NN T e

¥ (2.4.11)

The order 1/N is seen to exactly match the large N result (2.3.13). Furthermore, we checked that
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the 1/N? term also matches with the result obtained in [53] using large N methods for arbitrary d.®

Let us now study the large spin limit of these results. For the eigenvalues of the singlet mixing
matrix, the large spin expansion can be written in a simple form, valid for finite N, in terms of the

fixed point couplings

by = () _ (9121 . o, (67)* 1
V7T 19203 T 327382 T T 3op3 2 (2.4.12)
= (91)°N +(g5)>  (95)> 1 _9, (95)* 1
2 38473 3273 52 77 3273 52

where we have used the known expression for the one-loop anomalous dimensions of ¢ and o in
the cubic model [30]. The leading terms are precisely consistent with the expected large spin limit.
The subleading 1/s? contributions are clearly coming from the exchange of the o field, which has
A, =7 =2. We can check explicitly the prediction of the formula (1.4.13) for the coefficients of the

1/5? terms. For the v, eigenvalue, we should take that O = ¢, O = ¢. The two-point function

Tmin

coefficients are Cpy=Coos = ﬁ. The three point function coefficient is given at the lowest order by

a diagram with one g1¢'¢’ vertex in the middle. The diagram is given by the integral:

g1 / dzg ¢ w3 (2.4.13)
(4m3)3 | afozdersy  (4m%)3 afradsad -
Combining the factors we get ¢, , = 2%(47#0’)3 = (392172; . Overall, we then get
(91)? _(91)* 1 (97)% 1
TS’¢:d—2+192ﬂ_3 - 32W38—2+...=2T¢— 39,3 52 (2.4.14)

*\2
since 7y = Ay = d/2 -1+ ég}h)rg to the leading order. The same applies for the eigenvalue s,

corresponding to 7, ,, where we get:

(97)N + (g5) (95)21+._.:2% (93 1 (2.4.15)

o=d—2 _ _ 4.
7s, R Ty 3273 2 3273 2

_ _ _ (97)*N+(93)° - . . . .
where 7, = A, =d/2 -1+ =683 is the leading order dimension (and thus twist) of . The

coefficient of 1/s? is reproduced the three-point function {(coo).

The cubic model in d = 6 — € also admits non-unitary fixed points which are of interest in statistical

mechanics. The simplest case is the N = 0 model, which just consists of a single scalar field ¢ with

8 As far as we know, the 1/N?2 term in the large N expansion of the anomalous dimensions of the singlet higher spin
operators has not been obtained in the literature.
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cubic interaction go/60°. This model has a non-unitary fixed point at

_ 12873

5+ O(é%) (2.4.16)

(95)* =

As pointed out by Fisher [54], this theory is related to the Lee-Yang edge singularity of the Ising
model. For d = 2 (e = 4), the fixed point corresponds to the non-unitary minimal model M(2,5).
Using the result (2.4.6) for gy = 0, N = 0, we can deduce the dimension of the higher spin operators

~ 00%0 in the Fisher model to be

12 ¢ 12 )

*\2
where we have used v, = 7(g§2r3

at one loop.

Another interesting non-unitary model is obtained at the formal value N = —2. In this case the

model is equivalent to a theory of a complex anticommuting scalar § and a commuting scalar o [55]
d 5.1 2 i1 3
S = [ d"x| 0,00"0 + 3 (0u0)” + g1060 + §920" ) - (2.4.18)

with Sp(2) global symmetry. The IR stable fixed point occurs at [55]

(4m)3e
5

g5 =297, gr =1 (1+0(e)) , (2.4.19)
where the first equality holds to all orders in perturbation theory. For such a relation between
couplings, one can verify that the model has an enhanced “supersymmetry” OSp(1]|2) which implies
that the dimension of § and o are equal. It turns out that this OSp(1]2) invariant fixed point is
equivalent to the ¢ — 0 limit of the ¢-state Potts model [56]. The dimension of the Sp(2) invariant
higher spin currents at the fixed point can be obtained from (2.4.6) setting N = —2 and g2 = 2¢;.

This yields the two eigenvalues

(91) (s —2)(s +5) €(s =2)(s +5)

T12m s+ D)(s+2) 15(s+1)(s+2)

_(g1)? (s(s+3)—16) _e(s(s+3) —16)
790278 (s+1)(s+2)  15(s+1)(s+2)

(2.4.20)

We see that the first eigenvalue corresponds to the tower which includes the stress tensor of the theory,
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since it vanishes at s = 2 (this eigenvalue corresponds to an OSp(1]2) singlet). In the large spin limit

one gets
€ " 4e n
Mm=-—Ftzz+--
165 5656 (2.4.21)
Y2 = _T5 + @ +

The equality of the leading terms is a consequence of Ag = Ay, as follows from the O.Sp(1|2) symmetry.
One may also obtain the dimension of the non-singlet currents, which are the same as in (2.4.11), with

g1 given in (2.4.19).

2.5 Nonlinear sigma model

It is well established that the critical behavior of the O(NN) ¢* model can be related to the critical
nonlinear sigma model, see e.g. [57] for a review. One of the ways to understand this relation is via
the 1/N expansion, which provides an explicit “interpolation” between the UV fixed points of the
sigma model in d = 2 + € and the IR fixed points of the ¢* model in d = 4 — e. In this section,
we calculate the anomalous dimensions of the higher-spin currents at the critical point of the sigma

model in d = 2 + ¢, at finite N. As far as we know, this result has not been obtained elsewhere.

We start with the action with an auxiliary field inserted to resolve the sphere constraint on the ¢?
field, ¢'¢' = 1/g°
1 , , |
5= /ddx@auoyaw +o(did — 97)). (2.5.1)

To develop perturbation theory, one may resolve the constraint by introducing a set of N — 1 inde-

pendent fields. A convenient parametrization is

P = o, a=1,...,N—1;

o L ) (2.5.2)
¢ =~V 1= gPplpt = = — Dot +0(g°).
9 g 2
In terms of the ¢® fields, the action is
1 9> (¢"0up™)?
S=[de (78 aGH —*) 2.5.3
/ R T T Ty (2.5.3)
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To leading order in perturbation theory and in d = 2+ ¢, the coupling constant has the beta function

s=So-(N-2)L (25.4)
N 29 am o
and there is a UV fixed point at [58,59]
2me
2 = 2.5.5
9= N_—3 (2.5.5)

The factor of N —2 is due to the fact that the O(2) model is conformal and has a trivial beta function

in d = 2. Consequently, the perturbative UV fixed point in d = 2 + € only exists for N > 2.

Before moving onward to the higher spin operators, we will calculate the anomalous dimension of
the ¢ field (or equivalently ¢’ in the action (2.5.1)) using the classical equations of motion. To leading

order in g, they are given by”

P = —g* 0" 00" 0,u" + O(g") . (2.5.6)

In full analogy with the discussion in d = 4 — ¢, we can apply the equations of motion (2.5.6) to the

two-point function of ¢ field, obtaining

gt (0 (0u°)*(2) " (D,™)2(0))

(0 (2)*(0)) =475 (%0 + 1)(d = 2+ 296)(d + 279) - (2.5.7)

To specialize to the expansion in d — 2 = € we need to mention several important points: ~ will be of
the order € and not €2, unlike in d = 4 — e. This means that the third term in the right-hand side is
of the order € as well. Second, the bare propagator is

r'3)

(™ (2)$"(0)) = Anre2(22)e (2.5.8)

and applying derivatives to it produces powers of e. They will combine with I'(¢/2) = 2 + O(1).
Since g* ~ €2 at the critical point, only terms of order €2 are needed from the two-point function in
the numerator, since we have three I'"s on top and one on bottom, which amounts to 1/¢2. Having

said that, the relevant term of the two-point function is easy to calculate. The first and the second

9T_hese ‘may be also obtained starting from the equations of motion coming from (2.5.1), which are 829t =
—92¢18M¢7 Op¢?, and resolving the constraint by (2.5.2).
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derivatives of the propagator are:

1 Ty
Oy (z2)</2 = _€(I2)5/2’ (2.5.9)
]_ —€ 21'#1',/ 2 "I/"u,xy
81,(’9#72 72 = Tavead (61“, — 5 ) +e— Jata (2.5.10)
(z?) (z?) x (z?)

It is evident then that the only way to get O(€?) is to contract ¢® and ¢® which would be undifferen-
tiated, and the other ¢’s accordingly so that the e from (2.5.10) is picked up two times. Overall one
gets for the left hand side of (2.5.7)

2-2-¢222 4e?

N -—1)—/—/——= = —1)—. 2.5.11
ga( ) an? & ( )(N72)2 ( )
The right-hand side of (2.5.7) yields 874 (e+274) to leading order in e. Solving the resulting quadratic
equation for v, gives

et (2.5.12)

which is the well-known result [58,59].

Let us now move to the higher spin operators, restricting to the case of the O(N) singlets. The
form of the higher spin currents is most easily written in terms of the constrained fields ¢*,i = 1,..., N

appearing in the action (2.5.7). In terms of these fields, they take the same form (2.1.7)

d) —

Jo= @+ duye (22
1 2

)¢Z($1)¢Z($2) : (2.5.13)

T1,L2—T

where we have set d = 2 since we will only perform a leading order calculation.

It turns out that due to the properties of Cy 1/2( ), in the currents (2.5.13) all terms have both
¢%(z1) and ¢(z2) differentiated at least once, so that after resolving the constraint (2.5.2), we have

in terms of %

2

01208 (o)t (o) + L () )

= (01 +22)°C; m(a 40
1 2

+0(gY)  (2.5.14)

T1,Lo—T

One may check, for instance, that for s = 2 this yields the correct stress tensor coming from (2.5.3).
The reason that we have to keep the term of order g2 is that, when we compute the descendant by

8Mngs, both terms in (2.5.14) yield a contribution of order g? (because the first term is a conserved
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current at g = 0, but the second is not). Using the general equation (2.1.17), we have (recall that s

is even)

. A 2
0,027, = (00,0 + (00,00 ((e0)" ) + 0 (00)¢ )

. (2.5.15)

T1,Lo—T

When acting with 92 on the first term, we use the equation of motion (2.5.6). When acting on the
second term, on the other hand, we can actually use the free equation of motion 92¢®* = 0 to this
order, so that 97 p"¢(z1) = 20,p"0"¢*. The final result for the descendant to order g* can then be

written in the form

9,D"J, = ¢° K,

[A(s_l = — (hs(él + 63 + 34752) + hs(éz + 33 + 34,31) - hs((§4 + 53731 + ég)) X
(2.5.16)

X 03 040" (1) 0" (22) 0" (23) 0" (4)

T1,2,3,4—T

hs —9 s—23/2 u—v
(,0) = 20(u + ) 2C5 (5

Note that all O(NN) indices here run from 1 to N — 1. The rest of the calculation is almost exactly
the same as in the d = 4 — € case. Computing the descendant two-point function, using (1.4.11) for

d = 2 and the current two-point function (2.1.14) (with N — N — 1), we find the result

4 2
[7hs 1 1 € 1 1
= (N=2) (2 S+ H ) = S 4H, 2.5.17
Vs = ga )(s 2 " 2) N2(s g T e (2:5.17)

where Hj, = 22:1 1/n is the harmonic number. The 1/N expansion of this result precisely matches

the expansion of (2.3.16) in d = 2 + e. In the large spin limit, we see the logarithmic behavior (since

Hj, ~log(k) at large k)

62
7= s (o847 - 3 - 5 o) (2:5.18)

Also, we note that the leading order in ~, is €2, although the leading order anomalous dimension of
the ¢ field is € (2.5.12). This may seem to contradict the expected s — oo behavior. The simple

resolution of this “paradox” is suggested by looking at the large N result (2.3.17) for the singlet
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currents, expanded near d = 2 + €:
= — — —7)— + .= —log(s) + (2.5.19)
Vs c 2.5.

We see that for the singlets the 24 term is canceled by the expansion of the second term, coming from
the higher-spin current tower, and the log(s) is exactly what one gets from expanding the harmonic
number H,_5. As for the non-singlet operators, from (2.3.17) one gets vs(;j) = % + O(s%)7 and it is
evident that the leading order is indeed 27,4 as expected [39,40,46-48]. Thus, a finite N calculation of
the anomalous dimensions of the non-singlet operators should yield a result starting at order €, unlike

(2.5.17). We leave the more detailed discussion of the non-singlet currents for future work.

2.6 Some d = 3 estimates

For the O(N) models with N > 3, we can combine the information from the d =4 —e and d =2+ ¢
expansions to obtain some estimates for the anomalous dimensions of the singlet higher spin currents
in d = 3. The simplest way to do this is to use a “two-sided” Padé approximant. For any given
physical quantity assumed to be a continuous function of dimension d, we can construct the Padé

approximant
Padé (d)— A0+A1(4_d)+142(4_d>2+—|—Am(4_d)7n

(2.6.1)

where the coefficients are fixed by matching the known perturbative expansions in d = 4 — € and
d = 2 + e. Rather than performing this procedure on 74(d) itself, guided by the expected large spin

behavior [39,40,46-48], we find it more convenient to consider the quantity

fo(d) = 7s(d) = 274(d) (2.6.2)

From the results (2.2.24), (2.5.17), we can obtain the € expansion of this quantity to order €2. Further
information in d = 4—e can be obtained using the result of [51], who derived the anomalous dimensions
of the higher spin operators in the O(N) theory to order €3.10 For the singlet currents, it reads

(N +2)\2 (s> + s —6)
12874s(s + 1)

Vs

0For N = 1, the result is known to order ¢* [60].
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N +2)(N +8)X3 (16 1)H, 34252 —39s —16) + 12
(N A2V +8)N (16s(s + 1) H, + 5 (s* + 25 s )+ )+O()\4) (2.6.3)
40967652 (s + 1)2

where Hj is the harmonic number. This vanishes at s = 2, as expected. It is also interesting to check

the large spin behavior, which yields (using the known result for 7, to order A3, see e.g. [61])

(N +2) (127222 + (N 4 8)A3 (log(s) — v — 5/2))
2567652

Vs = 279 — +0(1/s). (2.6.4)

We see that a logarithmic term arises at subleading order in the coupling constant, consistently with

general expectations [39,62]. Using the value of the critical coupling [61]

8m2e  247w2(3N + 14)€>
Ak = o 2.6.5
N+’ (Nyep (26.5)

we can obtain the e expansion of 75 around d = 4 to order €. Further using the € expansions of 7,

near d = 2 and d = 4, we can get the function f(d) defined in (2.6.2) to the same order

3e2(N +2)

TSIV 9? + O(é%)

fs(d—e€) =

) 2 (2.6.6)
fs(2+e€) = (—Ne_ 5+ ((Z;]V_—12))€2 ) + 2(% - % + H, o) + O(¢%)

where for simplicity we did not write explicitly the O(e?) in d = 4 — ¢, it can be read off from (2.6.4).
This allows to construct Padé approximants (2.6.1) with a maximum value n + m = 6. Carrying
out this procedure for general N, we find that Padé[ 5 (which only uses f(4 — €) to order €%) and
Padé|y 5 appear to give the best agreement with the analytic large N result (2.3.16) over the full
range 2 < d < 4, with Padé[3 5 in fact working slightly better. Using this approximant, we obtain a
d = 3 estimate for the function f,(d) in (2.6.2). To obtain the anomalous dimensions 7, we can then
add back the contribution 2, using the best available estimates that were collected in Table 2 of [63]
for a few low values of N. The results of this procedure for s = 4,6, 8,10 and for several values of N

are listed in the table below. For comparison, the large N formula (2.3.16) gives for d = 3

Vs = (21«96(51_)32117 + O(1/N?). (2.6.7)

Using this for NV = 20, one would get 4 = 0.0077, v = 0.0098, 75 = 0.0108, 19 = 0.0114. The results

for s = 4 given in Table 2.1 appear to be consistent with the ones given in [66].
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N 3 1 5 6 10 20
~Ye—1 (Padé34) | 0.0261 | 0.0257 | 0.0208 | 0.0195 | 0.0158 | 0.0082
~Ye—s_(Padéjz ) | 0.0318 | 0.0310 | 0.0258 | 0.0240 | 0.0191 | 0.0100
~Ye—s (Padéj34) | 0.0342 | 0.0332 | 0.0278 | 0.0259 | 0.0206 | 0.0110
Ye—10 (Padéj ) | 0.0353 | 0.0343 | 0.0289 | 0.0269 | 0.0214 | 0.0115

Table 2.1: Padé estimates for the anomalous dimensions of the singlet currents with s = 4, 6,8 in the
3d critical O(IN) models. The estimates are obtained by constructing a “two-sided” Padé approximant
of the function (2.6.2) and adding at the end the contribution 2, using the available results collected
in [63]. For N = 10, 20, the value of 7, is obtained from the large N result known to order 1/N?3 [64,65].

For N =1 and N = 2, the nonlinear sigma model result cannot be used since there is no pertur-
bative fixed point in d = 2+ € for these values of N. Simple Padé approximants of the d = 4 — € result
appear to yield poles in 2 < d < 4 in this case, so we will resort to the unresummed € expansion to
obtain some estimates. For N = 1, setting ¢ = 1 in f(4 — €) expanded to order €3, and adding back

the 3d value of Q’yg =1 =0.0363 [67-70], we obtain the following d = 3 estimates

AN=E=0.0240,  A4NT'=10.0300
(2.6.8)

yNZU=0.0324, AN5L=0.0336.

While we do not expect these to be high precision results, we observe that they appear to be quite
close to the estimates derived in [62]. For the spin 4 operator, [71] obtained the slightly lower value

~v4 = 0.0208(12). For N = 2, following a similar procedure and using 272712 = 0.0381 [72], we obtain

YNZ2 =0.0252,  4N5?=0.0315
(2.6.9)

yNZ2=0.0340,  AN52 =10.0353.

In all cases, we observe that the anomalous dimensions of the higher spin operators is rather small
(similarly to what happens for the anomalous dimension of ¢). From the results in Table 2.1, and
(2.6.8),(2.6.9), we also notice some non-monotonic behavior as a function of N, with a maximum
between N = 3 and N = 4. A qualitatively similar non-monotonic behavior can be observed in the
sphere free energy [73,74] and Cr [63]. It would be interesting to understand better the origin of this

behavior and the relation between these quantities.
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2.7 Appendix: Technical details on the computation of the

descendant 2-point function

The calculation of the descendant two-point functions is carried out using the relation of Gegenbauer
polynomials to hypergeometric functions (see appendix of [75]). We will illustrate the technique to
calculate the function Ay (see eq. 2.2.20) as a function of s in terms of Gegenbauer integrals. The
calculation of the other structures is similar. After introducing the Schwinger parametrization, the hg
function can be written as:

ho(—201% — 2038 — 2048, —2000%) = (—=1)°71(22)* Hay 4 ag + a3 + o) *he(1 — 2a5);
(2.7.1)

~ Qn 7 3/2 5/2
= — — 1—
O, o1t ostos tor hs(z) = C (z) —3(1 — 2)C. 5 (x)

and analogously for other arguments. The contraction is then compactly written as:

_1)s—1 i.2572 o 4 4 ]
( 1) (47T(22)4) /0 Hdan(Zan)Qs 2exp 2204” 1—2@2) ( 1) hs (1_2a1))

(2.7.2)

It is convenient to separate the integration other the sum Zizl a;, by introducing a delta function

Jo~ dpd(Xpy an — p):

/ dpp*$~ 3 exp(—2?p / Hdan Z he(1 = 2a2) + (—1)*hs(1 — 2a;))?
= 8;;?2 daydas(1 — a1 — ) (hs(1 — 2a3) + (=1)%he(1 — 2a1))%  (2.7.3)

0<l—a1—as<l1

The goal now is to calculate the integral of functions h. First we study the integral of two h with the

same argument:

/ da(1 —a)?(hs(1 — 2a))? (2.7.4)
The idea now is to employ the Rodrigues formula for the Gegenbauer polynomial:

i F§<+>rzzr( Qf) Y —ay 2L g - ay e (2.7.5)

das

CY(1-2a) =




We again split the integral into two parts:
1 ~
/ da(1 —a@)?2(C¥% (1 - 2a) — 3(2a)C2/%5 (1 — 2d)) hs(1 — 2d1) (2.7.6)
0

We now act on the second h with the C’fl 21 using the Rodrigues formula, integrating by parts s — 1
times. The boundary terms vanish thanks to the power of &(1— &) under the derivative. The prefactor
(&(1—@&))~" combines with (1 —&)? to 2 — 1. Then, since hy(1 — 24) is a polynomial of degree s — 1

in a:

he(1—2d) =) cpd®, (2.7.7)
after s — 1 integrations by parts only two terms survive the differentiation

s—1
sld

(1) e @ = (<1 (s = Dlews o)
(1)1 =t 1 (s—1)! o
_ ch— —
das—1"a as
The remaining integrals are now of the beta-function type, for instance,
1
/ dacs—1(a(l — &))°
0 (2.7.9)

/01 daco(1— &))°

This is the main idea of the calculation, the rest is basically collecting all the coefficients and applying
the same method to the other integrals which will appear (all of them will be of the same type though).
For the sake of reference the coefficients of Bs(l — 2&) are obtained most easily by using the relation

of Gegenbauer polynomials to the hypergeometric function:

2v)
s!

1
F(—s,s+2vv+ <) (2.7.10)

(1 - 2) = ¢ >

(this is the reason we used 1 — 2@ as the argument). After collecting all the factors, the overall answer
for the integral in (2.7.3) is:

(s—1Ds(s+1)(s+2)
8(25 + 1)

(2.7.11)

41



Chapter 3

Anomalous dimensions in the

fermionic O(N) and U(IN) models

3.1 Introduction and Summary

The Gross-Neveu (GN) model [76]
Lox = i + 5 ()’ (3.1.1)

is a classic example of quantum field theory of interacting fermions. Here ¢, i = 1,..., N; denotes
a collection of Ny Dirac fermions, so that the theory has a manifest U(Ny) global symmetry. When
studied as a function of dimension d, there is evidence that the GN model describes a unitary inter-
acting CFT in 2 < d < 4, which corresponds to a non-trivial UV fixed point of (3.1.1). Despite the
fact that the quartic interaction is irrelevant, the model is formally renormalizable in the framework
of the 1/N expansion [77,78], and this approach can be used to compute various physical quantities at
the interacting fixed point as a function of d (with d = 3 being the physically interesting dimension),
see [57] and references therein for a comprehensive review. Another approach to the Gross-Neveu CFT
is the Wilson-Fisher e-expansion: in d = 2 the four-fermi interaction is renormalizable, and working in
d = 2+ € one finds UV fixed points which are weakly coupled for small €. Critical exponents at these

fixed points can be computed by usual perturbation theory for finite Ny. In [79,80], it was suggested
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that the fermionic CFT in 2 < d < 4 admits yet another perturbative description near d = 4, in terms

of the Gross-Neveu-Yukawa theory
1 2 7 i 7o L 4
Lany = 5(5#0) +¢Z{79’¢J + 1ot + Eggtf . (3.1.2)

Working in d = 4 — ¢, one finds stable IR fixed points for any N¢, and there is considerable evidence
that these fixed points correspond to the same CF'T defined by the UV fixed point of the GN model.
The information from the various perturbative approaches to the fermionic CFT can be used to obtain
estimates for critical exponents and other physical quantities in the physical dimension d = 3, see for

instance [30,81-83].

When the interactions are turned off, the theory of Ny massless fermions defines a unitary CFT in
any dimension d. Being a free CFT, it enjoys an exact higher-spin (HS) symmetry and corresponding
exactly conserved currents of all spins which are constructed from fermion bilinears. In general d,
the spectrum of these currents is more involved than that of the free scalar CFT. There are totally
symmetric currents, but also currents in mixed-symmetry representations of SO(d) that are obtained
using the totally antisymmetric products v,,.. ., of gamma matrices. Their explicit construction will
be discussed in section 3.2 below. In the free CFT, all these currents are conserved; they have exact
scaling dimension A = d — 2 + s, where s is the spin, and belong to short representations of the
conformal algebra. When interactions are turned on, the currents acquire anomalous dimensions and
are no-longer exactly conserved (except for the stress tensor or spin 1 currents corresponding to the
global symmetry):

0-Js~gKs_1, (3.1.3)

where ¢ is a parameter that controls the HS symmetry breaking. In the large N expansion we have
g ~ 1/4/N, and in the e-expansion g is a power of €, so that the HS symmetry is weakly broken at
large N or small €. In the above equation, K, ; denotes an operator of spin s — 1 and dimension
d—1+4s+0O(g): this is the primary operator of the unbroken theory (g = 0) which recombines with J
to form a long multiplet in the interacting theory. As reviewed in section 3.3.1, the non-conservation
equation (3.1.3) can be used to deduce the anomalous dimensions of the broken currents to leading
order in g, by computing correlators in the unbroken theory [22,23]. This method was applied recently
in [33,84] to the scalar O(NN) model in its large N and e-expansions, and in [35] it was also used to

extract the 1/N anomalous dimensions of HS currents in the bosonic and fermionic 3d Chern-Simons
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vector models of [85,86]. In this chapter, we will apply the same method to the critical GN model,
both in the large N expansion for any d, and in the e-expansions near d = 2 and d = 4, and extract the
anomalous dimensions of weakly broken currents to leading order. At large N, we reproduce known
results obtained long ago by diagrammatic methods [87]. In d = 2+¢ and d = 4 —¢, as far as we know,
our results are new. In all cases, we find precise matching of e-expansions and large N (including the
recent 1/N? results of [88]) in their overlapping regime of validity, which provides a nice cross-check

of the various approaches to the interacting CFT.

In the context of the AdS/CFT correspondence, the free fermionic CFT, (restricted to its U(Ny)
singlet sector) should be holographically dual to the so-called “type B” higher-spin gravity theory
in AdSgy1, which includes towers of massless higher-spin gauge fields in one-to-one correspondence
with the conserved currents in the boundary CFTy.! In this context, the critical Gross-Neveu CFT
can be thought of as a “double-trace” deformation of the free theory, and it follows from general
arguments [31] that the AdS dual of the UV fixed point should be the same higher-spin gravity
theory, with the choice of alternate boundary condition (A = 1 instead of A = d — 1) on the bulk
scalar field dual to the 1) operator, in analogy with the original conjecture [29] in the case of the
O(N) model. With alternate boundary conditions in the bulk, the higher-spin fields are expected to
acquire masses at loop level, corresponding to the fact that the anomalous dimensions start at 1/N-
order on the CFT side. The role of the Higgs field in the bulk [32] is played by a two-particle state
with the appropriate quantum numbers, which should correspond to the operator appearing on the
right-hand side of the non-conservation equation (3.1.3). In the large N CFT this operator is indeed

of the double-trace type, and we will determine its explicit form in section 3.3.2. Schematically,

1
0 Jg~—=>_ "By 10", (3.1.4)
s'<s
where B, 1) denotes the mixed-symmetry current in the representation [s,1,0...,0] (dual to the

corresponding mixed-symmetry field in the bulk), and Jy denotes the scalar operator with A =1+
O(1/N). In particular, this equation implies that the relevant bulk one-loop diagrams responsible for
the anomalous dimensions involve the cubic coupling of a totally symmetric field, a mixed-symmetry

field, and a scalar. It would be interesting to fix the form of these couplings directly in the bulk. Note

1Such type B theory is known at non-linear level only in the case of AdSs in the form of Vasiliev equations [26],
see [89-91] for reviews with a focus on AdS/CFT applications. In general d, one can construct the spectrum and free
equations of motion of the bulk theory, and in principle reconstruct interactions order by order in perturbation theory,
but fully non-linear equations of motion of the Vasiliev type [26,28] are not known.
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that in d = 3 the mixed-symmetry fields are in fact related to the totally symmetric fields, due to
Yuv = 1€uvp7Yp, but this is not so in general d, and it would be interesting to study more generally
the 3-point couplings involving mixed-symmetry fields in the bulk. Note also that (3.1.4) contains
more information than just the anomalous dimensions of Js: for instance, it implies that the 3-point
functions (Js(z) By 1)(y)Jo(2)) break the J; current conservation (for s > s’) already at leading order
in N.

The methods we use to fix the HS anomalous dimensions, based on the idea of multiplet recombi-
nation, are closely related to the approach put forward in [24], see [52,92-100] for subsequent related
work. In this approach, the leading order anomalous dimensions of various composite operators in the
e-expansion of O(N) or GN models were fixed using conformal symmetry and the required form of
multiplet recombination (essentially dictated by the classical equations of motion) of the nearly free
fields ¢ or v. In section 3.4.1, we apply a similar approach to fix the scaling dimensions of some scalar
composites in the critical GN model at large N, as well as in the GNY model in d = 4 — e. We also
show how similar methods can be used in the case of the large N expansion of the scalar O(NN) model.
In particular, this appears to lead to a relatively simple derivation of the 1/N anomalous dimension
of the scalar singlet operator (with A =14 O(1/N) in GN and A =24 O(1/N) in the O(N) model)

compared to the traditional diagrammatic expansion (see e.g. [65,101,102]).

In section 3.4.2, we move on to study a different type of operators with spin, namely the “double-
trace” operators ~ 0@°c built out of the scalar singlet o ~ ). These operators have twist 24+-O(1/N)
at large N, and for general d they are not almost conserved currents.? We compute their anomalous
dimensions in section 3.4.2 directly from Feynman diagrams in 1/N perturbation theory. The general

d result is given in (3.4.34), and in d = 3 it reads

32 1
ANggsg —8— 20 = ——— — 1/N?). 1.
o0so S o 7T2(28+ 1) N +O( / ) (3 5)

From the AdS point of view, the anomalous dimension defined by the right-hand side has the inter-
pretation of the interaction energy associated to the two-particle state of two bulk scalar fields with
orbital angular momentum s. Perhaps surprisingly, we find that this quantity is positive, correspond-

ing to an effective repulsive interaction, for all spins in 2 < d < 4.3 In section 3.4.2 we compare this

2They become conserved in the d — 4 limit, where they correspond to one of the two towers of exactly conserved
HS operators in the GNY model (3.1.2) at the d = 4 trivial fixed point g1 = g2 = 0. The two towers non-trivially mix
in d =4 — e, as explained in section 3.3.4.

3This result is not in violation of Nachtmann’s theorem [103], because in d < 4 the operators ~ 0@°c are not the
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result, as well as the one for the analogous operators (with o ~ ¢?) in the O(IN) model [45], to the
analytic bootstrap analysis [39,40] (see [41,62,104-111] for relevant related work) of the large spin
expansion of the anomalous dimensions of double-trace-like operators of the form O0°0O. The OPE
data needed for the bootstrap analysis is obtained in Appendix 3.5 from that of the free theories using
the AdS/CFT dictionary for double-trace flows [29,31]. We find that the 09°c anomalous dimensions
in the GN and O(N) model can be exactly reproduced in the analytic bootstrap approach, provided
one suitably regulates the sum over the exchange of the infinite tower of nearly conserved currents
of all even spins. Even though the contribution of each nearly conserved even spin current to the
00%0 anomalous dimension is negative, the regularized sum over the HS tower appears to yield a
final positive result in the GN model in agreement with (3.1.5), and a vanishing result for the d = 3
O(N) model, in agreement with [45] (see also [112]). More generally, the arbitrary d results can also
be reproduced in the same way. As a consistency check of the regularized sum over spins, we also
show that it correctly implies vanishing of the anomalous dimensions of the double-trace operators
in the free fermionic and scalar CFT in any d. Finally, in section 3.4.2 we use the same analytic
bootstrap approach to compute the anomalous dimensions of the same type of double-trace operators
in the bosonic and fermionic vector models coupled to Chern-Simons gauge theory in d = 3 [85,86],
working to leading order in 1/N but exactly in the ‘t Hooft coupling A. In the CS-fermion model, the
anomalous dimensions vanish to the order 1/N for all A, and in the CS-scalar model they are given by
an expression that smoothly interpolates between the free scalar at A = 0 and the critical GN model

at A — 1, in agreement with the conjectured 3d bosonization duality [21,113].

3.2 Free Fermions

Let us consider the free CFT of Ny massless Dirac fermions. For general d, the spectrum of bilinear
primary operators is more complicated than that of the free scalar CFT. In addition to a tower of
totally-symmetric conserved tensors J,, ..., as in the free scalar theory, and the scalar operator Jy =
Y1) of dimension A = d—1, we have towers of conserved tensors of mixed-symmetry By, ..., v, -1, and

a finite number of anti-symmetric tensors B,,...,, that are not conserved currents, see e.g. [114,115].

leading twists in the oo OPE, due to the presence of the nearly conserved HS currents with twist d — 2 + O(1/N).
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3.2.1 Totally symmetric higher-spin currents

As in the previous chapter, we focus on studying the contracted form of the current:

Jo(@,2) = Ty, (@) 2 (3.2.1)

where z,, is again a constant null-vector. One may restore the explicit indices on the currents by acting
with the differential operator (1.4.2) in z-space. The explicit form of the currents can be conveniently

given as

(Jo)'j = fo(Or, D2)hj (w170 (x2) , s>1, (3.2.2)

T1,2=T

where 31,2 = 2-01,2, and f,(u,v) is a homogeneous function of total degree s—1. Hered,j =1,..., Ny
are the flavor indices, and we can of course decompose (J;)° ; into the U(Ny) singlet part, and the
adjoint (traceless) currents (J;‘)ij ~ ﬁjés_lﬁwi — N%ﬁ;iws_lﬁw. In the remaining of this section we

will mostly omit flavor indices for simplicity.

Imposing the conservation condition aMngs = 0 and using the free Dirac equation one finds for

fs(u,v):
d 2 2
(5(8u+8y) +ud. +v02) fs =0. (3.2.3)
The solution is given by

M) , (3.2.4)

= (J1 + 8y)s o212
fs = (01 + 02) 1 <31 3,

which takes the same form as the free scalar CFT (see (2.1.7) and also [33,84]), up to the shifts
s —s—1,d— d+ 2. Alternatively, we can obtain the same differential equation (3.2.3) by imposing

that (3.2.2) is a conformal primary (see e.g. [37]). Of course, these operators have exact dimension

Ay =d— 2+ s in the free CFT.

3.2.2 Mixed-symmetry currents

The currents constructed above are totally symmetric, corresponding to the representation (s, 0,0, .. .)

of SO(d). In general dimension d, there also exist conserved tensor primaries of the symmetry
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(s,1,..,1,0,...), corresponding to the Young diagram
s

All such mixed-symmetry currents can in principle be extracted from a simple generating formula [115]

(3.2.5)

By (@) = (@ + y)Wrn (T — y) (3.2.6)

)
y=0

where vy, ., = Y, -V, 18 the totally anti-symmetrized product of y-matrices. One can easily show

that it generates conserved currents except for the case of the totally anti-symmetric primaries (1, ..., 1)

DVorn P k>1, (3.2.7)

which are not conserved and should be AdS/CFT dual to anti-symmetric massive fields. However,
the simple generating function (3.2.6), when expanded in y, does not give conformal primaries, but a
mixture with descendants (the expansion of (3.2.6) does not produce irreducible tensors). To obtain

the primary operators, let us look for the generating function

1
Bul...yk = Z ;B/ﬂu.us,l/l...ykzul e ghs (328)

where, as for the totally symmetric tensors, we use a null polarization vector to contract all the

symmetric indices. The mixed-symmetry primaries have to obey a number of irreducibility conditions:

B(,Ltl...,tts,,tts+1)l/1...uk = 07 5PUB,LL1...ILL5,2pa'7u1.Hyk = 0, (329)

8)\3;1,1...p,s,g)\[uo,ul...uk] =0. (3210)

Here symmetrization over all x4 indices and anti-symmetrization over all v indices is implied, which
is indicated by the brackets. The first condition imposes (s, 1,...,1,0,...) symmetry; the second one
tells that the tensor is traceless in all the indices provided the first condition is satisfied; the third
one implies that the divergence projected onto the (s —1,1...,1,0,...) symmetry vanishes (there are

two independent divergences: (s,1,...,1,0,...) and (s —1,1,...,1,0,...) and only the latter is the
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primary that needs to be decoupled). The most general ansatz for the generating function reads:*

Buy . (0352) = Fr(@1) Yoy p20(22) + Fotb(20) Yy g2 20V (02) +
(3.2.11)

+ F38[V17/_}(5131)quQ...yk,lprZVk]w(x2> + F47/_}(x1)W[Vlmuk,gpzpzuk,] 5yk]¢($2) 3

where again anti-symmetrization over v indices is implied. Functions Fj 234 depend on (’5172. The
usage of the null polarization vector z* takes away the traces in the p indices. However, the trace
with respect to one symmetric and one antisymmetric index 0*” needs to be subtracted by hand.
Altogether, the Young, the conservation and the tracelessness conditions, when expressed in terms of
the generating function, give:

2"Bpuy e, =0, 9.DED;, B,

] = 0) DgBuyl...Vk,l = O, (3212)

2. Vi1

where in the second expression the anti-symmetrization over all v’s is implied. The trace with respect

to z and a free index p has to be taken with the help of the Thomas derivative (1.4.2).

In the following we would like to compute the anomalous dimensions of the totally-symmetric
higher-spin currents. The non-conservation operator of those, as will be shown below, contains no
more than two gamma-matrices. Therefore it will only involve the simplest mixed-symmetry primaries

with symmetry of the hook diagram

jil , (3.2.13)

A simplification occurs in this case and only two terms of (3.2.11) survive

BM = Fﬂﬁ(xl)’y}wz”w(ﬂcg) + ng/;(xl)zuzﬁ(xg) . (3.2.14)
The Young condition is trivial here and the conservation/tracelessness can be read from

8,D!D.,, By, =0, D'B, =0. (3.2.15)

4In principle, one can introduce auxiliary anti-commuting variables as to hide the v indices and work out the super-
symmetric Thomas derivative. Fortunately we will need only the simplest mixed-symmetry currents.

49



Solving these equations, we find that the result for the (s,1) mixed-symmetry currents is

B, (z,2) = Fyb(z1) vz (x2) + Fotb (1) 2,00 (22) , (3.2.16)

T1,2=T

Fy = (8y + 8p)* 22712 () | Fy= (01 + 0y)" 127 2 (w) | (3.2.17)

where w = ((’91 — 52)/(31 + 32), and it is understood that x1 2 — « after taking all derivatives. Let us

give few examples. The s = 1 case is trivial — it is not a current:
By = Yz (3.2.18)
The simplest genuine mixed-symmetry current is (2,1) (see also [115] for the index form):

B, = (d—1)(01 — 2) ="t + (01 + 2) 21t (3.2.19)

Note that while the divergence of the mixed-symmetry current O* B < tts_1[vo,n) that has (s—1,1)

HH2,-

symmetry does vanish, but the divergence with respect to the v index is not zero. It defines a

descendant
0" B, = Fy(01,0:)00 (3.2.20)
. . s—1,~d/2—1/2 (U —V s~dj2—1/2 (U —V
Fi(u,v) = (v —u)(u+v)°"C 7 <u—|—v) + (u+v)°C5 (u+v> ) (3.2.21)

which will be shown below to naturally enter the non-conservation operator of totally symmetric

currents in the interacting CFT.

3.2.3 Two-point functions

The two-point functions of the totally-symmetric currents can be computed as in [33,84] by using the

Schwinger representation for the two-point function (1)), which in our conventions reads

SH

i wa¢12 F(i)

(¥ (1) (22)) = &5 pryvens Cow = 525 (3.2.22)
12
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so that we can write

s = -2 s =0 [T St o)

4?2 (g2)d21 and2®

Using this, one finds after integration over the Schwinger parameters

(Z . l,)Qs
(Js(@,2)J5(0,2)) = Css % @) (3.2.24)
—2d+2s+1 _ _
C.. = N7r2 I(d+s—2)T(d+2s—3) 7 (3.2.25)

41,2
where N = Nytrl is the total number of fermion components. The non-singlet currents have trl
instead of N.

Also, we will need the two-point functions of the hook currents and their descendants (3.2.20),

which are given by a two-by-two matrix:

By Bint) (0¥ BiBin! )22
(Byn” Bin*) - { ") ::jvc;><552;2252x (3.2.26)
(Byn*orB;,) (0"B,0"B;)
(o= 2w + EERS G e
—s(d— —2)s s— z-x)2 ’
(z-x)(z-n) dﬁj_? 2(d 2d)+(sd_+32 2)($2)

where we introduced an additional vector n* to hide the index v away. The overall factor is the Cj,

(3.2.25), from the two-point function of the symmetric currents.

3.2.4 Some OPE coefficients

It is in principle straightforward to work out 3-point (or higher) correlation functions by similar
methods. As an example, the 3-point function of the totally symmetric currents and two fermions is
found to be (omitting flavor indices for simplicity, and denoting by «, 8 the spinor indices)
s—1
Z2:T12 _ 2T13
( 3, 74 )

(Js (@1, 2)9™ (22)15(23)) = ChyCous (#1572 Y #15) 5 adyad 7 (3.2.27)

(=1)*2°77 (¢ + s — 1) I(d+ s — 2)
L(d—1)r (5)I(s)

Copy =

)
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and similarly one may derive the 3-point functions with mixed-symmetry operators. In the following,
we will also need the 3-point function of Jg; with two A = d — 1 scalar bilinears. A short calculation

using the Schwinger representation and the generating function for J yields

£1:%13 _ 21°T12 #
(a1, 2) P00 (w2) D (w3)) =csoo( R ”’d) :
Tiz T3 T2 (3.2.28)

F(s+2%-1) T(d+s-2)

r(4) Td-D0C(s)

Cso0 = 23_1N0;2w(1 + (—1)3)

It is instructive to compare this result with the conformal block expansion of the 4-point function of

the 1) operator. An explicit calculation yields

" - " " A2 g(u,v) _ x%ﬂ%zx _ 95%433%3
(Y (z1)Y(z2)pip(z3) b (wa)) = N CWW, = 2,42, = 2,22,
g(u,v) =1+ut" + (%)W1 + % (%)d/2 (ug —uF T (14 0) + W —(1+v?)

(3.2.29)
The function g(u, v) has the conformal block expansion g(u,v) = 1+3__, ar¢gre(u,v), with 7 = A—¢
the twist of the intermediate state, and a,, are related to squares of the OPE coefficients. In the

limit v — 0, gr¢(u, v) reduces to the so-called collinear conformal blocks
Gro(u,0) ~ /2 (= 1)1 - u)%Fl(g ) g FOT+201— ). (3.2.30)

The term of order u(?=2)/2 in the small u expansion of (3.2.29) should be reproduced by the sum over
the exchanged conserved currents Js of all even spins, with 7 = d — 2. Using the OPE coefficients in
Cs00, and as = C%)/(Css N 20:@) (see the Appendix), we have verified that indeed

d—2 d—2 1 1

Zag(—%)z(l —v)Fy( 5 + ¢, 5 +40,d—2+201—v) = N 03
¢

(1 —w)(1—ov¥?). (3.2.31)
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3.3 Weakly broken currents in fermionic CFT

3.3.1 Generalities

Applying the general formula (1.4.11)derived in the introduction one may derive the following formula

for the anomalous dimension, valid to leading order in the breaking parameter

Yo =— L (2 2)* (Ko (2, 2) Ko 1(0,2))o
T s rd2-2(s+d2-Ds+d=3)  (Ji(x,2)0.(0,2))

: (3.3.1)

where the subscript ‘0’ means that the correlators are computed in the “unbroken” theory. Although
for simplicity we have omitted flavor indices, this formula applies in the same way for singlet and
non-singlet currents. In the following we will denote by v, the anomalous dimension of the singlet

currents, and v the one of the non-singlets (adjoint).

To derive the explicit formula for the non-conservation in the various models we consider below, we
act with an operator 0, D¥ on the currents (3.2.2), which gives terms proportional to the “descendant

operators” 8“1/_)'yu, P and 9%, 0%, which are non-zero in the interacting fermion theory:

0, DY f4(01, 02) (1) A (s) = (3.3.2)

= [@1%(31, 02) + a5 (01, 02) + 407 hs(D1, Do) + 403 hs (01, 32)} U(w1)Y(22),

QS(U'7U) = ((% - 1)fs + U(av.fs - aufs)) ) QS(ua ’U) = ((% - 1)fs + u(aufs - avfs)) ;
hs(u,v) = ($0ufs + %éﬁfs + 00y fs) s (3.3.3)
ha(u,v) = (490, f, + —5—02fs + uduo )

Explicitly carrying out the differentiation and using recurrence relations for Gegenbauer polynomials

we may represent the functions introduced above as:

QS(U'?U) = qg(uvv) = (u+ v)s_l [(% -
qs(u,v) = (_1)8_1(1?(7)’“)7

he(u,v) = (d — 1)¢% 2 (u,v), (3.3.4)

ajz—1/2(u—v\ 2(d—1)v _a/241/2(u—v
DCH (u+v) u+wv Caza (UWL’U)L

hs(u,v) = (d = 1)(=1)*"1gl* 3 (v, ) .
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3.3.2 Large N expansion

One begins with the action of the Gross-Neveu model
_ 1 -
S = / d'z (waw + 2<ww>2) (3.3.5)
and introduces the Hubbard-Stratanovich field o as

S = /dd:c (i@ﬂw (i) — ;&) . (3.3.6)

o
VN
The auxiliary field acquires an induced (non-local) kinetic term via fermion loops

1

VN

1

\/wa»o +O(1/N), (3.3.7)

S =~ [ dad'yo(@)oy)(—=iu(a)

where we have dropped the quadratic term in (3.3.6) as it does not contribute in the UV limit.

Inverting the induced quadratic term, one finds the o 2-point function to leading order in 1/N to be

CO'U
2
L1

2(d—2)0(d —1)sin ()
7T (3)°

(o(z1)o(z2)) = ==, Coo = : (3.3.8)

so that o ~ 11 is a scalar primary with A =1+ O(1/N) at the UV fixed point.

The anomalous dimensions of ¥ and o to leading order in the 1/N expansion are well-known

[101,102,116,117]:°

d—1 1 (d—2)I(d—1)sin (%)
Ay=——-% wdr(gf 27 (3.3.9)
in (4
Ag:1+;432i5;). (3.3.10)

Since v is a nearly free field at large NV, the leading anomalous dimension of ¢ can be readily obtained

using the equations of motion

$w=>i§§¢a, WﬂWHZ-Fjﬁ¢07 (3.3.11)

in the spirit of [24], but with 1/N playing the role of the small parameter (a similar calculation in the

5Ay is known up to 1/N3 [101,117] and A, up to 1/N? [101,116].
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large N scalar CFT was carried out in [33,84]). In the interacting theory, the fermion 1 must have

the two-point function

(i) = oSk

(3.3.12)
’ (ﬁz)Aw_%

with Ay = (d —1)/2 4 v,. Applying the Dirac operators @; and @, on this two-point function, one

gets
i i Cyyis
Pribalu ) = ~2(d+ 20— (3:313)
(ﬁz)Aﬁ?
which can be compared with the insertion of (3.3.11)
1 . - 1 - C
L ooy = — Lo,,e S (3.3.14)
N N ah)ter
This yields to the leading order in 1/N:
C
_ Coo 31
o= 5z, (3:3.15)

which, using (3.3.8), can be seen to be in full agreement with (3.3.9). Interestingly, the anomalous
dimension of o can also be reconstructed by using the equation of motion method, by considering the
3-point function (y1po). We will carry out this calculation in section 3.4.1 below, and proceed here

with the analysis of the weakly broken higher-spin operators.

To find the non-conservation operator for the higher-spin currents, we need to plug the equations
of motion (3.3.11) into the master formula for the non-conservation operator (3.3.2). As a result we

find two type of terms: with two gamma-matrices and without gamma-matrices:

(kl(az-)&(:cl)w(m)a(:cg) + kz(32')1/_)(551)%uw(xz)agz”a(xg)) (3.3.16)
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where

ky = [q4(01 + D5, 02) + (—1)°¢2 (D2 + 05, 01)] +
+(d = 1)33[q (D1 + D3, 02) + (—1)°¢?F2(Dy + D3, 01)] (3.3.17)

ko = (d— 1) [q%F3(01 + 85,0) — (—1)°¢*T3(02 + 85,01)] .

The non-conservation operator K,_1 must be a conformal primary of the unbroken theory® In partic-

ular it should be possible to decompose it as
Koy = ZBS 0" (B3940 U+ch 9(0"B5)d U+ZA O (V) 0°0barcsr,  (3.3.18)

where the summation range and the spin s; of the operators B! in the sums are fixed by the spin
and conformal dimension counting: s; +a 4+ ¢+ 1 = s in the first two sums and a + ¢+ 1 = s in the

last one.

First of all, we observe that we need the hook currents, i.e. the ones with (s, 1) symmetry, as these
contain two gamma matrices while the usual totally-symmetric currents do not contribute at all. It
is also important to take the descendant 0" B, into account since it does not vanish. The last terms
involving the 1)-singlet appears only in the case of singlet currents of even spins. Note that at the
large N UV fixed point, this term should be projected out due to the o equation of motion, which is
formally 17 = 0 (o replaces 1 at the UV fixed point).

Taking notice that the y-part of the non-conservation operator is exactly like in the large- N bosonic

model [33,84], we immediately find

2a+c+ Dl (a+c—v—s+1)(a+2c+1—-2(s+v))!
aldl(c+ 1)l(a+c—2(s+v))!

B.=— : (3.3.19)

which is assumed to vanish for a 4 ¢ even. The formula works both for even and odd spins. Note that

everything depends on s + v only (v = (d — 3)/2). Analogously,

o5 2@+ c+ D (—a—c+v+s—1)a+tc—2(r+s)+1)(a+2c—2(v+s))!
&e al(c)2(a+c—s+1)(a+c—2(v+9))! ’

6This can be seen by acting with the special conformal generators on the non-conservation equation, see for instance
[86,118].
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which is assumed to vanish for a+c even or a+c > s —2. The only new part is due to the (1))-terms

(v+3)" Cvts—1)14(=1) (1 - 5)a)?
(a+2v+1)! Tla+1T(s)

Ade = (3.3.20)

which is assumed to vanish for s odd or unless a4+ ¢ = s — 1. The fact that the decomposition (3.3.18)

is possible is a check of the non-conservation operator (3.3.16).

Examples. Let us consider a few explicit low spin examples. The first nontrivial example is the

spin-two singlet current, for which we find (omitting an overall factor)
K*=2 ~ (01 4 02 + (1 = d)Ds)dpo = (0(4)o + (1 — d)(44)do) , (3.3.21)

which is conserved upon projecting out 11, the operator that is replaced by ¢ in the large-N treatment.

The spin-three non-conservation contains an anti-symmetric tensor:

K3 = 2(9y — 8)(=dy — Bs + (d + 1)0s)vb0 + (281 + D)) — dos)Pyantpz*0Po

= [dBy,4,0%0q0 — 204 Bq,0"0 — 2(d 4+ 1)0“ By 4,040 + 20,0“ By ,,0] 2%2%.
The spin-four non-conservation contains a genuine mixed-symmetry current:

K*™ = [5Buq,u0" 0.0 — 200 Bua,u0"0 — 60" Baau040 + 0,0"Baq,u0] 222

+ g(zﬁw)aaaaaao — 120, (V1) 04000 + 80404 (V1)) Dq0 — %aaaaaa(zzw)a 292%2°

where the formula is written in d = 3 to simplify the coefficients and the last line displays the
contribution of the 11 operator that needs to be dropped for the singlet currents. As a result one

sees the formula from [21, 35].

In principle, one can use the decomposition (3.3.18) to directly compute the two-point function in
(1.4.11) and thus the anomalous dimensions. However, the sums which appear are quite involved to
calculate, and in practice we find more convenient to compute (K 1K, _1) directly in terms of the
form (3.3.16). To do this, one can start with the Schwinger representation (3.2.23). Note that, using
this representation, we can trade derivatives at point 0 in (1.4.11) to z-derivatives by flipping their

7&12

signs. The action of the projected derivatives on the integral is trivial: e = (720&@)“670@2 since
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0z = 0. Owing to this, the differential operators in the descendant are replaced with a polynomial
in o parameters. The derivatives which are not contracted with the null polarization vector require a
bit more work, but after some manipulations it is not difficult to see that the calculation eventually
reduces to evaluating some integrals over « parameters, which can be performed using the properties
of Gegenbauer polynomials. Following this procedure to compute (Ks_1 K 1), and using the master

formula (1.4.11), we arrive at the following result

V?2%p0» dM*QM . )), (3.3.22)

which is valid for the non-singlet currents of all spins (and for odd spin singlets, which coincide with
odd spin non-singlets). To the best of our knowledge, this result was first obtained in [87] (using a

standard Feynman diagram approach).

For singlet currents of even spins, the above result is not correct, because one has to subtract
by hand the piece of the descendant (3.3.18) involving the scalar singlet 1%, as explained above.

Subtracting from (3.3.22) the contribution of the last term in (3.3.18)

D Awsmi-n s 1-5(0) (=1 () (9)2 DTN (1) T P o0) (3.3.23)

a,b

we obtain the final result for even spin singlets:

_ _ (d—2)d B I(d+1)T(s+1)
Vs = 27y (1 As+ 94 -2)(s+9-1) 2d-1)(s+2-2)(s+%-1)I(d+s _3)> , (3.3.24)

where the last term is due to the subtraction of (3.3.23). This result is again in agreement with [87].
Interestingly, the structure of this result, as well as (3.3.22), is identical to the ones in the critical
large N scalar model [33,45,84,119], up to overall factor of -, replacing 4. In particular, note that

the large spin expansion of (3.3.24) reads

(d-2)d1 T(d+1) 1 +<”>. (3.3.25)

o= 27 (1 -
7 71”( 4 52 2(d_1) si2

The leading spin independent term agrees, of course, with the general expectation that Ay ~ 2A, +s
at large spin. Naively, following the arguments in [39,40,48], one might have expected a term of order

1/s corresponding to the exchange of the scalar operator o with A = 14 O(1/N), however we see
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that such term is absent. Expanding at large spin the recent 1/N? result in [88], we find that the
anomalous dimensions include terms of order 1/5%72, 1/s2, log(s)/s?~2 and log(s)/s2, but no terms
of order 1/s. It would be interesting to understand this by generalizing the analysis of [39-41], or the

approach of [109,110], to the case of 4-point functions of fermionic operators.

3.3.3 Gross-Neveuin d=2+¢

The Gross-Neveu model in dimension d is defined by the action:
_ 1 -
S = /ddx (waw + Qg(z/Jw)Q) (3.3.26)

where 7) = 1%); and the action enjoys U(N #)-symmetry. The one-loop results for the g-function
and the anomalous dimensions of the lowest lying operators 1 and ¢ are well known (see e.g. [57]

for a review):

2
- (N —2)L _
B=eg— (N 2)2ﬂ_+..., 9 =N 36 (3.3.27)
N-—-1, N-1 , d—1
= = Ay = 3.2
Yy 167’(’29 4(N—2)26 ) P 2 +’7’¢)7 (33 8)
1 €

Note that IV here is Nytrl the total number of the field components. The equations of motion take

the following form

P = —gy (), 0"y =+ (V). (3.3.30)

Following similar methods as in [24], it is possible to use these equations to derive the above anomalous
dimensions, as well as the dimension of higher order composite scalar operators [94,95]. Here, we use
a similar approach to fix the leading order anomalous dimensions of the weakly broken higher-spin

currents.

The calculation of the divergence of the currents follows similar steps as in the previous sections.

We find

Koy = 9(kl(31')15(901)1#(332)15(303)7#(%4) + k(83 (1)t (22) (05 + 8Z)z”zﬁ(m3)w(x4)) (3.3.31)
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where
k1= [q§(51 + 33 + 54, 32) + (—1)8(]3(62 + 33 + ((}4, ({91)]
+ 63 [qg_l(él + 53 + 64, 52) + (_1)‘9q§_1(52 + 53 + 34, 51)} , (3.3.32)
k2 = [qg—l(él + aA3 + 34, 52) - (_1)8(];1_1(52 + 33 + (94,31)} .

To find the anomalous dimension according to the formula (1.4.11), we have to calculate a two-point
function of four fermionic operators at points x and 0. There are three different ways to contract the
spinor and U(Ny) indices, pair by pair or “threading” through all 8 operators. The first diagram,
obtained by contracting the first pair at point z with the corresponding one at point 0, gives a
contribution

oo (3.3.33)

The second diagram is obtained by contracting the first pair at point x with the second pair at point

0. It is non-zero only for even singlets and gives a contribution to

1+ (-1)* Né
Ty AN e (3.3.34)

Finally, the third diagram is the one where spinor and U(Ny) indices make a single loop threading all

8 fermions, and yields a contribution

1— (=1 ¢
_ . 3.3.35
2 (N-2)? ( )
Summing these results up we get for the non-singlets:
4= L s even
Vs ToN 22" ’
) ) (3.3.36)
4 (N —2) €

- - 1 odd
Vs ToN_—22 aN-2° 7%

and 7;“:1 = 0 in accordance with the exact U(Ny) symmetry. For the even spin singlets, we obtain”

7s = O(€?), $>2 even. (3.3.37)

Note that, to this order, all these results are independent of the spin (except for the vanishing of

72 1). One can check that they match precisely the expansion of the 1/N values (3.3.22) and (3.3.24)

"The result for odd spin singlets is the same as for odd spin non-singlets.
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near d = 2 + e. Including also the recent 1/N? results in [88], we find that the 2 + € expansion of the

available large N results is

1 34(-1) o -1 14+ 2 - 2(-1)%((s) +9)
A _ 2 - 3 s—s s—s 4
T>1 =€ <2N N2 >+ IN T AN? +0(€),
4 4 13
T 63(5‘3_1‘2+4W3)”)) <8N+8N2+'“>+O(64)’ v evem

where 9(s) is the digamma function and 7 the Euler-Mascheroni constant. Note that to leading order
in € these precisely agree with the results derived above. Note also that a non-trivial spin dependence,

including terms of order ~ log(s) at large s, appears at the next-to-leading order in the e-expansion.

3.3.4 Gross-Neveu-Yukawa in d =4 — ¢

The Gross-Neveu-Yukawa (GNY) action is defined as:

S = /ddm (w(a + qro)Yt + %(%0)2 + 3104) (3.3.38)

This model has a perturbative IR fixed point in d = 4 — € which is in the same universality class as
the UV fixed point of the GN model, and thus provides a different description of the same interacting

fermionic CFT [57,79,80]. The one-loop beta functions yield the fixed point couplings

1672
(7)) = Fes 95 = 1672Re,
N +6
AN (3.3.39)
(N +6)[(N —6) + N2+ 132N + 36’
and the leading anomalous dimensions of ¢ and ¢ are
(91)° €
= = 3.3.40
T 3972 T (N 1 6)° (3:3.40)
N(g7)? Ne
- = = . 3.3.41
70T T3972 T o(N +6) (3:3.41)
The equations of motion are
aT/Ji = _glawia
(3.3.42)

9o = giih’ + %03-
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From the abstract CFT point of view, these equations describe the multiplet recombination which
makes ¢ and o into long representations of the conformal algebra with A, > (d —1)/2 and A, >
d/2—1, and can be used to fix the leading order anomalous dimensions. Since the 1 equation of motion
formally coincides with the large-N equation (3.3.11), one arrives at the same relation (3.3.15), with
d=4:

£)2

1 *\2 (gl
e = 9 . .4
1 80""(91) 39,2 (3.3.43)

where we have used Cypr = ﬁ, since o is now a canonically normalized (near) free field. As for the

o anomalous dimension, one can see that to leading order in the breaking parameter we can neglect
the o term in (3.3.42), and by a calculation similar to the one in the scalar ¢* theory [24,33,84], one

finds (setting d = 4 which is appropriate to leading order):

1

Yo = g (61 o (b @) v (2))o. (3:3.44)

which yields

NCZ,(97)>  N(g})?
Pip\Y1 91
= - : 3.4
" 32C, o 3272 (3.3.45)

in agreement with (3.3.40). The relation between g7 and € can also be reconstructed without input
from Feynman diagrams and beta functions by applying the equations of motion (3.3.42) to the 3-point

function (y1po), as will be explained in section 3.4.1 below.

Let us now turn to the weakly broken higher-spin currents of the model (focusing on the totally
symmetric operators only). By applying the general non conservation formula (3.3.2), the divergence

of the fermion bilinear currents (flavor indices omitted)

. A A H1 — o\ -
_ s— / 1 2 ~
Jow = (b1 + 02103 2(—51 " 32)¢<x1>w<x2) o (3.3.46)
is found to be
Ko 1y=a (kl(a’i)@(le(@)U(%) + kz(31‘)?5(1‘1)’mylﬁ(xz)agz”a(xg)) (3.3.47)
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and is almost identical to the large-N limit, with ki and ko given now for d = 4 by

kr = [q2(01 + 05,02) + (—1)*2 (D2 + D3, 01)] +
+303[¢5_1 (01 + 05, 05) + (=1)°¢5_1 (D5 + 03, 01)] , (3.3.48)
ko = 3[(]2_1(31 + 63,({92) — (—l)sqg_l(ég + 63,(91)} .
For the non-singlets and odd spin singlets, the fermionic bilinear currents do not mix with other

operators, so the calculation of the anomalous dimensions proceeds exactly as in the 1/N expansion,

with C,, in the latter replaced now by 5 (gi)?, and we find

Note that this vanishes for s = 1, as it should. Expanding this result at large N to the order 1/N?,

we find agreement with both (3.3.22) and the result of [88]

Az (;] LA ) (1 - s,<32+1)) L o). (3.3.50)

In the case of even spin singlets, a novelty compared to the large N calculation is the appearance

of mixing with the scalar bilinear higher-spin currents

Jor = (01 + doyere (220

58 ) o)

., s=246,... (3.3.51)

T1,T2—T

The divergence of these currents, which we denote K;_; ,, has two pieces according to equations of
motion. However, to lowest order in € we may ignore the piece coming with go since gi ~ /e whereas

g5 ~ €. To the lowest order, the descendant is then:

Koo1.0 = 2910201 + Do, 03) s (21)0" (22)0 (23) . (3.3.52)

It is evident that this term induces the mixing between the J; ;, and J, , since there are non-zero off-

diagonal 2-point functions (IA(S_LUKS_Lw).g The calculation can be carried out using the Schwinger

8 A similar mixing of two towers of nearly conserved higher-spin currents takes place in the cubic O(N) scalar field
theory in d = 6 — € [33].

63



representation of the propagator, and using (1.4.11) we find the mixing matrix

(07)? (S—(l)(S-;-Q) —2VN

g’f s(s+1 s(s+1)

el HR v . (3.3.53)
£/ s(s+1)

This leads to the anomalous dimensions:

s_ 0l 2N+ D)s(48)EVAFTsO+)(ATNN+ N 12+ (N -122) gy
Vs = 1672 25(1+5) N

The eigenvalue vy, corresponds to the tower of weakly broken currents with twist near d — 2 which is
present in the large N treatment of the CFT. Indeed, one may check that v,_, = 0, indicating that
the corresponding eigenstate is the conserved stress tensor of the CFT. The large N expansion of the

anomalous dimensions reads

€ (s—2)(s+3 2 (s —2)(s+3)(3s> +3s+2
o =N( s<s)i$ )‘ﬁ( . ;(s)il)j 2y (33.55)

which again agrees with the expansion around d = 4 — ¢ of the 1/N value (3.3.24) and 1/N? results
from [88].

The second eigenvalue v should instead correspond in the large N approach to the “double-trace”
operators 00%c ~ (1))d°(1»1)). This is suggested by expanding (3.3.54) at large N, which yields

€ 3s2+3s—2

At =d-2 F=24+s5-2_
e +e N s(1+59)

+O(1/N?), (3.3.56)

corresponding to an operator with twist 2 + O(1/N). In section 3.4.2, we will compute the scaling
dimensions of the 0d°c operators in the large N theory as a function of d, and explicitly verify
agreement with (3.3.56). This provides a non-trivial test of the identification of the IR fixed point of
the GNY model with the UV fixed point of the GN model.

Let us also give the large spin expansion of the anomalous dimensions (3.3.54). Writing the result

in terms of 7, and v,, we find

(3.3.57)
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Note the absence of 1/s terms, as observed above in the large N results.

The case N = 1 is special and deserves a separate comment. Since N = N trl, this corresponds to
a formal analytic continuation which should yield a CFT with a single 2-component Majorana fermion
in d = 3. It has been argued that the IR fixed point in this case displays emergent supersymmetry
[83,120-124]. Indeed, we can see that for N = 1 the dimension of ¢ and ¢ in (3.3.40) coincide. Further
checks, including higher orders in the e-expansion, can be found in [83]. Note that for N = 1 the

square roots in (3.3.54) simplify, and we get the results

2
Vs =27y (1 - s) , v =27 (1 + > . (3.3.58)

s+1

It would be interesting to study the half-integer higher-spin operators ~ ¢d*~'/2¢), and check how

the operators organize into supersymmetric multiplets.

3.4 Composite operators in fermionic and scalar CFT's

In this section we will calculate the dimensions of various composite operators in fermionic U(N)
theories and also in the bosonic O(N) model. Mostly, we will be interested in the large-NN results for

operators built from the auxiliary field o: o itself, o* and ¢9%0.

3.4.1 Some scalar operators

. . . ; PR A S .-
Let us consider the traceless (adjoint) scalar operator (OA);- = 1pp* — {1y in the large N critical
fermion theory. Its leading order anomalous dimension can be fixed by starting with the 3-point

function

i 1y Cyyporfss
(0 00) 35 e2) (O 3)) = (85, = 558300) sy (3.4.1)
12 13 23

where the structure on the right-hand side is completely fixed by conformal symmetry, for general Ay,

and Ap. Acting with the Dirac operators @; @5 on the right-hand side, we find

gLy TA3TL3
(28 + 80 = )28y — A0)(8}5}, = 1-816)Cvo xmw—ao/{ Afﬂong I (3.4.2)
12 13 23

where we have omitted terms proportional to the identity in the spinor space, which will not play a

role in the following leading order calculations. After writing Ay = d/2—1/2+ vy, Ao =d—1+0,
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and expanding to leading order in the anomalous dimensions, the prefactor above becomes

(d—2)(2vy —70) (3.4.3)

and hence this correlator can be used to fix 7o in terms of «,. Indeed, inserting the equation of

motion P = —% on the left-hand side of (3.4.1), we get, to leading order at large N

()50 () (O (s)) = — o) () (0 (00)0 (22) O ) =
_Lisigi - L gigty CooCuvonsts (3.4.4)
B AR R
This gives:
10 = 2 + oot = 2, (3.4.5)

N(d—-2) d—2
In d = 3, this agrees with the result obtained in [124] via a standard Feynman diagram calculation.

As far as we know, the general d result was not given elsewhere in the literature.

The same calculation can be applied in the case of the GNY model in d = 4 — €, where following

the similar steps we arrive at

—~

95)° 3e

u

Analogously, we can fix the anomalous dimension of the scalar singlet o starting from the 3-point

function
i NT ; Cyyorfstps
(6 1)y (w2 3)) = 0} g otV (3.47)
Ty2 T3 Tag

Direct application of two Dirac operators yields

i Cypotf3ups

(d—2)(2vy +70)0; (3.4.8)

afy2573;
where we used the formula (3.4.2) with the O replaced by o, together with the expansion A, = 1+7,.

Inserting equations of motion, one gets

1

_%W%(h)@ja(@)a(%» = _N<U($1)0($2)><¢i($1)1@j($2)0(l‘3)> +...=

_iM
N x%ﬂ%ﬂ%z’)

(3.4.9)

where we used that the three-point function (coo) vanishes, and in the second step we have selected
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only the relevant contraction that gives the tensor structure in (3.4.8). The final result is then

Cow d-1
Yo = =27y — Nd-2) Y5 (3.4.10)

which agrees with the result quoted earlier (3.3.9). It is interesting to repeat the above calculation in
the GNY model. Using (3.4.2) and A, = d/2 — 1+ ~,, to leading order in the anomalous dimensions

we find the relation

1

5) = ~Canlgi)? = =5 (g% (3-4.11)

2 (2w % —
Combining this with (3.3.43) and (3.3.45) obtained from the 1 and o 2-point functions, we see that

we recover the correct fixed-point coupling given in (3.3.40).

It should be possible by similar methods to fix the scaling dimensions of higher order composites
of o and 1. We will not pursue this in detail here, and just use a shortcut to obtain the result for
a simple class of operators, namely the composites o with twist k + O(1/N) (see also [124] for this
calculation in the case d = 3). We note that the diagrammatic expansion suggests that, to leading
order in 1/N, A x is at most a quadratic function of k. More precisely, there are two diagrams,
which connect the o legs pair by pair, so the & dependence for these is k(k — 1). There are also leg

corrections, which go like k. So, overall, we should have:

Ak* + Bk

Ak =
o k+ N

+O(1/N?). (3.4.12)

We can then use the known results for k =1 and k = 2 [102] to get:

2%(d — 1)(d(k — 1) — 2)
d—2

Ay =k+ Yo - (3.4.13)

Note that we may also write this result as

Ay — kA, = k(k; 1) 4d(fl: ;m _ ’f(k; DENIEPES (3.4.14)

where the right-hand side has the interpretation of interaction energy for the multi-particle state in

AdS which is dual to o*.

We may also apply the same method to the bosonic O(N) model in the 1/N expansion, which can

be developed using the action for the scalar field ¢* and the auxiliary field o (2.3.2) used in Chapter
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Similarly to the fermionic calculation above, we can fix the anomalous dimension of the traceless
scalar O% = ¢ligl) — %j&. One can study the following three-point function

Cop0

2A4—A0 Ao, Ao
Li2 L13 Tog

(81 (21)07 (22) O () = (567! + 57157 — —§15H) (3.4.15)
as constrained by the conformal symmetry. The dimensions of operators are power series in 1/N:
Ay =d/2 —14 74, Ao = d—2+ v0. One can then act on this three-point function with the
Laplacians 07 and O at points 1 and 2 respectively. Explicit differentiation gives, to the leading
order in 1/N:

Cyg0

4 d—2 d-2°
Lio13 Log

2(d — 2)(d — 4)(2vp — v0) (6767t 4 7 5TF — Na%“) (3.4.16)

where we replaced the dimensions of the operators with the tree-level values where possible. Now,

inserting the equation of motion (2.3.4) in the correlation function, we get

(0 )00 (22)0M (23)) = (oo )or(2)) (61 (21)67 (22)OM ()
L kit | sitsik _ 2 sijskly_ CooCogo (3.4.17)
= (0 4 I — gkl e ee0

Tiox13 Tag

and so to the lowest order in 1/N we obtain:

—9 Ccrzr o 87(15 o 2(11“(% Sln(%d)
0TI T ON@ -2 d—4)  d-4  gir(di1)

(3.4.18)

Now the calculation for the o operator is slightly more complicated although the general idea is

the same. We begin with the three-point function:

% j i C o
(¢' (1)@ (w2)0(w5)) = 67 —x—52*T——. (3.4.19)
T1o L13 La3

Expanding A, = 2 4+ 7,, and acting with the operators 0; and Oy gives:

g Ciooo
26%9(d — 2)(d — 4) (Yo + 27v9) 725 + ..., (3.4.20)
12713723

where we omitted two other terms which do not contain 7., and have a different coordinate dependence.

68



Inserting the equations of motion and working to leading order at large N, we get:

%<g¢i(5ﬁ1)0¢j (z2)o(x3))

((o(z1)o(22))(¢' (1) (22)0(23)) + (¢ (1)@ (x2)) (0 (x1) o (22)0 (23)) + ...) (3.4.21)

1 (CooCopo + Cp¢Cooo)
- N d .2 .2 +
N L12L73L353

2=

where we have only kept the relevant structures that match (3.4.20). Comparing the two results, we

obtain the relation
CpsCooo 1
4.22
Cono ) IN(d—2)(d—4) (3.4.22)

Yo = _27475 + (Coa +

where Cypr and Cyg, are the 3-point function coefficients, which both start at order 1/N. Their ratio

is known to be, to leading order at large N [125]

Caaa' o 2(d B 3)000

= , (3.4.23)
Csg0 Coe
so finally we find
1 4(d—1)(d—2
Yo = =27 + (Coo +2(d — 3)Csq) INA—D(d=1) ( dz(4 )W,, (3.4.24)

which is the correct result [65].

The result for o* operators for arbitrary k was obtained in [45], and is again constrained to be a

quadratic function of k to leading order in 1/N. It reads

2k(d —1)((k — 1)d*> + d + 4 — 3kd)

Aak:2k+ d—1

76 + O(1/N?). (3.4.25)

We can also express this result in terms of “binding energies”

Ajx — kA, = ]‘“(k; 1) 4d(d _41)5051_ e _ k(k; Y (e = 27) (3.4.26)

Quite interestingly, these vanish in d = 3, so that A,x = 2k + kv, = kA, as pointed out in [112].
In other words, from a bulk point of view, the interaction energy of the k-particle states of the AdS
scalar field appear to vanish to leading order in 1/N in the special case d = 3. We will comment on

this further below.

69



Figure 3.1: Diagrams contributing to the anomalous dimension of c9%¢ to order 1/N.

3.4.2 Spinning double-trace operators

In this section we turn our attention to the spinning operators constructed from the ¢ fields, c0°c in
the bosonic O(N) model and the large-N Gross-Neveu model. The anomalous dimensions of ¢9°c and
many other operators in the critical vector model were computed by Lang and Ruhl in [45]. Analogous
results for the GN model are not available to the best of our knowledge. While an extensive discussion
of the GN model can be found in many places, see e.g. [101,116,126], we will follow the conventions
used in [88] and collect below only the necessary ingredients. The momentum space propagators for

1 and o are:

Coo - 2d7d/20(d — 1
Dw:]%, Dazi C — _ m ( )

(p2)d/2—1+6 ) oo T (1 _ g) T (g)Q )

(3.4.27)

where § is a regulator and the only interaction vertex is ﬁ@wa. Let us write the full conformal

dimension of Oy ~ c0%0 as
DNoosc =206 +85+7 =2+ 5+ 27, + 75 . (3.4.28)

Note that in this and in the next subsection we adopt this definition of ~,, which is naturally interpreted

as an interaction energy from AdS point of view.

The anomalous dimensions can be extracted by computing the 3-point functions (Osoc). This is
most conveniently done in momentum space, and it is sufficient to set the momentum of the operator
Os to zero. There are two diagrams, given in figure 3.1, that contribute to the ~5 defined in (3.4.28)

(the leg corrections only affect 7, ), where the blob corresponds to the operator insertion. Up to Coo
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factors the integrals that correspond to these diagrams are, denoting by [ the external momentum of

the o legs:
_ [ A [ dlq (o 'irlplp— dpp )
I = / (2m)d / (2m)4 (¢2)4=2+25(p — q)2(p — 1)%(p?)? (3.4.29)
_ ddp diq  (z-q)° tr[p(p+g)(];j+g_l)(p_l)
I, = / (2m)d / (2m)4 (q2)2+2 p2(p — 1)2(p+ q)2(p+q — )2’ (3.4.30)

where, as usual, we conveniently take z to be null, 22 = 0. The anomalous dimensions are related to

the 1/§ poles of these integrals. The second integral can be simplified by using

”W@+%N¢+¢*D@flﬂ:%I@—D%p+@2+@+q—wﬁﬁ—ﬂf] (3.4.31)

and dropping the last term as it does not contribute to the divergent part. The integrals are then

standard and can be done with the help of

/ dlq (z-q)*  T(d/2-bT(a+b—d/2)T(—a+s+d/2)(zp)* .432)
@2m)d g2 (g —p)® ~  (4m)4/20(a)L(D)I(—a — b+ s + d)(p?)a+b-d/2 *
and similar formulae. The final results are:
_ 4(d—1)d
Vs=0 = — o5 T (3.4.33)
2dsin (Z) T (2)° ID(s+2— ¢
Y50 = —270 sin () T (5) (s + 5) . (3.4.34)

m(d—1)(d—2)(d—4) T (s+9)

Note that the s = 0 result is not related to the s — 0 limit of the non-zero spin result. This is because
the residue of the 1/d-pole happens to be discontinuous at s = 0. As far as we know, the general spin
result was not derived earlier in the literature. As a check, we note that using the known anomalous
dimensions of o and o2 [102]

4(d—1) A(d—1)d

Yo === 5 W Vor = 4(d — 1)y, Vo2 = 20 = =5 (3.4.35)

we find agreement between vs—¢ and the last expression in the above equation. A non-trivial con-

sistency check of the result (3.4.34) is the comparison with the 4 — e expansion of the GNY model.
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Indeed, expanding (3.4.34) in d = 4 — €, we find

2(352—|—3s—2)e 4
(275 +7s) T e + O(e%), (3.4.36)

which precisely agrees with (3.3.56).

From (3.4.34), we can extract the large spin behavior of the anomalous dimensions

~ 16sin® () T(d—2) 1
2

2
S T (4 d) gd—2 ’ ( )

suggesting that the leading term is due to the exchange of a tower of operators with twist d — 2, i.e.
the nearly conserved currents of the model at large N. We will comment further on this in the next

subsection.

Comparison to analytic bootstrap approach

Let us discuss the relation of the results of the previous subsection to the general predictions [39-41] for
the anomalous dimensions of double trace operators O9°0O, where O is a scalar primary of dimension
A. One matches the anomalous dimension of the O9°O operators exchanged in the “s-channel” of the
four-point function (OOOO) to the “t-channel” exchange of low-twist operators and their descendants.

The expansion organizes itself as a function of conformal spin [105]:
T =(A+s5+7/2)(A+s+7,/2—1). (3.4.38)

The contribution of the operator with spin [ and twist 7 exchanged in the t-channel is then:

V(7 1) = —COE,TT’Z) <1 +) JC;“,C> : (3.4.39)

where the coefficient ¢y controlling the leading term in the large spin expansion is known from [39,40]:

Coro.Cho T TTA DI+ 5)

co(T,1) = (3.4.40)

In our case, O = o and A =1+ O(1/N), and to leading order in 1/N we can study the exchange

of the following operators in the t-channel: o, the tower 0o of twist 2 + O(1/N), and the fermionic
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higher-spin currents @Zﬁél_lw of twist d—=2+O(1/N). Now the contribution of the o operator vanishes
since the three-point function (coo) = 0 identically in the fermion model due to the parity symmetry.
Further, we note that the ¢d'c would contribute to (3.4.40) only at the order 1/N2, since at tree level
A =1, 7 =2 and we would have hit ['?(0) in the denominator, which gets resolved by expanding all

the dimensions to the first order in 1/N.

Hence, the exchange of the higher-spin currents of the form &ﬁél_lzb should be what reproduces
the answer for the anomalous dimensions (3.4.34). The relevant OPE coefficients that appear in
(3.4.40) are explicitly computed in Appendix 3.5 as a function of the spin of the exchanged operator
[ and are of order 1/N. This is sufficient to reproduce the leading large spin term in the anomalous
dimensions. In [41], it has been shown how to sum the contributions other the descendants in (3.4.39)
for the exchanged operator with a twist d — 2, which is the case at hand, and obtain the finite spin

dependence of the anomalous dimensions. The result is

L(s+1)I'(2A+s— %)
T(s+9Q2A+s—1)

Vs(l) = —co(d — 2,1) (3.4.41)

Notice that in our case A = 1 is the tree-level dimension of the o operator, and we have to sum over
the spin A of the exchanged tower. Using (3.4.40) and the coefficient a., g s from (3.5.9), the sum we

need to perform is:

i 16(21 + d — 3) sin®*(§)T?(d — 2)T(1)  16sin’*(4)T(d - 2) (3.4.42)

2 _ - _ 2
i m20(1+d - 2) (d—4)rm

Note that this sum is power-like divergent for d < 4, and we have evaluated it by analytic continuation
in d, as usual in dimensional regularization. Putting it all together using (3.4.41), we arrive at the

same result (3.4.34), in a slightly different form:

16sin®(F)I(d =2l (s +2 - 9)

2
L = 3.4.43
7 N(d— 4)m2T(s + 9) (3:443)
In particular, in d = 3 we obtain
32 1
s = —————+O0(1/N?). 3.4.44
¥ 7TQ(QSH)NwL (1/N7) ( )

Note that the anomalous dimensions are positive in 2 < d < 4 for all spins. This may seem surprising,
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since each even spin field exchange contributes, according to (3.4.39)-(3.4.40), a negative amount to
the anomalous dimensions (from AdS point of view, we expect attractive interactions due to each even
spin [). However, the infinite sum in (3.4.42) is divergent, and its regularization appears to yield a
positive final result. The fact that this procedure gives exact agreement with the direct diagrammatic

calculation of the previous subsection is a good check that the regularization of the sum makes sense.
Let us also include here some results for these operators in the scalar theory. The 1/N result for

s has been obtained by Lang and Ruhl [45], and takes the form

- d(d — 3) AN (DT (s — 4 +4)
S T D= 2= D+ D5+ 2) <d2 S T T hE ) ) I

with 7, given in (3.4.24). Note that in d = 3 both of the spin-dependent contributions vanish, and
the function (3.4.45) just reduces to 27,, so that Ay9:; = 2A, + s in d = 3. In other words, the
“binding energy” of the corresponding two-particle state in the AdS; dual theory vanish, similarly to
what observed earlier for the o* operators. In the range 2 < d < 6 where the scalar CFT is unitary,
we note that that the anomalous dimensions are positive in 3 < d < 4, and negative in 2 < d < 3 and

4 < d < 6.9 In general d, the result (3.4.45) has the large spin expansion

1 2%(d —3)3(d - 2) sm( ( )_ 1 128(d — 3)si (L)

- 2) 2
s N73/2(d — 4)T (4) 512 NWQ(d 6)(d — )

(3.4.46)

Again, in light of the results of [39-41], we clearly see two different contributions in the t-channel
accounting for this behavior: the exchange of o operator with twist 2, producing the 1/s%, and the
exchange of the higher spin tower ¢d'¢, accounting for the 1/s972. We can reproduce the full spin
dependence of the contribution generated by the higher-spin tower by taking A = 2 in (3.4.41) and
using the bosonic OPE coefficients from (3.5.9):

I(s—4+4) o~ 6420+ d — 3)sin? (G2 (d —2)L(I+1)
(s+1)(s+2)0(s + ) 122,24:,6,._ m2(d— 4T (1 +d-3) -
128(d — 3) sin?(4°)I'(d - 2) T(s—4+4)

_ (d— 4)2(d — 6)n2 GTD +22)F(s i (3.4.47)

where we have again regularized the sum by analytic continuation. This is exactly equal to the last

term in the expression (3.4.45). The other contribution in (3.4.45), which is responsible for the 1/s?

9The negativity in 4 < d < 6 is consistent with Nachtmann theorem [103], since in this range the operators ~ c9°a,
with 7 =2+ O(1/N), are the minimal twists in the co OPE.
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term in (3.4.46) at large spin, can be reproduced by using the known three-point function coefficients

(ocoo) [125):

o5 1 8(d—3)2I(d - 2)
979 = — . 3.4.48
G, NTG-Dr(E -1 44

Plugging this into (3.4.40), we see that the resulting factor precisely agrees with the first term in
(3.4.46). Remarkably, the full spin dependence can also be reconstructed in this case. This follows
from analysis of [41], because for the special value A = 7 = 2 all higher order coefficients ¢ in
(3.4.39) vanish, and the finite spin answer is simply obtained from (3.4.46) by replacing 1/s? with
1/J2=1/(s+1)(s +2).

It is interesting to compare the above calculation to the case of the free fermionic and bosonic
vector models. In the free CFT, we of course expect no anomalous dimensions for the double trace
operators ~ p3*1p and ~ ¢20°¢>. But formally we can still apply the above analytic bootstrap
results, and we would then expect to recover the vanishing of the anomalous dimensions from the
sum over the infinite tower in the crossed channel. From a bulk point of view, this would correspond
to computing the tree level 4-point functions of the bulk scalar, reading off the contribution to the
binding energies of each diagram with a higher spin exchange (as well as the quartic scalar vertex),
and summing up over all spins.!? In the free fermion theory, using (3.4.40) and the OPE coefficients
in 3.5.3, we encounter the sum (we omit the [-independent overall factors, and recall that the 1)

3-point function is zero)

i (21+d—-3)(d+1-2)

=0, (3.4.49)
1=2,4,6,... ()
and in the scalar theory
- 20+ d—3)T(d+1-3
3 (21 + = Z) (1 =3 . (3.4.50)
1=0,2,4,6,... (1+1)

Both of these sums, when regulated by analytic continuation in d, vanish. In d = 3, one may also
evaluate them by Riemann zeta-function regularization, see the next subsection. From the bulk per-
spective, the vanishing of the regularized sum over “binding energies” we encounter here is reminiscent

of the vanishing of the regularized sum over one-loop vacuum energies found in [128,129].

10Right the opposite was recently done in [127]: the quartic scalar self-interaction vertex was reconstructed in such a
way that the full four-point function matches that of the free scalar CFT.

(0]



Chern-Simons vector models in d = 3

The analytic bootstrap results used in the previous subsection can be also readily applied to the
bosonic and fermionic 3d Chern-Simons vector models of [85,86]. We consider U(N,.) Chern-Simons
theory at level k coupled to a fundamental scalar or fermion, in the large N, limit with A = N./k
fixed, and use the approach described above to compute the anomalous dimensions of the spinning

double trace operators ~ ¢pd°pg and ~ Ypd*p.

Let us start with the scalar theory. The operators contributing in the ¢-channel, as before, will be
the higher-spin tower (which still has twist d — 2 + O(1/N,), for any value of the 't Hooft coupling)
and the scalar ¢¢. The latter has dimension A = d —2+ O(1/N..) = 1+ O(1/N,), so its contribution
can be calculated exactly as a function of spin s using (3.4.41). Using the results of [21] which follow
from the weakly broken higher-spin symmetries, the OPE coefficients we need still take the form
(3.5.3), dressed with factors that depends on the parameters N and X defined in [21], which can be

fixed [113,130] to be

A
A :tan(w

5)- (3.4.51)

Explicitly, using the results of [21], one finds that the contribution of the higher-spin tower acquires

a factor 1/N, and the scalar contribution comes with a factor % 1_::\2. Putting all the factors from

(3.4.39), (3.4.40), (3.4.41), (3.5.3) together in d = 3, we get'!

2 1 < 32 1 1 16 1 A2 32
300030 = —7—— | = St = | == +O(1/N?), (3.4.52

where we used the Riemann zeta function to regulate the sum (alternatively, one can regulate the sums
dimensionally as in the previous section). Note that the answer goes to zero as = 0, as expected
since in that limit we recover the free scalar CFT, and for A — oo it goes into the 3d Gross-Neveu

result (3.4.44), as it should be in accordance with the 3d bosonization duality.'?

Let us now move to the fermionic theory. The calculation is almost the same, with the difference
that the scalar contribution vanishes, since the three-point function of the scalar 11/ vanishes. As for

the higher-spin tower (which acquires a factor 1/N as above), after plugging all the factors in d = 3,

HKeep in mind that we define Vo005 36 = Dgpasse — S — 285,4. The scalar scaling dimension is Az, = 1+734, but
7‘5"’2: fo(A)/Ne + O(lZNf) is not currently known to all orders in A.

o be precise, at A — oo we get the result for the U(k — N.) GN model, and one should keep in mind that in
(3.4.44) N = Nctrl = 2N,.
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its contribution is proportional to the sum

oo

Y P=4¢(-2)=0 (3.4.53)
1=2,4,6,...

using the same zeta function regularization (equivalently, one gets the same result using the dimension-
ally continued sum in (3.4.49)), and hence we conclude that v;,5:5, = O(1/N2) in the CS-fermion
model. Note that this result is expected from the absence of anomalous dimensions in the free fermion
theory, because apart from the overall factor of 1/N instead of 1/N, the sum over the higher-spin
tower is otherwise identical in the CS-fermion theory and free fermion theory, and has to vanish in
the latter. This also explains the vanishing of the result (3.4.45) in the d = 3 critical scalar model:
the scalar exchange contribution is absent in this model as well (Cysr = 0 in the 3d critical O(N)
model), and the higher-spin tower contribution is the same up to the overall function of \; this is
because the dimension of the external scalar is A = 2 in both cases, and the relevant OPE coefficients
then coincide, see eq. (3.5.10). In this sense, the vanishing of the ¢ binding energies in the 3d critical

O(N) model can be seen as a manifestation of the 3d bosonization duality.

3.5 Appendix: OPE Coefficients from AdS/CFT

AdS/CFT relates the OPE coefficients of the UV and IR duals, i.e. the duals of the same bulk theory
for different choice of boundary conditions within the unitarity window [29,31]. We can use this fact
to compute some of the OPE coefficients in the critical O(N) vector model and Gross-Neveu model

using the OPE coefficients of the free scalar and free fermion, respectively.

The OPE coefficients we are interested in correspond to three-point function (JsJoJy), where Jy
has scaling dimension A = 2 for the critical model and A = 1 for GN, and J; are the totally symmetric
(nearly) conserved currents with twist 7 = d—2+O(1/N). We define the normalized OPE coefficients
as as

2
— CSOO
= 5
CssCio

(3.5.1)
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where we the coeflicients on the right-hand side are defined in our conventions by

C (Zl 29 — 221'951‘%22*0612)5
(Jo(w1)Jo(x2)) = %, (Js(1, 21)Js(2, 22) = Css v ;
2 12 (3.5.2)
(zl";l3 _ ZI'ZIIZ)S
(Js(21,21)Jo(22) Jo(23)) = Cso0~————55 5 = Cs00(Js0a04),
T12T13%23

where 21, 29 are null vectors. The OPE coefficients for the free fermion theory were given in (3.2.28),

and for the scalar can be found in [84,127,131,132], and we obtain:

_ VR (§ 45 1) T(d 45 —3)
MDD (5 )
VA(=)P2 4 (44 5 — 1) D(d+5 — 2)

NT (£)*T(s)T (42 + 5)

: (3.5.3)

apB,s

ap s = . (354)
The three-point function of one higher-spin current Jg and two scalar operators of dimension A

comes from the unique cubic interaction vertex in AdS

gs/@m(s)vﬂ(s)q)o(bo = gsi)s X <JSOAOA>7 (355)

- 275 2= d/2 (34 d+25)0 [-1+ 4 + 5]3 [[—3+d+ s]I[-1+ s + A)? (3.5.6)
s ['[-2+ d + 2s]’T'[A]2 ’ o

where g, is the coupling constant of the bulk theory and by is a nontrivial factor produced by integrating
the vertex on boundary-to-bulk propagators [133]. The coupling constant gs; can be chosen as to
reproduce the OPE coefficients Cyog for free scalar A = d — 2 or free fermion A = d — 1. The

results [84,127] are

43 1 (3915 _ _
bosor - g5 = (1 wT 2iGdtsUp (d21) (4L 4 ) (3.5.7)
' * VN (d+s—3) L(s+1) ' o
fermion : (gF)? = (gf)2m . (3.5.8)

Next, we can change the boundary conditions to A = 2 and A = 1, respectively, and recompute the
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bulk integral, i.e. bs. The result should give the OPE coeflicients for the critical models:

o 2

Ger-Be = T ANT (&2 + ) T(d+5-3) (3.5.9)
_ 2T () T()E (§ 5 - 1) )

a/cr.F,S_ ﬁNP (%"'S) F(d+8—2)

The same result can, of course, be obtained on the CFT side by attaching two propagators of the
o-field to the three-point functions of the free theories. As explained in [134, 135], the procedure
of attaching a ¢ line on the CFT side is in one-to-one correspondence with changing the boundary
condition on the bulk scalar propagator, and hence one is essentially guaranteed to obtain the same
result. Nevertheless, to double-check our results we have explicitly computed (3.5.9) directly on the

CFT side, and obtained the same result.

Note that in d = 3, when the leading large N dimensions of the scalar operator coincide in free

fermion/critical scalar and free scalar/critical fermion, we have

aF s|d=3 = CLcwﬂB,s|d=3 )

(3.5.10)
CLB,s|d:3 = acr.F,s|d:3 .
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Chapter 4

Large N Chern-Simons Vector
Models

4.1 Introduction and Summary

Chern-Simons (CS) gauge theories coupled to massless matter fields lead to a large class of conformal
field theories in three dimensions, with or without supersymmetry. A particularly interesting non-
supersymmetric example is obtained by coupling a U(N) (or O(N)) CS gauge theory to a fermion
or scalar in the fundamental representation [85,86]. The Chern-Simons coupling k is quantized and
cannot run (up to a possible integer shift at one loop). Therefore, in the fermionic case it is sufficient
to tune away the relevant mass term to obtain a conformal field theory (CFT) for any N and k [85].!
In the scalar case, one has a classically marginal coupling ¢° that can get generated along RG flow, but
in the presence of CS interactions one can find zeroes of its beta function, at least for sufficiently large
N [86]. One may also obtain “critical” versions of these models by adding quartic self-interactions
for the fundamental matter fields. In the scalar case, this leads to an IR fixed point which is a
generalization of the familiar critical O(NN) model. In the fermionic case, at least in the large N

expansion, one finds UV fixed points which generalize the critical 3d Gross-Neveu model.

The CFTs described above may be viewed as generalizations of the well-known bosonic and

fermionic vector models by the addition of CS interactions, and we may refer to them as “Chern-

IThe level k has to be half-integer due to the parity anomaly [136-138].
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Simons vector models”. Their investigation was initially motivated by the study of the AdS/CFT
duality between Vasiliev higher-spin theory in AdS4 [26)? and free/critical vectorial CFTs with scalar
or fermionic fields [29,139,140]. Gauging the global symmetries of the vector model by means of the
CS gauge theory leads to a natural way to implement the singlet constraint, which is necessary in the
conjecture of [29]. Remarkably, it turns out that in the t Hooft limit of large N with A = N/k fixed,
the CS vector models admit an approximate higher-spin (HS) symmetry, similarly to their ungauged
versions, in the sense that the currents js are approximately conserved and have small anomalous
dimension at large N [85,86]. The fact that the anomalous dimensions are generated through 1/N
corrections implies that the holographic dual to the CS vector models should be a parity breaking
version of Vasiliev HS gravity, where the HS fields are classically massless, and masses are generated
via bulk loop diagrams. The bulk HS theory is characterized by a parity breaking phase 6y, which is

mapped to the CFT 't Hooft coupling A. See e.g. [89,91,141] for reviews of this duality.

A variety of new techniques have been developed and applied recently to the study of bosonic and
fermionic vector models [24, 33, 52,84, 88,92-98, 106, 119, 142, 143], and bootstrap methods have also
been applied for studying operators with large spin, e.g. [39,40,62,104,105,107]. Partially motivated
by this body of works, we study the spectrum of 1/N scaling dimensions of single-trace, primary

operators with s > 1 in Chern-Simons vector models.

As we review in section 4.2, the spectrum of single-trace primary operators in these models is very
simple: it just consists of bilinears in the fundamental matter fields. These include a scalar operator
(¢¢ or Ynp), and a tower of spinning operators j, of all integer spins. Owing to the topological nature
of the CS gauge field, the addition of the CS interactions does not lead to any new local operator on
top of the bilinears. It follows, as will be reviewed in more detail below, that the non-conservation of

the HS currents j, must take the schematic form [85,86,118]

. 1 , , 1 . . .
DS RN SUE PRI IS - A RO L LA USSR S
$1,82 51,52,83
where the “double-trace” and “triple-trace” operators on the right-hand side correspond to products
of the bilinears and their derivatives, and no “single-trace” operator can appear, since there are none
in the spectrum with the correct quantum numbers. The weakly broken HS symmetries corresponding

to (4.1.1) can be used to constrain all planar 2-point and 3-point functions of the single-trace operators

2See for instance [27,90,91] for a review of the 4d Vasiliev equations.
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in terms of two parameters [118].3 The non-conservation equation (4.1.1) also encodes the anomalous
dimensions of the weakly broken currents: schematically, v = Ay — s — 1 ~ (9 - 45|0 - 4s)/JslJs)-
Because the right-hand side of (4.1.1) contains no single-trace operators, it follows that the anomalous

dimensions vanish at planar level, and the leading term is of order 1/N:

M (g A ) (. A
gl (s,)+v (s,)+

Ag=s+1+ N NE

(4.1.2)

In this chapter, we compute the term of order 1/N in the anomalous dimensions (4.1.2) for all
s > 1 operators, in both fermionic and bosonic CS vector models, and to all orders in A. As described
in section 4.3.1, using the slightly broken higher-spin symmetry, one can show that the anomalous
dimensions, or equivalently the twists 7, = A — s, of the HS operators in the bosonic and fermionic

CS-vector models must take the form:

1 22 22 1
s—1=—=|as — + by — +0(=—), 4.1.3
T. N (a/ 1 +)\2 (1 +)\2)2> (Nz) ( )

where N and X are the parameters introduced in the analysis of [118], as reviewed in section 4.2 and
4.3 below. The spin-dependent coefficients as and by can be determined by computing the 2-point
function of the operator appearing in the non-conservation equation (4.1.1), neglecting the triple-trace
term which does not affect the anomalous dimensions to this order. In section 4.3 we constrain the
divergence of the HS currents using conformal invariance alone, up to some spin-dependent numerical
coeflicients, and in section 4.4 we use the classical equations of motion to calculate the divergence
explicitly and fully fix the structure of the double-trace part of (4.1.1). A priori, the values of a5 and
bs may be different for the fermionic and bosonic theory. However, in our calculations below, we find

that they are identical for both theories, and, in the case of U(NN) gauge group, they are given by

25 2=2  for even s,

T S—

as = (4.1.4)
32 s®-1
soiz—7, forodd s,

2 —385% 4245543452 —245—32
o7 (39(5) 4 =8 +4si—+532€|-1 = , for even s,

by = (4.1.5)
2z (Sg(s) + 225_23ffz) ) for odd s,

3In the case of regular CS-scalar theory or critical CS-fermion theory, there is an additional marginal parameter
corresponding to sextic couplings.
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with

g(s) = Z - _11/2 = —(s) +2¢(2s) = Hy_1 /2 + 2log(2) , (4.1.6)

n=1
where v (z) is the digamma function, and H,, the Harmonic number. In section 4.4, we also present the
results for Chern-Simons theories based on O(N) gauge group, which give slightly different coefficients
that are reported in eq. (4.3.35). As a consistency check, note that the anomalous dimensions vanish

for s =1 and s = 2, as expected.

While the functions N and A are not fixed by the weakly broken HS symmetry analysis, they can
be fixed by an explicit calculation of 2-point and 3-point functions, and they were found to be [113,130]
~ sin(m\) < A

N =2N——, A = tan(

- ), (4.1.7)

in both CS-scalar and CS-fermion theories, in terms of the respective N and A. Using these into
(4.1.3), the anomalous dimensions take the form
A TA b
s — 1= o [ assin®(—) + —sin®(w)) ) . 4.1.8
T N sin(mA) (a sin”( 5 )+ 4 Sin (m )) ( )
As an independent check of this result, in section 4.5 we also perform a direct Feynman diagram

calculation in the CS-fermion model, from which we find the same values of the a, and b, coefficients.

Note that due to the harmonic sum in (4.1.5), we have by ~ 2 log s for s > 1, while a, is constant

at large s, and so the large spin behavior of the anomalous dimensions is

1 A2 2 Asin(mA)

2?logs - 4N

Ts—lﬁfi..
N (1+22)

logs. (4.1.9)

This logarithmic behavior is a hallmark of gauge theory, and is expected from general arguments [48],

see also the recent bootstrap analysis in [62]. The coefficient f(\) = A jfrg:;)‘) of log s may be interpreted

as the “cusp anomalous dimension” of the model; it would be interesting to see if it can be reproduced

by computing the expectation value of a Wilson loop with a light-like cusp.

The result (4.1.8) applies to the “regular” CS-fermion and CS-scalar models. In the critical models,

a calculation using the classical equations of motion, extended to all orders in A by using the results
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of [118], yields

. 1 1 A2 A A, b
it 1= — | ag——= +bs < = scos?(—) + — sin®(7wA 4.1.1
- N ( STl (1+>\2)2> s (o) ) (h110
for both the critical CS-scalar and critical CS-fermion theory. In particular, at A = 0, we recover the
anomalous dimensions in the usual (Wilson-Fisher) critical O(N) model [33,45,84,142] and critical

GN model [87,119], which happen to coincide in 3d

8 s—2
1 3NAZ 25—1° for even S,
W.F. _ _GN _ _ T s
Y = AN = s = (4.1.11)
16 s%—1 f dd
3N#? 42— orodds.

Note that the same anomalous dimensions arise in the strong coupling limit, A — 1 (A — 00) of the

regular CS-fermion and CS-scalar result (4.1.8). More precisely, in this limit one finds

A—1 1

O - 4.1.12
T 2k — N)** (4.1.12)

which are the anomalous dimensions in the U(k — N) critical Wilson-Fisher or Gross-Neveu model.
This is a manifestation of the “3d bosonization” duality [85,113,118] which conjecturally relates the
critical /regular CS-scalar theory to the regular/critical CS-fermion theory. The precise form of the

duality was spelled out in [113,144], and reads*

U(N)k-1/2 CS—Fermion <« U(|k| = N)_x Critical CS — Scalar, (4.1.13)

5 So far we have

and a similar duality relating the regular CS-scalar to the critical CS-fermion.
assumed that & is the CS level defined in the dimensional reduction scheme [146], where no one-loop
renormalization of the level occurs. To write the duality in a more familiar form, it is useful to express

it in terms of K = k — sign(k)N; this is the definition of the CS-level that arises when the theory is

regularized with a Yang-Mills term in the UV.% In terms of this, the duality reads

U(N)i-1/2 CS—Fermion <« U(|x|)_n Critical CS — Scalar, (4.1.14)

4Versions of this duality map involving the SU(N) gauge group were also recently proposed in [144], where the
mapping of baryon and monopole operators was discussed (see also [145]).

5Tn this case, the duality at large N also entails a mapping [130] between the additional marginal couplings ge (1)
and \g(¢*$)> in these models.

6This definition of x agrees with the level of the WZW theory dual to the CS theory.

3
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and it can be recognized as a generalization of level-rank duality in pure CS theory [147-149]. Several
non-trivial tests of the duality have been obtained in the large N ’t Hooft limit [113,130, 150-160].
If we denote by N;, and A, the rank and coupling in the critical CS-scalar theory, and by Ny, Ay the
ones in the CS-fermion theory, in the large N limit (where we can neglect the half-integer shift of the

level on the fermionic side), the duality implies the map

N, Ny

)\b:)\ffslgn()\f), m:‘Tf-l7

(4.1.15)

or equivalently N, = Ny, A} = 1/;\? Comparing (4.1.8) and (4.1.10), we see that the anomalous
dimensions are indeed mapped into each other under the duality. Furthermore, by our explicit calcu-
lation using the classical equations of motion in section 4.4, we will verify that the non-conservation
equations (4.1.1) in the dual theories correctly map into each other, including the normalization

factors.

The “3d bosonization” (4.1.13) may also be regarded as a non-supersymmetric version of the
supersymmetric dualities [161, 162], which are well established at finite N and k. Therefore, it is
plausible that the bose/fermi duality (4.1.13) holds away from the large N limit. For small N and k,
(4.1.13) and related dualities may have interesting applications in condensed matter physics, see for
example [163-168] for recent closely related work. While exact results at finite N and k are hard to
obtain, it would be interesting to see if the subleading terms in the large N expansion of the anomalous
dimensions (or other quantities such as the thermal free energy) may be also computed for finite A,
and whether they agree with the duality. Note that the half-integer shift in the CS-fermion level can
play a non-trivial role in this case. As a first step towards determining subleading corrections at large
N, in section 4.4 we use the classical equations of motion method to fix the terms of order A\2/N? in
the anomalous dimensions of the CS-scalar and CS-fermion models. In particular, this result gives the
term of order 1/k? in the scaling dimensions of the spin-s operators in the U(1); CS theory coupled

to a fundamental fermion.”

Besides encoding the anomalous dimensions of the HS operators, the current non-conservation

equation (4.1.1) can also be used to completely fix (including the overall normalization) the parity

"In one version of the dualities put forward in [144], see also [165], the U(1)_1/2 CS-fermion theory is related to the
critical O(2) model without CS gauge field. Our result for the anomalous dimensions s in the U(1)y theory to order
1/k? shows logarithmic behavior at large s. On the other hand, we do not expect logarithmic growth in the critical
O(2) model. It is plausible that the log s behavior disappears in the strongly coupled (k = —1/2) theory, but it would
be interesting to understand this better.
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odd structure in the planar 3-point functions of (Js, js,js,) when the triangular inequality is violated,
ie. s3 > s1 + so; this is the case where the 3-point function breaks the jg, current conservation.
In section 4.6, we use our results from the classical divergence calculation to determine explicitly all
such parity odd 3-point functions. In particular, we derive some recursion relations that can be used
to obtain the explicit form of the 3-point functions for general spins. The parity-odd three-point
functions are further analyzed in Appendix 4.8, with some examples listed for low spins in Appendix

4.9.

An interesting open problem that we do not address in this chapter is the calculation of the scaling
dimension of the scalar operators ¢¢ or ). It is possible to argue [85,86] based on the structure
of the HS breaking equations (where the scalar operators can appear on the right-hand side) that
they must have dimensions A =1+ O(1/N) or A =2+ O(1/N), but it is not obvious if the weakly
broken HS symmetry can be used to determine the order-1/N correction for finite A. A direct all-
orders diagrammatic calculation may in principle be possible, but it appears to require a currently

unavailable ingredient: the ladder diagram of [154,156] for general off-shell external momenta.

Another interesting direction would be to extend the results of this chapter to various other related
CS-matter theories. As an example, U(N) x U(M) Chern-Simons theories coupled to bi-fundamental
matter, also possess a weakly broken HS symmetry when M/N < 1 [141,169,170], and the methods
used in this chapter should be applicable to this class of models. As the non-supersymmetric theories
have two independent Chern-Simons levels, the 1/N anomalous dimensions here appear to depend
on two independent parameters, so it would be interesting to see how these parameters relate to the
general analysis of [118] (which, in its present form, applies to theories with even spin currents only).
It may be also interesting to consider general CS-vector models [153] with fundamental boson and

fermions on the same side (including in particular the supersymmetric theories as a special case).

Perhaps the most interesting extension of this work would be to calculate the anomalous dimensions
of higher spin operators in the N' = 6 ABJ theory [171], in the regime M < N, which has been
conjectured to be dual to a particular limit of type ITA string theory. Our results here do not directly
carry over to this case because of the additional matter fields and the presence of the Chern-Simons
coupling for the second gauge field, but we expect a similar analysis to be possible in principle. We

hope to return to this in future work.

As mentioned earlier, the weakly broken HS operators should correspond in the dual AdS, theory
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Figure 4.1: The one-loop bulk diagrams that are expected to reproduce the 1/N term in the anomalous
dimensions of the HS currents at the boundary.

to classically massless HS gauge fields that acquire masses via loop corrections, through a HS analogue
of the Higgs mechanism [32].% It would be interesting to see if the result for the anomalous dimensions
(4.1.8) can be reproduced by a one-loop calculation in the parity breaking higher-spin theory, corre-
sponding schematically to the diagrams depicted in figure 4.1. Note that the coupling constant in the
bulk is fixed by the duality to be 1/Gxn ~ N =2N Sinﬁi’;)‘), and the parity breaking 3-point couplings

are expected to depend on the bulk parameter 6y as g°%¢ ~ sin 6y and g°34,, ~ sin(26p) (see e.g. [89]),

_A 9 _B .92 . o .
and we also have gS7/% " ~ cos®(0y), govwr = ~ sin”(6p). Therefore we see that if 6y = 7\/2, which
is required for agreement of the tree-level 3-point functions, the bulk one-loop diagrams would yield
the expected coupling dependence we found in (4.1.8). It remains to be seen if the spin-dependent

coefficients can be reproduced from the AdS calculation.

4.2 The Chern-Simons vector models

The action for the U(N) Chern-Simons theory at level k coupled to a massless fundamental scalar

field is given in our conventions by

lk 3 7 >\6 T 3
where
Scs = / d3retPTr(A,0,A, — %A,LAVAP). (4.2.2)

8The role of the Higgs field is played in this case by a multi-particle state in the bulk which is dual to the operator
appearing on the right-hand side of (4.1.1).
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We work in Euclidean signature throughout the chapter, and use the conventions D, ¢ = 0,¢ —iA4,¢,
Dué = aqu + iq@AH, with A, = AT, where T are the generators of U(N) in the fundamental
representation. One can show that in the large N limit with A = N/k and g fixed, the classically
marginal coupling Ag is in fact exactly marginal. Hence, in the large N limit the model (4.2.1) defines
a CFT (provided the scalar mass is suitably tuned to zero) labeled by two marginal parameters A, Ag
9. The value of \g does not affect the anomalous dimensions of the higher-spin operators to the order

1/N we consider, and hence we will neglect this coupling in the following.

One may define another bosonic CFT, sometimes referred to as the critical bosonic theory, by
adding to (4.2.1) a quartic interaction A—I\}‘(Q_Sgb)z and flowing to the infrared. Rewriting the quartic
coupling with the aid of a Hubbard-Stratonovich auxiliary field oy, the action of the IR CFT may be

written as

ik - 1 -
Scrit = i?SCS + /d31, <Du¢Dﬂ¢+ N0b¢¢> ) (423)

where the quadratic term in o, was dropped, which is appropriate in the IR limit. The factor of
1/N was introduced so that the 2-point function of oy, scales like N. Note that the ¢° term can be
dropped since this coupling becomes irrelevant in the IR. This model defines a generalization of the

Wilson-Fisher CFT by the addition of the Chern-Simons gauge coupling.

The action of a fundamental massless fermion coupled to the U(N) CS gauge field at level k is
given by
" B
5= o5+ / B, (4.2.4)

where we define ) = v D,, and D, = 9,9 — iA,1. Note that the level k should be half-integer
due to the parity anomaly, however this condition will not be important for the large N computations
we will perform below. The action (4.2.4) defines a CFT labeled by N and A = N/k, provided the

fermion mass term is tuned to zero.

Analogously to the scalar case, one may add to the model (4.2.4) a quartic self-interaction gﬁ(@w)?
Such theory is expected to have, at least in the large N limit, a non-trivial UV fixed point which is a
generalization of the critical 3d Gross-Neveu model. The action describing the UV CFT can be taken

to be

Serit = %SCS + /d% (¢D¢ + Ji/_afww) , (4.2.5)

9Away from the N — oo limit, By, (X6, A) # 0, but one finds fixed points with Ag = A%()) [86].

88



where o is the auxiliary Hubbard-Stratonovich field, and the quadratic term was dropped as appropri-
ate in the UV limit. At large N, the model also possesses an exactly marginal coupling ge(¢)3 ~ 960?.
This extra coupling (which is mapped under the bose-fermi duality to the Ag coupling in the CS-boson

theory) does not affect the quantities we will compute in this chapter, and we will neglect it below.

4.2.1 The “single-trace” operators

Free theories Let us first review the spectrum of “single-trace” operators in the free bosonic and

fermionic U () vector models. In the scalar model, the spectrum consists of a scalar operator

jo = ¢¢ (4.2.6)

with scaling dimension A = 1, and a tower of exactly conserved currents j, ~ ¢0°¢ of all integer
spins. To give the explicit form of these currents, as usual we introduce an auxiliary null vector z*,

2z, =0, and define the index-free operators
js(:c,z) :julmuszm ezl (4.2.7)

A generating function Jy(x,z) = > oo js(@, z) of the higher-spin operators in the scalar theory is
given by [172]

Jo = QZ)(I)fb(Z ’ <5’ Z 3)('25(17) = fb(él?32)(5(1'1)(25(1'2”.%1,12—).% 5
fo(u,v) = €"7" cos(2y/uv) .

(4.2.8)

In the first line, we have introduced a bilocal notation which will be useful below, and we defined
the shorthand & = z - 8. One may restore the explicit indices on the currents by acting with the
differential operator (1.4.2) in z-space. For instance, to compute the divergence of the current js, one
can evaluate 0" D7 js(x, 2) o¢ O"jupy..p 2% - 2. Using the free equation of motion 0%¢ = 0, one
can explicitly check that the currents in (4.2.8) are conserved. Indeed, the condition 0* D} .J,, = 0

turns into the differential equation

(;(au + 0y) +ud; + uag) fo(u,v) =0, (4.2.9)
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which is seen to be satisfied by the generating function given above. Expanding (4.2.8) in powers of

z, one may also deduce the following explicit expression for the currents

(e 2

jo(z,2) = Z —a ‘%357%(%1)¢(I2)|z1,12%z : (4.2.10)
k=0 2k
Using the free scalar propagator
- 1

it is straightforward to derive the 2-point function normalization of the higher-spin operators in the

free scalar theory. One finds

) ) (Z . x)Qs

(9 (x,2)79(0, 2)) = Nn oyt
21557 (5 + 1) (4.2.12)
neg = ——p—2
75/2s]
Similarly, for the A = 1 scalar we have
. . N o N?’L()
(Jo(2)40(0)) = T6m222 = 22 (4.2.13)

In the free fermionic U(N) vector model, the single-trace operators consist of the parity odd scalar

Jo = b (4.2.14)

with A = 2, and the conserved higher-spin currents j, ~ 179 14, given explicitly by the generating
function [85]
_ — 3 A oA = R
Je=(@)z - 1fei(z- 0,2 0)¢(x) = fr(Or, 02)(z1) 7Y (22) |21 ,20 2 ,

) = e

(4.2.15)

To check that these currents are conserved when 1 obeys the free equation of motion, one can verify

that 0" D}, Ji(z, 2) = 0. This yields
(;’(au + 0y) + ud2 + vag) fe(u,v) =0, (4.2.16)

which is satisfied by the generating function in (4.2.15). By expanding in powers of z, one can also
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derive the following explicit form

s—1 .
) -1 k+s+1 23 AL A ko1 )
fila = 3 T KO @) e se . (421)
k=0 ’ 2k+1
Using the free fermion propagator
- 1
()i = 4 (4218)

A g3’

one finds that the currents in the free fermion theory (4.2.15), (4.2.17) have exactly the same 2-point

normalization as the scalar ones

. . (z-x)% 2455 (s + 1
<j£(.%‘, Z>]£(07 z)) = an(xQ)TH , ng = # (4.2.19)
For the parity odd scalar operator, one finds
~ ~ N N/FLO
(o(@)50(0)) = 53 = —5- (4.2.20)

In the calculations below, we will sometimes find it convenient to introduce explicit light-cone
coordinates, with metric

ds* = 2dxtdx™ + dx?. (4.2.21)

When we do this, we will take the auxiliary null vector to be 2# = §, and so js(z,2) = j5_. _,

0=0_and z-z=x_.

Interacting theories When the Chern-Simons coupling is turned on, the higher-spin operators
defined above should be made gauge invariant by replacing derivatives with covariant derivatives.

The currents in the bosonic theories are then

Jo = 8 ol D, DYb(a) = 3 4b(w,2)
s=0
S (4.2.22)

ﬁlfbgiké(xl)¢(m2) |w1,12%w s
k=0 ) 2k
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where D = 2D, and recall ﬁ(b = 3(;5 — i/l¢7 ﬁ(ﬁ = éé + zq@/l Similarly, in the fermionic theories

one has

Je = B fe(D, DY) = 3w 2)
s=1

(4.2.23)
S (71)k+5+1 2s

2s!

50 DlchS_kJ’(zl)%/’(ZEZ)|:c1,:c2—>:c-
k=0 2k + 1

Note that contracting with the null vector z# automatically projects the currents onto their symmetric
traceless part. The higher-spin operators above, together with the scalars jo = ¢¢ and jo = 91,
exhaust the single-trace spectrum in the interacting theories as well [85,86]. Note that the CS equation
of motion ﬁe“””(F,,p)ij = (J")';, where (J,)'; is the U(N) current, implies that naive single-trace
operators obtained by inserting factors of the field strength inside matter bilinears are in fact multi-

trace.

In the interacting theory the higher-spin currents are no longer conserved, however the breaking
is small at large N and implies that anomalous dimensions are generated starting at order 1/N. The
2-point and 3-point functions of the bilinear operators can be fixed in the planar limit and to all
orders in A by using the weakly broken higher-spin symmetry [118] and explicit computations for low

spins [113,130].

In the CS-boson theory, one finds for the exact planar 2-point functions [113]

sin(m))  (z-x)?

<jE(m,Z)]}:(O,Z)>:N N 2\2s+1
2 tan f; (22) (4.2.24)
tan(%2) ng
(Jo(2)3o(0)) 2
In terms of the parameters N and X introduced in the analysis of [118], these read!®
(3 (2,255 (0, 2)) = N s (2,255 (0, 2)se
(4.2.25)

(o(2)40(0)) = N (L + A*){(jo(2)jo(0))sc »

where the correlators on the right-hand side refer to the theory of a single real free scalar, and we

used [113]

S o sin(mh) c A
N =2N o )\—tan(z).

(4.2.26)

1ONote that the scalar operator jo = ¢ has a different normalization from the one chosen in [118]. They are related
by j(l)wz = jo/(1 4+ A2). Similarly, in the fermionic theory we define jo = 1), j(l)\/lz = jo/(1+A2).
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The 3-point functions of operators of non-zero spin are fixed to be

)\2
<Js1.752353>fcr +

b b :b _
< ) 1+ M2

= 1 S o
.751.752.733 =N 7<]81]82]S3>SC+ <.731.732.733>odd 9 (4227)

1+ X2 1+ X2

where the suffix ‘sc’ and ‘fer’ refer to the correlators in the (real) free scalar and free fermion theories,
and the ‘odd’ term is a structure which breaks parity. It also breaks current conservation when s1, s2, s3
do not satisfy the triangular inequality, as will be explained below. When one of the operators is the

scalar jo = ¢¢, the 3-point functions read
<.7Lls)1.7.52.70> = N <js1jszj0>sc + 5‘<jslj82j0>odd:| . (4-2-28)

Here (js, js,J0)0dd is a parity odd tensor structure that breaks the spin s; current conservation when
§1 > sg. Similarly one can write down the expression for correlators involving two or three scalar
operators: these are completely fixed by conformal invariance up to the overall constant, and do not

play a role in the analysis of the higher-spin anomalous dimensions to order 1/N.

In the CS-fermion theory (4.2.4), one finds the analogous results [130]

<ng(z- 1)

<]£($, Z)jg(o, Z)> = NW = N<Js($7 Z).]s(07 Z)>fer’

(4.2.29)

Go(@)io(0) = N(1+32) 35 = N(1+3) Go()jo(0))ser

where the subscript ‘fer’ indicates correlators in the free theory of a single real fermion. The parameters

N and X\ are given in terms of N, A by the same expressions as in (4.2.26). The 3-point functions are

-1 A2 A
N I N L L L
<351352333> =N Hij\QOstz]sQfer + WQSJSQ‘?SQSC + H5\2<.731.782]ss>0dd‘| ) (4.2.30)
and
<]£1]£250> = N <j51j5250>fer + 5‘<j31j3250>0dd} . (4-2-31)

The ‘odd’ structure in the above equation breaks current conservation on js, when s; > sy. It breaks

parity, but note that since jo = ¢ is parity odd, this tensor structure is actually parity even.

Let us now discuss the critical models defined by (4.2.3) and (4.2.5). In the scalar theory, the
auxiliary field o, replaces the scalar operator ¢¢, and in the IR it behaves as a scalar operator with

scaling dimension A = 24 O(1/N). To leading order at large N, its two-point function is essentially
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the inverse of the ¢¢ 2-point function (in momentum space), and reads

4 1
(o3 (2)0(0)) = N@w%‘* :

(4.2.32)

Note that this result is valid to all orders in A. Defining the operator j§'* "% = ¢, /(47)), one finds

N 1 . 1. i
= =N1+=—)—. 4.2.33
dm A tan(%}) m2at ( )\2)2m4 ( )

<5(c)rit.bos. (x)jgrit.bos. (O)>

We see that this 2-point function precisely matches the jo 2-point function in the fermionic theory,
eq. (4.2.29), under the duality map (4.1.15). To leading order at large N,the 2-point and 3-point
functions involving operators with spin are unchanged in the critical theory compared to the CS-
boson theory, and the agreement with the duality follows by comparing (4.2.27) and (4.2.30). The
3-point functions involving one (or more) scalars o, can be obtained from the ones in the CS-boson
theory by attaching a o} line to the every scalar operator ¢¢, using the vertex in (4.2.3). In terms
of j§ritPos: — gy /(47)), the corresponding 3-point functions are related to those of the CS-fermion
theory (4.2.31) by the duality map (4.1.15). Note that the tensor structure (js, js,jo)odd in (4.2.31)

corresponds to the correlators of the critical O(N) model (Wilson-Fisher), which is recovered in the

A — oo limit of the CS-fermion model (or A, — 0 limit of the critical CS-boson model).

The discussion of the critical fermion model (4.2.5) goes similarly. The auxiliary field o5 becomes
a scalar primary with dimension A = 14+ O(1/N) in the UV, and its 2-point function can be computed

to be
2T\ 1

(of(x)os(0)) = Tan (D) 72 (4.2.34)

The duality with the CS-boson model can be verified by defining the operator j§rit-fer = or/(4mA),

which has the 2-point function

N 1

~ 8mA tan(%) m2a2

1 no

:N(1+§)@.

<j(c)rit.fer. (I)jgrit‘fer‘ (O)>

(4.2.35)

This matches the CS-boson 2-point function (4.2.25) under the duality map (4.1.15). Similarly, the
3-point functions involving a scalar can be seen to map to those of the CS-boson theory. The tensor
structure in (4.2.28) which breaks current conservation corresponds to the correlators of the critical

Gross-Neveu model, which is recovered in the limit 7 =0 of the critical CS-fermion (or Ay — oo in
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the CS-boson model). Note that in this case there is an additional marginal parameter gg on both
sides of the duality, as discussed earlier, and a corresponding duality map [130]. We will neglect this

coupling throughout the chapter.

4.3 Analysis based on Slightly Broken Higher-Spin Symmetry

The theories we study have a tower of single-trace primary spin-s operators js which have scaling
dimension A = s+1+0(1/N) and are nearly conserved currents [85,86,118]. Following the terminology
introduced in [118], we call “quasi-boson” theory the CFT whose single trace spectrum include, in
addition to the spin-s operators, a scalar jo with A =1+ O(1/N); and “quasi-fermion” theory the
CFT with a scalar jo of dimension A = 2 + O(1/N). The “regular” CS-boson theory or critical
CS-fermion theory fall in the quasi-boson class, while the regular CS-fermion or critical CS-boson fall

in the quasi-fermion class.

In [118], the quasi-bosonic and quasi-fermionic theories are defined in terms of two parameters: A
and N. (In the quasi-bosonic theory there is an additional parameter X6 which we ignore here.) The
parameter N can be defined via the normalization of the spin 2 operator (the stress-tensor) two-point
function, while ) is defined via the spin 4 anomalous conservation relation:

A

. ~ . 2~. .
Q- jar~ = (a_ 30 g0 — 5J3“a_32> (4.3.1)

in the quasi-fermion case, and similarly in the quasi-boson case. Here ~ denotes equality up to a
M-independent numerical coefficient, and ™ denotes the scalar in the normalizations used in [118],
which differ from ours by ;3% = jo/(1 + A2). With X so defined, [118] derive expressions for all

two-point functions and three-point functions of single-trace primary operators js.

4.3.1 General form of current non-conservation

To derive the general expression for anomalous dimensions of spin s currents, we need an expression

for the divergence of j;. As argued in [85,86,118] the divergence of j (for s > 0) takes the following
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form:

0-js = 0 Js 0+ 7s 4.3.2
j Y o wat Y o e, (4.3.2)
51,82 51,582,83
S <L
= Z Osl,sz,s(A)ﬁ[JmHjsz] + Z 081,327537S(>‘)ﬁ[]&][]sz][.]33] ) (433)
51,82 51,582,583
where [js] denotes js or any of its conformal descendants, and Cj, s, s and Cs, s, s, s are numerical

coefficients that depend on s, s5 (and s3) and also A. The “double-trace” operator [fs, ][js,] appearing
on the right-hand side can be fixed by conformal symmetry up to the overall normalization that can
be absorbed in Cs, s, s, as we will work out explicitly below. Similarly, one could fix the structure
of the “triple-trace” term. However, it is easy to see that this term does not affect the anomalous

dimension of js to order 1/N or the planar 3-point functions, and we will ignore it below.

We can fix the ;\—dependence of 03175275(;\) by calculating the correlation function of both sides of
equation (4.3.3) with j,, and j,,. To leading order at large N, the resulting correlator factorizes and

we find

(Js1Js20 - Js) ~ ﬁCsl,SQ,s(A)OleSI><JSQJSQ> : (4.3.4)

On the other hand, from the results of [118], we have, see (4.2.27), (4.2.28) and (4.2.31):

A

1427

<]Sljoaj5> ~ NS\, (4-3.5)

<j51j528 : JS> ~ N

<.j$1308 ' .79> ~ NS\7

where ~ means equality up to N- and S\—independent numerical coefficients, and this result follows
from the fact that the current non-conservation can only arise from the parity violating terms in the

3-point functions (4.2.27), (4.2.28) and (4.2.31). We also know that, see eq. (4.2.25) and (4.2.29): 11

<j51j51> ~ Nv S1 7é 0,

(jojo) ~ N(1+X?), (jojo) ~ N(1+X?).

(4.3.6)

1 Recall that our normalization of jo and jo differ from the one used in [118], where (jojo), (Jojo) ~ N(1 4+ A2)~1,
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Putting everything together, we find

- py - 1\ !
Csys9.8(A) ~ el <A+ ) , (4.3.7)

which is valid both for s1,s2 # 0 and for the case when either one of s or s is zero (in the case
s1 = s =0, we have Cy o s = 0). This S\—dependence holds both in the quasi-boson and quasi-fermion

theories.

Via radial quantization (or equivalently directly using conformal invariance in flat space), the form
(4.3.3) for the divergence of j, implies that the twist, 7, = A; — s of j, takes the form, to the leading
order in 1/N

<\ 2 ng no(l + A2 <\ 2 Ng Mg
Ts — 1= Z <0517075()‘)) ashO,S% + Z (Csly32as()\)) Qsy,59,s ]i; : (438)
5170 U 51,5070 Ns

in the quasi-boson theory, and a similar expression in the quasi-fermion theory, with ng replaced
by 79. Here oy, s,,s and ag, 0,5 are numerical coefficients that depend on the explicit form of the
“double-trace” primaries on the right-hand side of (4.3.3), and ng, ng, g are the 2-point normalization
coefficients defined in (4.2.12), (4.2.13) and (4.2.20). Note that the triple-trace component of the RHS

of equation (4.3.3) does not contribute to the anomalous dimension at the order %

From (4.3.8), we see that to order 1/N the twists take the form:

re—l=— (@F/B)Xi + bgF/B>X2~> 7 (4.3.9)
N 1+ A2 (14 A2%)2
where the value of as and b; depends on the spin s only. A priori, the values of as and bs; may be
different for the quasi-Fermionic theory and the quasi-Bosonic theory, hence the superscripts F' and
B. Assuming the uniqueness of the parity violating terms in the 3-point functions of non-zero spin
operators, one expects from the analysis of [118] that b2 = bI". We will verify this explicitly from
the calculations in section 4.4. Note that the result b = b is in fact necessary for the bose/fermi
duality to work; this is because the calculation of b,, or equivalently of Cs, s, s with s1,50 # 0, is
identical in the regular CS-boson and critical CS-boson (the planar 3-point functions of non-zero spin
operators are unaffected by the Legendre transform), and similarly in regular CS-fermion and critical

CS-fermion. We will also find by our explicit calculations that a®? = af; this result appears to be

more surprising, as it is not required by the bose/fermi duality.
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4.3.2 Constraining the divergence of j,

The divergence of j; must be a conformal primary to leading order in 1/N. A straightforward argument
for this is given in Appendix A of [118]. Another simple way of seeing this is based on conformal
representation theory [85] — at leading order in 1/N, the primary operator j, has twist 1, and therefore
heads a short representation (A, s) = (s+ 1,s) of the conformal group. When 1/N corrections are
included, the primary js acquires an anomalous dimension and now heads a long representation of the
conformal group. To transform a short representation (s + 1, s) to a long representation, we require
additional states, which must transform amongst themselves as a long representation (s + 2,5 — 1)
to leading order in 1/N. This long representation is headed by a primary operator, which is the

divergence of j,.

We denote the contribution of double-trace operators involving js, and js, to the RHS of (4.3.3)
by

9- js = Csl,sz,s[jsl][jSZ] ’ (4310>

51,52

where for convenience we have absorbed the factor of 1/N in (4.3.3) into Cy, 4, s. Below we explicitly
determine the unique allowed combination of descendants of js, and js, represented by [js,][js,] on the

LHS of (4.3.10) up to a single overall constant, Cs by demanding that 0 - j is annihilated

51,52

by the generator of special conformal transformations K, to leading order in 1/N.

1,52,53

For simplicity, in this subsection we assume the null polarization vector z# always to be 6", so
Js(x,2) = (js)———... = jFtT. We also use (js), and (js),. to denote (js),———... and (Js)u———...

respectively.

s1 and sy nonzero

Let us first consider the case when both spins are nonzero: s; # 0.

The scaling dimension of the LHS of Equation (4.3.10) is A = s+ 2. We match the scaling
dimension in the RHS of (4.3.10) by including p=s+4+2 — (s1 + 1+ s2 + 1) = s — 81 — s2 derivatives

in [js,][Js,]- A general expression with p derivatives acting on js, and js,, is:
P
Z S L DT LU .8””‘1’3';621”'552 . (4.3.11)
n=0
Here, we wrote all free indices explicitly. This expression is symmetric with respect to permutations
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a <> oy, Bi < B, i < 1y, and vy < vj.

We must now contract each term in expression (4.3.11) with dimensionless tensors. These can

come from the following lists:

List 1: N> N—Bis N—pss N—vs (4.3.12)
List 2: €aify—> Carpj—r €pifi—> Caivy—» €vifj—> Cuiv;— (4.3.13)
List 3: phiks  pghiti o (4.3.14)
List 4: e¥ilirk - exibivi (4.3.15)

Let us contract equation (4.8.23) with n; tensors from List 1, ng tensors from List 2, n3 tensors from

List 3 and ny4 tensors from list 4.

Because the total spin of [Js,][js,] must be s — 1, we require ny + ny = s — 1. (Recall that we take
all free indices in 9 - js to be in the — direction, so the spin is simply the number of lower — indices.)
The total number of free indices in (4.3.11) is p + s1 + s2 = s; each tensor from List 1 removes one
free index, each tensor from List 2 or 3 removes two free indices, and each tensor from List 4 removes
3 indices, so we also require ny + 2ns + 2n3 + 3ng = s. This implies ny + 2n3 + 3ng = 1, which then

implies ns =1, ny = s — 2 (and n3 = ny = 0).

Hence we require s — 2 tensors from List 1 and 1 tensor from List 2. Choosing the tensor from
List 2 automatically fixes which tensors from List 1 we need to use. Note that the resulting operators
always involve the e-tensor, illustrating the fact that the breaking of current conservation in 3-point

functions arises from parity violating terms.

Contracting each of the six tensors in List 2 with equation (4.3.11) yields:

8'js

51,52

p
=3 e (anaﬁ GEOPTY 4 b, 0T G P, +
n=0

. e 4.3.1
N W 3+ dpdn i o 19v 5, (4.3.16)

817 —

- end o, 07"+ 00, 00T )

However the six types of terms in (4.3.16) are not linearly independent, as one can check by explicitly

writing out the sums over p and v. We can choose a basis of three linearly independent terms and
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write the most general form for [js,][js,] with correct scaling dimension and spin as:

a'js

51,52

p
=3 (anaz GO 4 b0 Y G 0P G, + e, 0 o, O1OP T j;;) . (4.3.17)
n=0

where by = 0 and e, = 0. We also must require that, when we interchange the spins s; < so,

by, < —ep—p, and a, < —ap_p -

Next we apply the constraint that the expression be a conformal primary. Acting on this expression
with K3 and K, as illustrated in Appendix 4.7, we are able to determine a,, b, and e, up to one

undetermined constant Cy, g, -

an = Csl,SQ,S

(—=1)"*tL (s1(n — s+ 81 — 82) + s2(n + 2s1)(—1)5FT51F52) /s — 51 — 85\ (s + 51 + 52
(s — 81— 52)(s+ 81+ 52) n n+2s; )’

b = O (_l)n(s—sl—82—1><s+51+52)
n - 51,82,8 )

n—1 n+ 2s1
s —sy—1
en = Chaays(—1)7 5175240t (S S1T 82 ) (s te 82> . (4.3.18)

n n + 2s;1

This formula is also valid if s; = s5.

s9 = 0, Quasi-Fermionic

Let us next consider the contribution to the non-conservation equation from js, and Jo in the quasi-

fermionic theory.

In this case, [js,][jo] requires p = s — 81 — 1 derivatives, s — 1 tensors from List 1, and no tensors

from the other lists. Hence, we have the following expression:

P

= emd™ 5, "o (4.3.19)

m=0

8.79

51,0

Now we apply the constraint that the expression be a conformal primary, as illustrated in appendix

4.7. We find that
_—(m—-p-1(m—p-2)
Cm =
m(m + 2s1)

C1, (4.3.20)

which can be solved to give

m(fS—81\/(s+s1—1
em = (—1) ( m >< m 25 )Csh(—)’s. (4.3.21)
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One can check that this form agrees with the various divergences calculated explicitly in [85], as well

as those calculated in [33,84].

s = 0, Quasi-Bosonic

We now consider the contribution from js, with s; # 0 and jo to the divergence of js in the quasi-
bosonic theory, where the scalar primary has scaling dimension 1. Here, the analysis of section 4.3.2
applies again, but there are only three relevant tensors in List 2, of which only two are independent,
yielding:

9 Js

p
=S e (bnaﬁ’la”jg‘laf_"jo +fan jgga"af—”—ljo) : (4.3.22)
n=0

81,82
where p = s — s7.

Requiring that the expression is annihilated by K gives:

b, — csho,s(—m"( st ) (5 o 1) : (4.3.23)

n—+ 2s; n—1

S1 S+ 81 s—s1—1
n = Cs 0s(=1)" , 4.3.24
J 0 )Hsl(HQsl)( " ) (4.3.24)

with f, = 0 and by = 0. We checked that this matches the divergence of j, calculated explicitly in [86].

4.3.3 The anomalous dimensions

We can now use the explicit form of the non-conservation equation to determine the anomalous
dimensions of the higher-spin operators to order 1/N. Using the index-free notation in terms of the

null polarization vector z, we can write the non-conservation equation as

DY js(w,2) = Ks—a1(,2), (4.3.25)

where D¥ is the operator defined in (1.4.2). Recall that the two-point function a spin s primary

operator of dimension A, is fixed by conformal invariance to be (1.4.8):

(21‘$12222‘I12 _ %Zl . Z2)s
(Js(x1,21)ds (22, 22)) = N = AL , (4.3.26)
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where z1, zo are two polarization vectors. Writing A; = s+ 1+, and taking the divergence on z; and
29 on both sides of this equation, one may derive the following formula for the anomalous dimension
valid to leading order in the breaking parameter [22,23]

_ 1 (z-2)2(Ks—1 (2, 2)Ks—1(0, 2))o
B R 7 R () M, (45.21)

where the subscript ‘0’ means that the correlators are computed in the “unbroken” theory (in our

case, to leading order at large N).

Let us define
K =3 Cooslisllio], K& =30, gl ]00]
" . (4.3.28)
’Cgb—)l = Z Csi 55,5011 lUss] 5
$1,5270

so that in the quasi-boson theory we have 0 - js = IC(a) + /CS 1, and in the quasi-fermion 0 - j; =

I@gajl + ICS?l. Using the explicit form of these double-trace operators given in (4.3.22), (4.3.19) and
2 we find

(4.3.17), and computing their two-point functions using (4.2.25) and (4.2.29)

(z- ‘T)2<IC§Q—)1]C§G—)1> < ~ s3((s — 1!
<js.js>0 . - N(l + )\2) Z 1287T2((i2 %))( ) (051’075)2 7
(z- x)2<léia—)1]€ga—)1> - ~ sN2(s — 51
(Jsds)o S = SN ; 1287523)(5(1!)2(3 j_ 31)( 0.8 (4.3.29)
(z- x)2<lC§b_)11C§b_)1>o & s3((s—1)N2(s — 51 — 89 — )!(s+ 51 + 59 — 1)! )
{sds)o - Nsl,SQ;éO 6472 (s1!)2(s52!)2(s + 51 — 52)!(5 — 51 + 52)! (Corsae)”

A direct calculation using the equations of motion, described in the next section, and the result (4.3.7)

allow us to fix the undetermined “structure constants” to be

~ 32i(s+s1—s2)!(s—s1+s2)!s1!s0! -
1 A (s+si1+s2—1)(s—s1—s2—1)!s! S1+s2=5—2,5—4,...,
B F 1182 1—S82
051,827 031752, ﬁ 1+ N2 : (4.3.30)
0 otherwise
1 X\ 732“52_,5?)81! s1=8—2,5—4,...
Cor0s= T 5 > (4.3.31)
+ 0 otherwise

12To compute the two-point functions of currents with one “open” index, one may take derivatives of (1.4.8) with

respect to the polarization vectors.
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Astsal o~ g9 54, ...,
(4.3.32)

c. Os:i" 5\~ . G-D!
PRTON 14+ A2 0

otherwise

Plugging these into (4.3.29) and using the formula (4.3.27), we find that the anomalous dimensions

take the form (4.3.9), with a® = a’ = a, and b2 = bf' = b, given by

) |2 s e
B oa(st —s1) m2(25—1) 4
4 — Z . _ — (4.3.33)
s m2s (4s* — 1) 32(s%-1)
s1=s5—2,5—4,... m, S Odd,
and
- 64(s 4+ s1 — s2)!(s — s1 + s2)!
) s1+s2=5—2,5—4,... (452 o 1) (S TSI TS 1) (8 et - 1)
a8et 4 24s® 1 54s? — 2e (4.3.34)
- BL (3 En R 1/2 + =38 @%7&;7154 32) , S even,
% (3271 1 n— 1/2 + 7388 +120) ’ s odd.
N) gauge

Let us note here that it is straightforward to adapt the above results to the case of O(

group: one simply drops all the odd-spins from the sum. Doing this, we find

3 3r2(2s—1)’
. " 4.3.35
o _ A [y L1 L9 L1 59s% +18s% — 452 + 545 + 35 ( )
© —n-1 44n-] 6(4s> —1)(s2 — 1) ’
and the anomalous dimensions take the same form as in (4.3.9), with N°V) = N(1 + O()\?)) and
NOWN) = A + O(N\3). Note that bY@ vanishes for s = 2 and also for s = 4, because in the O(N)

case the divergence of j, can only take the form (4.3.1)

4.4 Current non-conservation from classical equations of mo-

tion

4.4.1 CS-boson

The generating function Jy,(z,z) of the higher-spin operators in the CS-boson theory was given in

(4.2.22). Since we will be working to leading order in 1/k, it will be sufficient to expand the generating
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function to linear order in the gauge field. We note that

n—1
D—iA)"p=0"¢—iy 0FAD"'Fy+0(A%)

k=0
n—1

=076~y (Ds +0,)F 0 FAY)d () s + O(4) (4.4.1)
k=0

=g OO0 o)+ 0a2).

Oy
Since this expression involves the same power n everywhere, we can extend this formula to any function

of D acting on ¢:

F(d, +0,) = F(,) 4
dy

F(O—iA)p=F(@)p—i () p(x)]y—z + O(A?). (4.4.2)

A similar result applies when a power of the covariant derivative acts on ¢. Therefore, to linear order

in the gauge field, the generating function of the higher-spin operators is

Jo = fo(O1,02)d(x1)p(w2) + ig(Dr, Do, 3)P(a1) A(w3)B(2) ,

g(u,v,w) = Folutw,v) = fo(u,v+w) , folu,v) = €" " cos(2v/uv) ,

w

(4.4.3)

where in the first line it is understood that after taking the derivatives all points are set to x.

To calculate the divergence of the spin s operators, we should evaluate
0Dl Jp(x,2) =0 - Iy . (4.4.4)
When the operator 0, D acts on the A-independent piece of Ji,, one gets [33, 84]

0, DY f (D1, o) b(a1)p(a2) = [h(@},@)@f + h(D1,02)03 | B(z1)d(x2)
" —
2

1 —
hu,v) = (50, + —5—0% +ud)f(u,v).

82 4+ 000) f(u,v), (4.4.5)

1
h(u,v) = (iau +
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In the interacting theory, the equations of motion to linear order in A are

D% =1i(0-A)p + 2A-0¢,
(4.4.6)
0%¢ = —ip(d- A) — 2i(09) - A.

Using this into (4.4.5), and combining with the term that arises when 0" D¥ acts on the piece of Jy
linear in A (where one can just use the free equation of motion 9?¢ = 0), one should find a gauge
invariant result. We have explicitly checked that all the terms involving A indeed cancel out, and one

is left with terms involving only the field strength F' = dA. The final result takes the form
0-Jp = |:k'1 (517 52, ég)(?f + kg(él, 62, 63)65 + k‘3(51, 62, 63)85 &(xl)(iFMp(xg)zp)ng) s (447)
where

kl(u,’l),’lU) = %h(u + ’U),’U) - %(1 - (U + w)au + Uav + w@w)g(u,v,w) ’

2
ko (u, v, w) = f%ﬁ(u,v +w) — %(% + udy — (u+ w)dy + wdy) g(u, v, w), (4.4.8)
ks(u,v,w) = %(h(u + w,v) — h(u,v + w)) — %(% + udy + v0y — (u+)dy) g(u, v, w).

We can now use the equation of motion for A,, which reads (to linear order in A)

k , - ,
Ee“”p(pr)lj = (01 ¢;)¢" — ¢;0" 9", (4.4.9)
or equivalently
i 2m VN4 T au i
(Fup) ji= ?eupv ((8 ¢j)¢ — ¢;0 (15) : (4.4.10)
After plugging this into (4.4.7), we get
2mi - ; - ;
o-Jy = —%em,pzp [k10} + ko0h + k3 (04 + 04)] (05 — 0% )pi(x1) 9" (xa)dj(ws)’ (x2).  (4.4.11)

Note that we had to point-split d3 — J3 + 04. To make contact with the analysis of the previous
section, one should express this as a sum of double-trace primaries. Note that the scalar bilocals with

derivatives acting on them can be expressed as linear combinations of the higher-spin operators and
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their derivatives. Doing this, one finds precisely the decomposition derived in the previous section
d-Jy =K@ 4 £® (4.4.12)

where K(®) ~ > s, Us1,0,517s:][jo] and KO ~ 3 Cs,.59,51Js1][Js,) are the double-trace operators

81,82
given respectively in (4.3.22) and (4.3.17), and the Cj, , s coefficients are determined to be
2miA  4(s+ 81— s2)!(s — 89+ s1)! s1!s9!

Csy 50,8 = , =5—-2j,j>0, (44.13
s = F N (s+s1+s2—1l(s—s1—s2—1)1 sl St =s—24, ( )

and
2miM (82 — 52)s1!
N s! ’

Csr0s=4 s1=s—2j,7>0. (4.4.14)

Extending these to all orders in A by sending A — %5\ /(1+X2) and N — N /2, one obtains the results
quoted in (4.3.30) and (4.3.31).

Note that from the form (4.4.11) of the divergence, it is also straightforward to compute the
anomalous dimensions by directly using Wick contractions of ¢ and the master formula (4.3.27). In
fact, this allows to obtain the anomalous dimensions to order A\? and exactly in N. We find for

s=1,2,3,...

A2 32 8 12 4 1504 24 4192 32
s =-—-120,0, — — , ; o). 4.4.15
VTN { "77105 + 105N’ 35 + 105N’ 3465 + 385N’ 9009 + 693N }+ (X% ( )
This takes the form

m2)\2 A2

Vs = 7(045 +bs) + m'}/

2) 3
N @ L o0, (4.4.16)

where ag and b, are given in (4.3.33) and (4.3.34), and the coefficients ~? at order A?2/N? can be
found to be:

4(s—2)(4s°—45+3)
(2) — 2 (HS*% - H%g) T 3(s—1)(2s—3)(2s_1) 0 S €vel,

2(s—1)(8s”+85+3)
T T3s@s-D)@st) 0 S odd,

(4.4.17)

where H,, is the harmonic number. We note that the dimensions of even spin currents differ by a
simple fraction from that of the odd spin ones. We also observe that, unlike the order 1/N term, these

coefficients do not display logarithmic behavior at large spin.
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Critical boson

Let us now study the critical boson theory obtained by adding the (¢¢)? interaction and flowing to
the IR. As reviewed earlier, the 1/N expansion of the CFT can be developed using the action (4.2.3).
In the IR, o, becomes a scalar primary with A =24 O(1/N), and the o}, equation of motion formally

removes ¢¢ from the spectrum.

It is evident that the equations of motion and hence the divergence of the higher-spin currents will
be modified due to the interaction with o (the form of the currents themselves stay the same as in

(4.2.22)). Working to linear order in the gauge field, the equations of motion are modified to

82¢ =i(0- Ao+ 2A- ¢ + %abqs,
(4.4.18)

_ _ _ 1 -
D*¢ = —ip(0 - A) — 2i(09) - A+ Nobq’).
Consequently, when computing the divergence of J},, the descendant acquires an additional term linear

in o, and to leading order in 1/N and 1/k is given by

0- Jb = ICreg.CS—bos. + ICcrit.bos. )
(4.4.19)

Kt = (0@ + B, 82) + h(D1, 05 + 05))6 (1) (2 )on ()

where h(u,v) and ﬁ(u, v) were defined in (4.4.5), and Kyeg.cs—bos. is the descendent computed in the
previous section, given in (4.4.7). To get the final result for the divergence, one should still impose
that ¢¢ = 0 as a consequence of the equation of motion for ;. This means that we should drop the
term K(®) ~ C, 0. >, l0lls,] from Kreg cs—bos.. Also writing Keitbos. in terms of primaries and

dropping all the ¢¢ terms, one finds the final result
d-Jp =K@+ KO,

s—s1—1
c(a) ~ _1\m $— 51 s+s1—1 Am : As—si—1—m
K@= 3" Coo. D (-1 ( m ) ( m 4 28, 0" js, 0 oy, (4.4.20)

2(S+81)81' 1
C, 5,= o0
10, (s—1)I N

where K®) ~ 3 Cs,.59.5[Js1][Js,] remains the same as in the regular CS-boson theory of the

81,582

previous section. Note that K(®) has precisely the form predicted by conformal symmetry for the

quasi-fermion theory, eq. (4.3.19). Defining o}, = 47r)\58rit'b"s', this result can be seen to be precisely
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related by the bose/fermi duality to the divergence in the CS-fermion theory, which we compute in

the next section.

Extending the above result to all orders in A by using the arguments in section 4.3.1, one can

deduce that the anomalous dimensions in the critical boson model coupled to Chern-Simons are

4 1 1 22
,ygrlt. I —a, + _ bs . (4421)
N \1+X (1+A2)2

4.4.2 CS-fermion

The generating function of the higher-spin operators in the CS-fermion theory was given in (4.2.23).

Linearizing it in the gauge field, as described in the boson case above, we find

Jr = fr(D1, D) (w1)40(x2) + ig(1, D, D3) (1) VA (23) ¥ (22)

fe(u + w,v) — fr(u,v + w) €“ "V sin (24/uv) (4.4.22)
g(u, v, w) = v filwr) = —————.
w 2y/uv
The equations of motion to linear order in the gauge field are
Pp=ide, Oyt = —ipd,
8% = %WFWw Fi(0- A+ 2iA- 9, (4.4.23)

I . .
0% = SVV Fuy = 10 - A= 2i(0" ) A,
We are now prepared to evaluate the divergence 0 - Jr. The calculation will consist of two terms
essentially. The first one arises from acting with d, D% on the A-independent part of (4.4.22), and
which gives terms proportional to the “descendant operators” 8”1/7}7“, My and 0%, 0%, which are

non-zero in the interacting fermion theory:

0 DY f (01, 02) (w1 )41 (w2) = {@161(51,32) + §2G(01, Do) + 4001, Do) + 4031 (D1, Do) | (w1)h(22)
Q(ua 'U) = (%ff + U(avff - auff)) ’ (j(uvv) = (%ff =+ u(auff - 8vff)) )

3 —
h(u,v) = (iauff + 2 5 U2 fi + 0O f) , (4.4.24)

- 3 —
Ru.v) = (50t + %asz + uduo fr)

The second term is the result of acting with 0, D% on the piece of (4.4.22) proportional to A (in
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this piece, we can use the free Dirac equation of motion). To simplify the calculation, one may impose
the A =0 “light-cone” gauge after differentiation with respect to the z, is carried out everywhere.
The full form of the descendant as a function of F,, can be then reconstructed using gauge invariance.
As a consistency check, we have also performed the calculation in arbitrary gauge, and verified that

all unwanted A terms drop out. The final result takes the form

0-Jr = [k1(51,32,53)3f + ko (01, Do, D3) 0 + k3 (1, Da, D3)0Y (1) (i Fp (23)2" )b (1)

+ k4 (01,02, 03) (1) ((F*™ (23) ) V0 (22) + k5 (01, 02, 03)th(1) (i Flun (3) 2" )y 9b(22) ,

where we defined

ky(u,v,w) = Eh(u +w,v) — %(g — (v 4 w)dy + vdy + wdyy) g(u, v, w),

ko (u, v, w) = ——h(u, v+ w) — %(g + udy — (u+w)0y + Wy ) g(u, v, w),

ks (u, v, w) = %(h(u +w,v) = h(u,v + w)) - %(; + Uy + 08y — (u+0)dy ) g(u,v,w)  (4:4.25)
Falw,v,w) = 5 (b + w,0) — B0 +w)),

ks(u,v,w) = %(q(u + w,v) — G(u, v+ w)) + 2h(u,v + w) + mg(u,v,w) .

As a check, note that for s = 2 we are left with LZ_JFWz“v”w, which vanishes upon using the equations

of motion.

In 3d Euclidean space, the v matrices are just Pauli matrices, and we have the following identities

(6123 = 1)

TV = 5#1/ + 7:ep.l/p’.}/p s (4426)
YuvYp = Z.Glulp + 'YM(Syp - ,YV(SMP s (4427)
YoV = t€uvp — OpupVv + OupVu + O p - (4.4.28)

Using these, we can write

d- Jp = [klafb + k26§ + k?}ail’f] QL(’Y : Z)(iFWZVW - k4'§ZFuV€quZp'(/) + (kS + 27@4)@@3»%")7“/’ .
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Upon using the gauge field equations of motion

; 2 _ .
(Fuw)'s = 2 eunthi?" ¥ (4.4.29)

we find

;5 Jp = [k10} 4 ko0% + k305 + 0] b (@1)Fieuuns” (b(23) v 0 (24) )b (22)
T (4.4.30)

= 2kt (1) (P (w3) 0 (wa)) (1) + (ks + 2ka)th (@1)ieup2" v (U(@3) 00 (4) )1 (22) -

Note that 03 will have to be “point-split” from now on: 93 — 095 + 94 (and similarly when Dy appears
in ky ..., ks). To write the result (4.4.30) as a sum of double-trace primaries, we can use the Fierz

identity'3

¥ = —3 (59) — 5 (v By (4431)

1
2
After using this identity, we can write the descendant as:

o0 Tt = ey [l (2a) 0 s )
+ %(klaf + ko0 + ks (94 + 01)) (Wi (1) 40" (xa)h (x3) 1t (m2) + Ui (1)1 (w4) 05 (w3) 400 (22))

+ (= (k10 + koo + k3(D3 + Da) + ks + 3ka)Yi(21) Y (2a) 0 (23) A (22)

—(

N N

(k101 + koo + k3(s + 0a) + ks + ka)i (21)30 (24) 5 (23)0 (2) -
(4.4.32)

It is now convenient to use the following identities, which follow from the free Dirac equation:

ie”””@m,ﬂ,, = —82’4p7 (4433)

ie“”pﬁl,gu% = +(9173p7 (4434)

where the subscripts indicate the field we act on, and the sign difference is due to the difference of

Dirac equation for ¢» and 1. We also have:

ie””pzpal,:mﬁ/ = ie“”pzp’yuél’g + Z,jél’g , (4.4.35)

ie’“’pzp6274u?y = ’L'E'LLVpr’}/“éQA - Zl,(9274 . (4436)

13Spinor indices are uncontracted on the left-hand side, so the right-hand side is a 2 by 2 matrix.
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Using the above identities, we can put (4.4.32) into the form

2T . 1 A A A A _ i - .
0-Jr= ?Zeuupzp(k'él + 5(1?131 + k304 — koo — k303) )iy v,

2m 1 A A A A A AL ;

+ %(5(16181 + koOo + k303 + k30Oa) + ks + ks + k101 — k3Oa) Vi) 407 (4.4.37)
o 1, - . . . . o

+ %(—i(klal + k20> + k303 + k3Os) — ks — ka + k305 — kaO2) iy 07 .

To make contact with the decomposition into primaries, it is convenient to define the following

object:
I =ie,,, P2V (4.4.38)

where on the right-hand side j,(,s) denotes the spin s current with one free index (and all remaining
indices contracted with the null polarization vector). Using the explicit form of the currents (4.2.17),

one can show that

T8 = £u(Br, Babla Py 2 o) + D, )b ) laa) (4439)

where fs(u,v) is the spin-s part of the generating function in (4.2.17), and fs(u, v) is given by:

- _ 1 2uv(u fs(u,v) = O fs(u,v)) + (s = 1) (u — v) f5(u, v) .

s(u, 4.4.40
folw) s u+v ( )
The divergence of .J, notably only has the trivial tensor structure:

I = ((v—u)fs + (u+v) f ). (4.4.41)

Then we see that the second and third line of (4.4.37) are guaranteed to decompose into products of
d-derivatives of the spin-s currents and d-derivatives of the scalar operator Jo = ¥ or of the divergence
8“jl(f). Noting that 8/‘(]135) = ie“”pzpa,,jff), we see that the second and third line of (4.4.37) produce
precisely the terms that arise in the decomposition (4.3.17) and (4.3.19). To analyze the terms in the
first line of (4.4.37), it is convenient to use explicit light-cone coordinates with z# = ¢". Then one
of the y-matrices becomes v_ = 4 and the other 3. Rewriting 4% = iy~ T, we see from (4.4.39) that

the factor 1)y_, has the structure of J&) E*erjfs)» minus the “scalar-like” term in (4.4.39), that
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will give rise to terms of the same form as the second and third line of (4.4.37). The end result of the

analysis is that (4.4.37) precisely takes the form predicted in section 3:

d-Jy =K@ 4 KO

K@ = chl,ﬁ,s[jsl][jo]7 K = Z 0517527$[j51][j52]7

51,52

(4.4.42)

where the double-trace operators [Js,][jo] and [js,][js,] are given respectively in (4.3.19) and (4.3.17),

and the overall Cy, , s coefficients are fixed by our explicit calculation to be

2mid  4(s+ 81— s2)!(s — 52+ s1)! s1!s5!
N (s+s1+s2—1Dl(s—s1 —s2—1) ¢l

Cs150,8 = , S1t+sa=s5—2j, j>0 (4.4.43)

and
_ 2nA4A(s + s1)s1! _ o
Coros = N (-1 s1=8—-25, j>0. (4.4.44)
Note that Cs, s, s is the same as for the CS-boson theory (up to the sign), as required by the bose/fermi

duality. The result to all orders in A is obtained using (4.3.7), and was given in (4.3.30) and (4.3.32).

The form (4.4.30) (or (4.4.37)) of the divergence can also be used directly to compute the anomalous
dimensions using the master formula (4.3.27) and the free-fermion propagators. This way we can

extract the anomalous dimension to order A? and exactly in N, and we find

A2 32 8 12 4 1504 24 4192 32
’YS = N Oa 0) TAF +

o 3y, 4.4.4
105 105N’ 35 + 105N’ 3465 + 385N’ 9009 + 693N’ } +0(¥) ( 5)

Remarkably, this is identical to the (non-critical) CS-scalar result (4.4.15), including the 1/N? term
(4.4.17). Note that setting N = 1 in these expressions, we obtain the anomalous dimensions in the

U(1)x CS-fermion theory to order 1/k?.

Critical fermion

Let us now study the “critical” fermionic theory where we add the (¢/%)? interaction in addition to the
Chern-Simons gauge field. At least at large N, the theory has a UV fixed point whose 1/N expansion
can be developed using the action (4.2.5). At the UV fixed point, oy becomes a scalar primary with

A =1+ O(1/N), and the ¢ operator is formally removed by the o; equation of motion.

It is evident that the equations of motion for ¢ and 1 are modified by terms involving the o ¢ field.
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Omitting terms which are quadratic in the gauge field or oy, the equations of motion are

Po=id)—qov, Ot = —ifh+ xod,
0% = %w”FMu +i(0 - A + 2iA - O — %(aua)ww : (4.4.46)

821/; = %TL,Y#VFHV - 2158 A - 2i(6#'¢;)AN + %&(60) :

The calculation of the divergence then picks up an extra term compared to the “regular” CS-fermion

theory:

0 Jp = Kreg.cs—fer. + Kerit fer. »
Kerit fer. = % [(Q(él + 03,02) — (01,00 + 03) + h(01 + 05, 02) — h(01, 0 + 03)(x1)(x2)0 (w3)
+ (h(Dr + 03, 02) + h(Dr, B + 00)) D4 B w1y 2 b w2 ()

(4.4.47)
where q(u,v), §(u,v), h(u,v) and h(u,v) were defined in (4.4.25), and Kyeg.cs—fer. is the descendent
computed in the previous section, given in (4.4.30). After expressing the right-hand side in terms
of double-trace primaries, one should impose the condition ¢1) = 0. This amounts to dropping
K@) ~ M 051,678[30][].51] from KCreg.cs—fer., and one gets the final result (after also dropping the ¥

terms which arise when writing Kt for. in terms of primaries):

d-Jy=K@ 4K (4.4.48)

where K®) ~ 32 Cs,y.59,51Js1][Js,) remains the same as in the regular CS-fermion theory of the

51,52
previous section, and K(®) ~ > s, Csy,0,51ds,][0f] coincides with the quasi-bosonic result in eq. (4.3.22),

with jo replaced by o¢, and with the undetermined constants found to be

2i (5% — 53)s1!

s!

Cs1,0s = (4.4.49)

=l

Note that, redefining oy = 47r)\j8rit'fer', this result correctly maps to the divergence in the regular

CS-scalar theory, eq. (4.4.12)-(4.4.14).
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4.5 Direct Feynman diagram computation

In this section, we evaluate the coeflicients as and bs; by a direct diagrammatic calculation of the

F

anomalous dimensions. a

can be determined by a perturbative calculation in the critical bosonic
theory (at A\, = 0), a? can be determined by a perturbative calculation in the critical fermionic theory
(at Ay =0). Once a is known, then b, (which must be the same for bosonic and fermionic theories)

can be obtained by a two-loop calculation in the non-critical fermionic theory.

In a U(Ny)x, Chern-Simons theory with fundamental matter, with k; defined via a dimensional
reduction regularization scheme (see [85] and [113,130]), Ay = %{ and Ny are related to A, N of [118]

via:

~ sin(mAp) sin(mAy)
N = 2N, =2N 4.5.1
b 7'(')\1, f 7T)\f ’ ( )
A = tan(m)h;/2) = —cot(mA/2). (4.5.2)
This implies:
f L (mAs F F .2
Tl—-1 = — 1 tan(mAs/2) (ai + b, cos®(mAf/2)) , (4.5.3)
f
L py 2 4
for the two-loop fermionic theory, and
ph 1 = AP (4.5.5)
8 2N, ° e

for the critical bosonic theory. Identical results hold for the critical fermionic and two-loop bosonic

theories.

In section 4.5.1, we include a calculation of aSB in the critical fermionic theory, which also appeared
earlier in [87], and in section 4.5.2 we include a two-loop calculation of the anomalous dimension in

the non-critical fermionic theory to determine bs.

Perturbative calculations of the 1/N anomalous dimension for all the higher-spin currents in the
critical bosonic theory have been obtained earlier in [173] (see also [33,84]), so we do not include them

here.
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Figure 4.2: The fermion self-energy correction in the critical fermionic theory.

We calculate the anomalous dimension of js; with null polarization vector z for s > 1. The free

vertex for a spin s current with s > 1, in momentum space can be written as:

Vg,p) = aufulilg—p) - zip-2), (4.5.6)
V0D = fy(ipea) (45.7)
= v, (p-2)" 14 (4.5.8)

where f; is determined from the generating function given in equation (4.2.15). The anomalous
dimension, s = 75 — 1, of j, is related to the logarithmic divergence of the corrected vertex V'(q, p)

via V/(0,p) = —6,V2(0,p) log A.

4.5.1 Ceritical fermionic theory
We now calculate the 1/N anomalous dimension for all the higher-spin currents in the critical fermionic
theory. Our conventions are those of [130].

The o propagator is:
(o@o(-p) = G5 — )(20)° = 2280 — ) 27", (45.9)

where Go = 8/N.

There are essentially three different diagrams which contribute to the 1/N logarithmic divergence

of the corrected vertex V/, depicted in Figures 4.2, 4.3 and 4.4.

The fermion self-energy is shown in Figure 4.2. The logarithmic divergence of the self energy is:

3
/;G(q —p) (;lﬂl))g = _6GTO2 iglog A, (4.5.10)

which leads to a contribution of GGTDQ to the anomalous dimension.

Another correction to the vertex is shown in Figure 4.3. The contribution to the corrected vertex

115



]
I
v
I
]
{
Figure 4.3: A vertex correction in the critical fermionic theory.

T

Figure 4.4: These two diagrams provide a third correction to the vertex in the critical fermionic theory
when s is even.

V! from this diagram is:

N d3k 1 1
1(2) _ Mo i(—p — c 2.1 -z 0.
OO = [ Gt g =B 2 i) 2 (45
= n% log A v#z, fs(—ip - 2,ip - 2)
= (nsfslogA> v2(0,p), (4.5.12)
where
1

el Vv G (4.5.13)

The two diagrams in Figure 4.4 contribute equally to the corrected vertex. Their sum is given by

3
V/®(0,p) = / (;ZW(§3G(C])(AS(Q) + A5(=9))G(9) 7 i e (4.5.14)
with
3
As(q) = —Ntr /g&,;%(o’p);mlw. (4.5.15)
We evaluate
Alg) =, (258— 1> Z‘48(+22!!s! (qC'IZS’ (4.5.16)

for even s and A(q) = 0 for odd s.
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We find the contribution to the logarithmic divergence from diagram 3 for s even is

> (4.5.17)

G?
1(3) _ 0
Vi (0,p) = 27 ( @51

672

and VS/(?’)((),p) = 0 for s odd.

)(25 I 1)) ‘/;O(Oap) 10gA7

Summing all three contributions, the overall logarithmic divergence of the corrected vertex is:

. —92 8 .
v, = 653 — 3W(—log M)V, for s even, s > 0. (4.5.18)
~ 2(s2 - 1) 8 -

V! = —log A) Vg, f dd. 4.5.19
S (3(482_1)> N7T2( Og ) or s o ( )

and the anomalous dimension of the spin s current, with s > 0 is given by

» o s=2 8 L s even,
Scrltlcal fermionic __ 1= 6s—3 72 N (4520)

2
2As D) 8 L 5odd.

16 1

A similar calculation shows that the anomalous dimension of the scalar primary o is given by —55 +,

so the above formula does not apply for s = 0.

4.5.2 Two-loop Chern-Simons fermionic theory

Our calculation of two-loop anomalous dimensions closely follows [85].

The higher-spin currents in the interacting, non-critical, fermionic theory are the same as those

in the free fermionic theory with all derivatives promoted to covariant derivatives.

anomalous dimensions of j;;)++"

We calculate

* with all upper + indices, in light-cone gauge, AT = 0. In this gauge,

the generating function for j7 ™" is the same as in the free theory, and the vertex contains no factors

of A,.

In light cone gauge the gauge propagator (A ()AL (—p)) = (27)38(q — p) D, (q)0 is given by:

Di3(q) = —Dsy(q) =

4mi 1

T (4.5.21)
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Figure 4.5: The two-loop fermion self-energy correction.

Figure 4.6: A two-loop vertex correction.

The order A\? correction to the gauge field propagator at 1/N is:

Gss Gay | 27222 , 1 [~ aa-

= — 4.5.22)
N2 g4 (
Gis Giy s \ gzq— ¢

Again, there are three diagrams that contribute, depicted in Figures 4.5, 4.6 and 4.7.

The contribution of the two loop 1/N self-energy of the fermion to the corrected vertex is given by
Figure 4.5. Its contribution to the anomalous dimension can be found a two-point function calculation,

we find its contribution to the logarithmic divergence of the corrected vertex to be:

V/(l) = —— 2 (~logA)VP. (4.5.23)

The second diagram contributing to the corrected vertex is shown in Figure 4.6 and is given by

3
];[/(;1733 (GW(Q)V“IW— (p—+q- )"

g ’y”) . (4.5.24)

1
i(p+q)
The contribution to the anomalous dimension can be evaluated via:

2 _ ypolVl - [ &g w1 o1 1
Vs Vo932 <7 /(27r)3 (G“”(q)v i(¢+¢1)%(p*+q’) ip+q) ))'(4'5'25)

The logarithmic divergence of the integral is

-1 1
st(z) = Tﬁps_ 1’03’7— log A (_2(452—1) —|—g(5)) ) (4.5.26)
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Figure 4.7: These two diagrams contribute equally to the two-loop anomalous dimension when s is
even.

where, ¢(s) is
S

9() =7 — b(s) + 26(28) = 3

n=1

1
= 4.5.2
n—1/2 (4:5:27)
Here, 1(s) is the digamma function. Notice that g(s) ~ log s for s large.

The last contribution to the corrected vertex is the sum of two diagrams shown in Figure 4.7. Here

we evaluate the sum of these diagrams.

The sum of the diagrams is given by:

3
v =i (v (-3) | G gy D@D 00 @) (4529
where
3
CH*(q) = vs/ (;lﬂz)g tr <i(¢1— D v“ilpvps‘_lilpv”> (4.5.29)

Evaluating this carefully, we find

AL ) (V2 /N)(—1og A)V2(0
V/®(0,p) = (-5 P/ (- log V(0.p), 5 even,

0, s odd.

(4.5.30)

The anomalous dimension of the spin s current gets contributions from only the first two diagrams

for s odd and is:

Ts T 2N T1\ous2o YN

_(Zuse2 1 NN
- \6as2—1) TN
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The anomalous dimension for even spin currents is:

R S G S (s) A2+l X
Ts T N1\ ousz—1) "IN T4t 524 1IN
—11s*+s2-8 1 A2
= - ANy 4.5.31
<6(4s4—552+1)+4g(s)>N (45:31)

These anomalous dimensions give rise to the values of as and by quoted above.

We note that, via a similar calculation, we find that the two-loop anomalous dimension'* of the
scalar jo is

which happens to agree with equation (4.5.31) when s — 0.

4.6 Constraining the higher-spin symmetry-breaking three-

point functions

In this section, we use our results for the divergence of js from sections 4.3.2 and 4.4 to determine the

conformally-invariant, non-conserved parity odd three-point functions

<.j31 (1'1, Zl)j32 (372, ZQ)jSS ($3, Z3)>

Our analysis in this section uses the results and notation of [174], which we briefly review in appendix
4.8, in which conformally invariant three-point functions are expressed in terms of the structures P;,

Q; and S;.

As noted in [174], and in subsequent works [15,118], there exist exactly three conformally invari-
ant conserved structures for (js, (21, 21)7s, (22, 22)7s, (3, 23)) when conservation with respect to all
three currents is imposed. These are the free fermion correlation function, the free boson correlation

function, and a parity-odd result, unique to three dimensions.

In [174], based on numerical examples, it was conjectured that the exactly conserved parity odd
form exists only when the three spins satisfy the triangle inequality, which takes the form s3 < s7 + 53,

if we assume s3 is the largest of the three spins. Below, we prove this result for arbitrary spins.

14We thank Aaron Hui for discussions regarding this calculation.
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When the triangle inequality is violated, i.e., s3 > s1+s2, a parity-violating form of the three-point
function arises in Chern-Simons vector models [118] that is conserved with respect to the first two
currents only. Requiring the divergence of js, to be a conformal primary, we are able to uniquely
determine this form; and using the results of the classical divergence calculation, also its correct

normalization.

In subsection 4.6.1 we present recurrence relations that can be easily solved numerically for the
parity odd three-point functions of a scalar operator and two other operators of nonzero spin for

correlation functions involving the quasi-fermionic scalar (jo) or the quasi-bosonic scalar jj.

For all spins non-zero, we are able to derive recurrence relations which are valid in a particular limit
(the light-like OPE limit of [15]) for arbitrary spins. We are also able to explicitly show that the parity-
odd three-point functions are uniquely determined by the divergence of j,, if the triangle inequality
is violated, which implies that, if j,, is exactly conserved, the parity-odd three-point functions must

vanish outside the triangle inequality.

In appendix 4.9, we present some explicit non-conserved parity-odd three-point functions for small
spins.
4.6.1 Three-point functions involving a scalar primary

When one of the spins, which we take to be ss, is zero, it is possible to explicitly determine recurrence

relations for the three-point functions.

Quasi-fermionic theory

The most general “parity-odd”!® three-point function involving a parity-odd, twist-two scalar jo al-

lowed by conformal invariance is:

<j51($1721)50j53(l‘3,2’3)> anQl P2 gl_aQSB 51+a7 (461)

|~T12\ \CU23

where the ¢, are undetermined coefficients.

15Recall that, by “parity-odd”, here we mean parity different from the free theory, so that the three-point function
must be multiplied by an odd power of A when it arises in a Chern-Simons vector model. Three-point functions involving
jo in the theory of free fermions involve an epsilon tensor, and hence the S;’s, and are in this case considered to be
“parity-even”.
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The correlation function is not conserved with respect to x3. Using the results of section 4.3.2 for

0 Js o0 we can determine:
<js1 (331)30(332)8 . ]s($3)> = Z CmaT <.jsl (xl)jsl ($3)>81_)_m<j0($2)j0(5€3)> s (462)
m=0

which implies,

(_1)83—81—1
|z23]*|231]2

(io sz3—s1—1 p2s
S - P
| 93] 4 m31[> 7 2

— 81)(83 + 51 — 1)!
2251 (251!

L s5—s11 p2s; (5 o~
Oy DY (JsrJodss) = Qy1ppe 158 Ciy 0,551,105 (1 + A2) N2

(4.6.3)

Explicitly evaluating the divergence of Equation (4.6.1) and inserting into equation (4.6.3) yields

a recurrence relation for the é,:

Ca—1 (4a® + a(—6s1 + 255 — 7) + 2s1(s1 +2) — 3s3 + 3)

(4.6.4)
—Co2a(a— 81+ 83) + q—2(a— 81 —2)(—2a+2s1 +3) =0,
which is valid for 2 < a < s1, along with the following boundary terms:
651(81(283 - ].) - 53) - 651_1 = 0 (465)
(83 — 51)(&0(2(51 — 1)81 — 83) + 261(51 — 83 — 1)) = CZQ. (466)

This recurrence relation (s; equations in s; unknowns) has a unique solution, which is proportional
to Cs, 0,s5- The correlation function therefore necessarily vanishes if js, is conserved. It appears to
also automatically satisfy conservation with respect to the first current. In Appendix 4.9 we present

a few solutions to this recurrence relation explicitly.

The reason we are able to solve for the correlation function uniquely is that the number of con-
formally invariant structures in equation (4.6.1) is independent of the third spin. So, imposing a
constraint on the divergence with respect to ss gives us s; equations in s; unknowns, and hence

uniquely determines the correlation function.
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Quasi-bosonic theory

We can write the most general conformally invariant parity-odd correlation function involving a twist-

one scalar jp as:

1 81—1
s ; s - - Ca Q2 P2 s1—a—1 83—81+aS 4.6.7
<](1(961,21)]0(932)13(173,Z3)> |a:12||a:23||a:31| ;} ca Q1 (Py) Q3 2, ( )

where the ¢, are undetermined coefficients.

From the constraint that the divergence of js, be a conformal primary, we have from section 4.3.2:

2 (p—n)! -
@ Tl =0l 04 R2)R (et

aé)Dl(ig) (Js1J0dss) = 2P fn

(281)!
()2 (@) () (wF) 2 (4.6:8)
|712| 7 —s1—1p2s1—2
= P QP2
|x23|3|$31|3 OQ?, 2 2

where dy is given by

nsl’nQNQCSI’O,SB(Sg + 81 — 1)'

JO = (_1>33_31+1(1 + 5\2) 2251-1(25,)!

Using equation (4.6.7), the equation (4.6.8) translates into a recurrence relation for ¢,.

Ca (4a2 +a(—6s1 +2s3+3)+2(s1 —1)s1 +s3+ 1)

(4.6.10)
— 6(1_1(2((1 — 1) — 281 + 1)(& - 81) - 2(a + 1)5a+1(a — 81 + 83 + 1) = O7
which is valid for a = 1 to s; — 2 along with the boundary terms:
50(83 — 81)(2(81 - 1)81 + 83 + 1) — 261(83 — 81)(—81 + 83 + 1) = Jo (4.6.11)
051,1(81(283 — ].) — 83+ 2) — 3C51,2 = 0. (4612)

This has a unique solution (s; — 1 equations in s; — 1 unknowns), which is proportional to Cs, ¢ s,-
The correlation function necessarily vanishes if jg, is conserved. A few solutions to this recurrence

relation are given in Appendix 4.9.
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4.6.2 Three-point functions involving nonzero spins

Let us briefly consider correlation functions involving all nonzero spins. While it is difficult to say
much about these in full generality, following [15], we work in the “light-like OPE” limit, which is
a constraint on x12 and z; and 25 that commutes with the operation of taking the divergence with
respect to z3. In this limit, P; = 0 and S3 = 0; which we shall use frequently in all the derivations
below. One way of taking this limit is to fix the first two polarization tensors to be z{' = z§ = ¢" and

+ _
set z7, = 0.

In the light-like OPE limit, conformal invariance restricts the parity-odd three-point function to

be of the form:

. . . 1
<]81 (x17 zl)]&‘z (x27 22)]83 (‘7}3, 2:3)> = 7f81,82,83 (Plﬂ Qi7 S’L) (4'6'13)
|12| w23 w31
where
min(sg—s1—1,80—1)
f81’52,83 = Z an;2_n_1P12nQ§3_81_n_1P22S1Sl
n=0
min(s1+s2—s3,51—1) ~
+ Z meaanl+527537mP12(83731+m)P22(517m71)52
"0 (4.6.14)
D S e
n=max(0,s1+s2—53)
min(sg—s2—1,81—1) ~
+ Z aniﬂ7n71P22nQ§3752717nP1252 52.

n=0

Here we used the constraints (which simplify in the limit P; = 0 and S35 = 0)

Qi1Q2Qs = Q1P}+Q2P3, (4.6.15)

@151 = @25, (4.6.16)

to write the function f in a unique way by eliminating all occurrences of Q1 Q2Q3 and @151, so each

term is independent, and all powers are positive.

Note that the range of the sums, which was fixed by requiring all exponents to be positive, depends
nontrivially on the spins. Let us assume sg is the largest spin and s3 > s1 +s3. Then the total number

of undetermined coefficients in (4.6.14) is 2s2 + s; — 1, which is independent of ss.
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When we take the divergence with respect to x3 we obtain an expression which is again of the
form (4.6.14) but with s3 — s = s3 — 1. However, the number of allowed conformal structures in
equation (4.6.14) is independent of s3 outside the triangle inequality. This means that, outside the
triangle inequality, imposing a constraint on the divergence with respect to x3 gives us 2s5 + s1 — 1
equations in 2s5 + s; — 1 unknowns. Therefore, we expect that exactly conserved parity-odd three-
point functions vanish outside the triangle inequality, at least in the light-like OPE limit. (Inside
the triangle inequality, the number of independent terms in equation (4.6.14) does depend on s3 so

imposing a constraint on conservation with respect to x3 does not uniquely determine the three-point

function.)
When j,, is not conserved, the results for the divergence 0 - js, in section 4.3.2 imply the
51,582
following:
(Js1 (21)Js, (22)0 - s, (w3)) (4.6.17)
<o (s3+ 81+ 82— 1)! y
= _n81n52N CS1,82,832P p(251)!(252)! 6I“’*:E,lll?>‘r23
o - p—1
Ed)P T (@) fady ay T 4 Tl
x5y t? zyst? r33 23y 33 T3 )
where, p = s3 — 51 — 82, A = s1(81 — 83 — 82) + 28182(—1)3T51752 and B = —2s159 + sa(s3 + 51 —

s9)(—1)%ts1%52 which can be written as,

y ; . _so—gq sy Ms N2Cs S$2,8 (33+51+82—1)! |{E12|
s s R s = (—1)%37 52751 1782 1,52,53
<] 1(551)] 2(«'52) J 3(.’[3» ( ) 22$1+2$2—1(83 — 5 — 82)(281)!(252)! |l‘31‘3|$23|3
x (ASy P22 p2s1=2Qgp—s2==171 L Bg, p21 pre2Qsa—sa=si-ly (4.6.18)

in the light-like limit. (If s; = s3, this equation has to be multiplied by a factor of 2.) This equation
translates into a system of linear equations for the various coefficients in equation (4.6.14). This
system of equations appears complicated and difficult to solve in general, though one can obtain
solutions for particular spins. In Appendix 4.8, we change variables to obtain an equivalent, but
simpler recurrence relation. Using the new variables, we also prove that exactly-conserved parity-odd
three-point functions vanish when s3 > s1 + so even outside the light-like limit. We also present a list

of some non-conserved parity-odd three point functions with non-zero spins in Appendix 4.9.
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4.7 Appendix: Constraining the divergence of j;

To constrain the double-trace operators that can appear on the right hand side of the non-conservation
equation by requiring the divergence to be a conformal primary, we use the following commutation

relations from the conformal algebra:

[MP?, PH] = —i(nt" PP — P P?) (4.7.1)
[KY, P = 2i(""D+M"), (4.7.2)
(K", 5271 = 0, (4.7.3)
[MP7 1] = =i (755 =P 5T) —i(s — 1) (67447 — 62 547) (4.7.4)

[D,js] = —ilgjs. (4.7.5)

The last three relations express the fact that j, is a spin s conformal primary with scaling dimension
A,. Recall that A, = s + 1, except for the quasi-fermionic scalar jg, for which Aj = 2. Here, as in

section 4.3.2, we are taking all polarization vectors to be given by 2# = §", so j&¥ = j#___ .

A double-trace operator such as (92 j;)0_jo is proportional to

P, [P, 4] [P, o], (4.7.6)

which, using the state-operator correspondence, we can also write schematically as

P2 js) P |jo) - (4.7.7)

Let us constrain the double-trace terms in the non-conservation equation involving a quasi-fermionic

scalar, given by equation (4.3.19) from the main text:

8.]5

P
Y P i) P ). (478)
51, m=0

where p =5 — 57 — 1.
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Acting on this expression with K, we obtain

0 = Ki0-js . (4.7.9)
S1,
p ~ ~
= Z cm (K4 P Gsy)) PP o) + P™ |dsy) (K4 P27 [jo))) (4.7.10)
m=0
p ~
= D> o (([K+. P2 1jsy)) P27 o) + P2 sy} (K4, P27 o)) - (4.7.11)
m=0
Then we use
(K5, P"] = 2inP™ ' (n_sD + M_s) + 2n(n — 1)n_sP" " (4.7.12)
and the action of the conformal generators on |j4) to obtain
P p—1 )
Z m+231 Cm) mel |]s1>Pp m|]0>+ Z(m_p)(m_p_l)cm |Js1> pr |j0> =0,
m=1 m=0
(4.7.13)
which implies
—(m—p—1)(m—p—2
(= —m=p=lm=—p=2 (4.7.14)
m(m + 2s1)
which can be solved to give equation (4.3.21):
m [ S— 81 s+s —1
= (-1 5 o- 4.7.1
n =" () O ) oo (17.15)

The resulting expression is also annihilated by K3 and K_.

Similar (but more lengthy) calculations determine analogous recurrence relations for contributions

to the non-conservation equation involving the quasi-bosonic scalar (4.3.22) and general non-zero spins

(4.3.17). These can be solved to give (4.3.23)-(4.3.24), and (4.3.18).

4.8 Appendix: Some results for parity-odd three-point func-

tions

In this appendix, we present slightly simpler recurrence relations for the parity odd three-point func-

tions.

Let us briefly review the notation of [174]. Consider the three point function of three operators
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Os, (z1, 21), Os, (22, 22), and Og, (3, 23), of spins s1, so and s3 and twists 71, 72 and 73. Conformal

invariance restricts the three point function of these operators to take on the form

1
- |l‘12‘7—1+7—2_7—3|l‘23‘_7—1+7—2+7—3‘.’E31|_7—2+7—1+7—3

(05,05,0s,) f(Pi, Qi Si). (4.8.1)

where f(P;,Q;,S;) is a polynomial in the cross ratios P;, Q; and S; defined for i = 1,2,3, using

polarization spinors z!'(0,)as = (Ai)a(Xi)p as

Py = Al@&, (4.8.2)
Ti2
Qs = A3 <¢§1+¢§3> A3, (4.8.3)
T31 X33
1 4
o A Aa) (N 222 4.84
SS Z‘x12||x23||$31|( 2¢12¢23 3)( 133%2 2)7 ( 8 )

and cyclic permutations. Here # = z#0,. To match spin, f must be homogeneous of degree s; in each

of the z;. The cross ratios are not all independent, and satisfy some constraints listed in [174].

In terms of the null polarization vectors z;, the cross-ratios can be written as:

1) 2xh, Y
P? = 2zfz5< £ — 11”) , (4.8.5)
Li2 L12
xh xh
Qs = 224 (32 — 31> (4.8.6)
37%2 1‘%1 ’
€ 1
Sy = 4m <x‘1‘2x§1zfz2 S X9 — §(|x31\2:c‘f2 + |x12|2x§1)zfz§> . (4.8.7)

Parity odd three-point functions are linear in the S;, while parity even three-point functions do not

contain the S;.

If some of the operators are conserved currents, we must also require that the appropriate di-
vergence of the three-point function vanishes. We note that taking divergences with respect to x3
of a correlation function involving a twist-1 operator is facilitated using the operator D3 defined in

Appendix F of [15], which satisfies:

1
Oy Dy O, P LR P R e P e f(Pr, P2, P3,Q1,Q2,Q3) =

) (4.8.8)

|x12|7'1+7'2—3|x23|—7'1+7'2+3‘xgl|—7'2+7'1+3

D3f(P17P23P37Q17Q2,Q3)'
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In the main text, we defined the divergence of js using 0 - js(x, z) = Opu D¥js(x, z). A useful relation
is
Or\P,0\ = 40" D,,. (4.8.9)

4.8.1 A simpler form for the recurrence relations

Equation (4.6.14) for (js,js,Jss) can also be written as:

L 1 = s1—1—a p2a p2(s3—1—a) ~nsa—s a
UsiJoadoa (@3, 28)) = > (can Lap2e p2lss=1=a) gra=satl+ 52). (4.8.10)
a=0

after using the identities: Q3 = P2/Q> + P2/Q1 and Q151 = Q2S5 to eliminate Q3 and Sy. To fix
the range of a we note that, starting from a polynomial including Se and @3 with all non-negative
exponents, after using identities to eliminate @3 and S7, we could end up with an expression where
the exponents of the @); are negative; however the exponents of the P; must still be non-negative.

(Note that ¢, defined here is unrelated to the ¢, that appears in section 4.3.2 or Appendix 4.7.)

While any three-point function of the form (4.6.14) can be written in the form (4.8.10), not every
expression in the form (4.8.10) corresponds to a valid three-point function. To see this, note that

equation (4.8.10) can also be rewritten as

1 8371

Z QTP T PIM QS S, (4.8.11)

<]51]52]s3 (1’3, 2’3)> = m P

where

m
N sacionfS3—1—a
R (33 o m) Ca. (4.8.12)

a=0
If s = 0, then even outside the light like OPE limit, the correlation function must be of the form
(4.8.11). If s3 > s1, which we assume in what follows, we must have é,, = 0 for m > s; — 1. This is

an extra constraint on the ¢,.

For all spins nonzero, there are also constraints on ¢,, that arise from demanding that the expression
can be written in terms of only positive powers of the various cross-ratios P; , P, @1, Q2 and Q3,
S1 and S5. To obtain one such constraint, which is sufficient for our purposes, choose points and

polarization spinors so that @3 = 0 which implies Q1P = —QP2?. Then, outside the triangle
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inequality, equation (4.6.14) vanishes. However, (4.8.10) does not vanish unless
53—1
> (1) =0, (4.8.13)

a=0

which must be imposed for (4.8.10) to represent a valid three-point function, outside the triangle

inequality. (Inside the triangle inequality, we do not need to impose (4.8.13).)

Conserved three-point functions

To take the divergence with respect to x3, we act on the above expression with the operator D3 derived

in equations F.2 of [15].

In the limit P3 = 0, for expressions independent of Qg, it takes the simple form (equation 1.4

of [15]):

D3 = — (14 2P19p, +2Q20q,)Q10%, + (14 2P20p, + 2Q10q,)Q20p,

(4.8.14)
+ (P§0q, + 2Py P30p,) 03, — (P30q, + 2P Ps0p,) 0%, -
We also use the identities 2.20 of [174] to derive S = Qo PZP#Q7 ", which yields:
_ _ 1 _ 1 _
Op,S1 =51 P!, 0p,S1 = S1Py !, 09,51 = —551Q1 1 09,51 = 5516222. (4.8.15)
These relations are valid only when P; = S3 = 0, i.e., in the light-like limit.
We find
33—1
3 (earerprorng )
a=0 (4816)
83—2
Z 4(—cor1(s3+s2—a—1)(a+1)(2a+3) +co(l1+a+s1)(2s3 —2a—1)(s3 —a—1))x
a=0
where
X = QTP PR A, (4.8.17)

If js, is exactly conserved, then the condition that the divergence of equation (4.8.10) is equal to
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0 gives rise to the following recurrence relation:

Cat1 _ (I+a+s1)(2s3 —2a—1)(s3 —a—1)

Cq N (83 + 59 —a — 1)(a + 1)(2a + 3) (4818)

This has a unique solution for any values of s1, s and s3. It can be expressed in terms of Pochhammer

symbols as

(_1)(100(51 + 1)(83 — 1)(253 — 1)(51 + 2)(1 1 ( Sg)a 1 (2 — 53)
3(2)a1(35),_, (52 + 53 = 1)(=s2 — 53+ 2)a—1

(4.8.19)

Cq = —

and the sum is a hypergeometric function

Qil—le(Ss—l)Q;2—83+1S2

|z12]|z23|231

L 1 3
(Js1Js2dss (w3, 23)) = co 3F3 (81 +1, 5~ 53 1 — s3; 552783 +1; U)

(4.8.20)

P;Qs

where ©v = — .
Q1 P?

If s3 > 51+ s2, then, as discussed above, we must also impose the extra constraint (4.8.13) for our

solution to represent a valid three-point function expressible in the form (4.6.14). This is

1
co 3Fa <S1 +1,5 —s3,1—s3;

5 —sy — s34 1; 1> =0 (4.8.21)

§a

which implies that ¢y = 0 and the exactly conserved correlation functions vanish outside the triangle
inequality, in the light-like OPE limit. (In section 4.8.2, we argue that these correlation function

vanish even outside the light-like OPE limit.)

Non-conserved parity odd three-point functions

Outside the triangle inequality, the parity-odd three-point function is not conserved. In the light-like

limit, its divergence with respect to x3 takes the form:
O DX (s (21) sy (02) sy (23, 23)) = _Jmal Zd QT pgepis e AQy et ITAg, (4.8.22)

|23 3231 [3

where,

do = —coq1(s3+s2—a—1)(a+1)(2a+3) +co(1 +a+s1)(2s3 —2a —1)(s3 —a—1) (4.8.23)
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The result of the divergence calculation, (4.6.17) determines the d, in terms of Cs, s, s,:

dy_1 = AK, (4.8.24)
—1 ~1

dyy_1on = ((p . )A+ (i - 1)3) K, (4.8.25)

dyy—14p = dsy_s;—1=BEK, (4.8.26)

with all other d, = 0, and we define

T2
Ny Ny N*Cls) sy.55(83 + 51+ 52 — 1)!

K — _1 S3—82—S1 .
( ) 2281+28271(83 — 81 — 82)(281)!(282)!

The spin-dependent constants A and B were defined below equation (4.6.17).

We can now determine a recurrence relation the ¢, in terms of d, (and hence Cj, s, s,) using

equation (4.8.23). Equation (4.8.23) can be written as:

Car1 = Ecg + Fdg (4.8.27)

where

(I1+a+s1)(2s3—2a—1)(s3—a—1)
(14+a)2a+3)(s3+s2—a—1)

E= ,F=—(1+0a)(2a+3)(s3+s2—a—1))"". (4.8.28)

The solution to equation (4.8.23) for ¢, depends on two parameters: ¢g and Cj (which enters

1,52,83

through the d,), but imposing the extra constraint (4.8.13) determines the ¢¢ in terms of Cj

1,52,83"

Alternatively, we can obtain a relation between ¢y and Cj by demanding conservation with

1,852,583

respect to the other currents, before taking the light-like limit.

Quasi-fermionic scalars

For parity-odd correlation functions involving the (parity-odd) twist-two quasi-fermionic scalar oper-

ator, we have:

L. 1 = s1—a a p2(s3—a) HN—s3+a
(Js1J5dss) = m Z ca@? Pz2 P1( ’ )Qg st (4.8.29)
a
and, using
D3 = —(2+ 2P10p, + 2Q200,)Q10%, + (2P20p, +2Q10q,)Q20%, . (4.8.30)
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we can write its divergence as,

S3— 1
8 “D <.761-70.]-53(x37z3)> |$23|4|IL‘51|2 Z d Qsl ap. aP12(537a71)Q2*33+a+1. (4831)
with
do = (s3—a)(s1+a)(2s3 —2a—1)ca — (a+1)(2a 4+ 1)(s3 — a)cat1- (4.8.32)

Comparing to our earlier expression (4.6.3), we find

s3—s1—1 a5 — (53—81)(53+$1—1)!
dovn = ( n >(_1) o 2251 (251)! M350, 6 (4.8.33)

formn=0, ...,s3—s1 — 1.

The recurrence relation depends on two unknown parameters: cy and Cy, o5, By requiring the

correlation function to vanish when Q3 = 0, we obtain a relation between these two parameters.

4.8.2 Conserved parity-odd three-point functions vanish outside the tri-

angle inequality

Above, we showed that the conserved parity-odd three-point function vanishes outside the triangle
inequality in the light-like limit, where P3 = 0 and S3 = 0. Let us extend this to a proof that the

conserved parity-odd three-point functions vanishes even outside the light-like limit.

Our strategy is to expand the three-point function as a power series in P3, where we count S3 ~ Ps.
Let m > 0, and use induction. If we assume all terms of order Pg”fl vanish, we can show that

conservation implies the terms of order P3" must also vanish.

The most general three-point function can be written as:

1

|z 12|23 [731]

<j81j82j83(x37z3)> = f(P'quaSl) (4834)

By writing down the most general allowed form for f(P;,Q;,S;) that is order Py™, and dropping
terms of order P32m+1 and higher we can see that, if s3 > s1 + s3, any term we write down must be

proportional to @3, where z > 1. Hence the correlation function must vanish in the limit that Qs = 0.

We can also write the three-point function in terms of 1, Q2, P1, P> only, by explicitly solving

133



the constraints in [174] and allowing negative exponents for the Q;:

53—1

s1—m—1—a p2 2(s3—1—a) Hso—m—ss+1+a
E:(CGQ; Pep; Qypmmsatltag,)
a=0

(4.8.35)

1

L 2m
T3,23)) = P.
<]S1382]SS( ) )> 3 |I’12||I23||I31|

Then, imposing conservation, we find an essentially identical recurrence relation to Equation (4.8.18)
above. When we also impose the condition that it vanishes when Q3 = 0, as in equation (4.8.13), we

find that there is no solution.

4.9 Appendix: List of parity-odd three-point functions

We present the non-zero parity-odd three-point functions outside the triangle inequality, for spins up

to 6 in the theory, using values of Cj, , s, derived from the classical equations of motion.

Correlation Functions involving a Quasi-Fermionic Scalar The correlation functions listed

below are to be multiplied by
-~ 1
|12]?[z23]*
(We remind the reader that our normalization for the scalar, given in equation (4.3.6), is such that

this is exact to all orders in \.)

Ginds) = Q3 (2PF + Q1Qs)
1 0 3 87T4
Usjoia) = Q3 (-10P5Q1Qs + Py — Q1Q3)
J2J5J4 ]t
Grjois) = Q3 (4PF + Q1Qs)
J1J3J5 {4
o Q3 (PYQiQs — 22PFQIQ3 + 16PF — Q1Q3)
(Jajads) = — S
Uiy = @HUOPEQIQs + 4P + QF0%)
J2JpJ6 Ry
Gainie) = Q3 (—24P5Q1Q5 — 125P/Q1Q3 — 38P7Q1Q3 + 62P5 — Q1Q3)
0J6 -

84
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Correlation functions involving a Quasi-Bosonic Scalar

are to be multiplied by

(J1J073)
(J2Jjoja)
(J1Jods)
(J3Jods)
(J2Jode)

(Jajode)

-~ 1

|z12||z23] 231 ]

Q355
1674

Q352 (4PF + Q1Q3)
B 1674

Q352
167t
Q352 (2PF + Q1Qs) (6PF + Q1Qs)
B 1674
Q352 (6PF + Q1Q3)
B 1674
iQ35: (107PfQ1Q3 + 40P3Q3Q3 + 102P5 + 3Q3Q3)

4874

All Spins nonzero The correlation functions listed below are to be multiplied by

N 1

1+ A2 |@12]|@os||zs1]

The correlation functions listed below

(4.9.1)
(4.9.2)
(4.9.3)
(4.9.4)
(4.9.5)

(4.9.6)

We also omit an overall numerical normalization constant (which is in principle determinable from

Cs, 55,5, and the recurrence relations given above.) These are all valid outside the light-like OPE limit

as well. To fix the coefficients of terms that vanish in the light-like limit, we also imposed conservation
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with respect to x1 and xs.

(4172J5)

(9191J6)

(J17376)

(4272J6)

~

~

~

~

Qg( — 6P}y + 6P2Q1Q35) + 15P2Q2Q35: — P2Q2Ss + 5P2Q2Q35) + P2Q3S: +
Q2355 ) (4.9.7)
Q3(3Q151 +3Q2S52 — 2Q355) (4.9.8)
Q2 (72P1652 — 32P}Q1Q3S1 — 208PQ2Q5S: + OPLQ2Ss — 148 P2P2Q2Q3S:

—58P; Q2Q355 + 26 P P PsQ2Q3S1 — 18P Q3Q351 — 6P5Q2Q35:

~3Q3Q18; ) (4.9.9)
Q3 (141314@152 — 88P3P,P3Ss + 95P2P2(Q5 S, + 2TP2P2Q5 S5 + TP2Q%Q55,

+7P Py P3Q2Q3S5 — 39P Po PsQ3S3 + 21 Py Q251 + TP3Q2Q3 S5

+3P§Q§53) (4.9.10)
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