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Inhomogeneously broadened spin masers
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Hyperpolarized®He gas, where the nuclear spin polarization has been increased to several tens of percent by
optical pumping, can couple such a large negative resistance into an external circuit that masing can ensue. The
masing threshold can be suppressed by application of a magnetic field gradient. However, edge enhancement,
that is, the less effective diffusional damping of the precessing magnetization at the container walls, can lower
the masing threshold. The edge enhancement of the masing is greatly modified by magnetic self-interactions of
the spins[S1050-294{@9)07508-3

PACS numbsd(s): 33.25+k, 76.60.Jx, 31.15-p, 32.80.Bx

I. INTRODUCTION [9-11], or experiments[12] with hyperpolarized liquid
129e, the spins are often in the inhomogeneous broadening

Liters of hyperpolarized®He gas with nuclear polariza- regime of large field gradients and slow diffusion, when
tions of tens of percent and pressures of several atmospher@éR2< RVw_ . We report here the results of our theoretical
can be produced by spin-exchand or by metastability ~and experimental studies of Larmor-frequency masers in the
exchangd2] optical pumping. The nuclear magnetization of inhomogeneous broadening regime.
such gases is 10° times larger than the thermal-equilibrium
magnetization. The’He nucleus has spin quantum numberll. THEORY OF THE INHOMOGENEOUSLY BROADENED
K=1/2 and a negative magnetic momeug<0. Conse- SPIN MASER
quently, a®He nucleus with its spin parallel to an applied

magnetic field has its magnetic momgnt antiparallel't.o th(?ng regime is shown in Fig. 1. This arrangement is designed
field. Energy can be released by such invertet nuclei if ;"o \vell described by a one-dimensional theory. It consists
the nuclear spins flip and emit Larmor-frequency photons tQyt 4 1ong right-circular cylinder of lengthl2and diameter

an external circuit. This potential to emit Larmor-frequencys, The cylinder is filled with polarized gas or liquid and
power can be represented by negative resistance in the circyjfaced inside a resonance coil.
cou_pled to the spins. For hyperpolarize.d gas, the negative The spin magnetizatioM =M(r,t) at the positionr and
resistance of the inverted spins can easily have such a larggne t will evolve because of precession about the ensemble-
magnitude that ordinary resistive losses in the circuit are canaveraged magnetic fielB®=BS(r,t), experienced by spins
celled, and masing can occur. located atr, and because of diffusion, as described by
Larmor-frequency masers with polarized noble gases in
nearly uniform magnetic fields have been studied by several
groups[3-5]. For a characteristic gradieRtw, of the Lar-
mor frequencyw, , the inhomogeneously broadened mag-
netic resonance line would have a width of the order We use the superscripg to distinguish the ensemble-

=R|Vw_|, whereR is a characteristic linear dimension of averaged field® from Maxwell's macroscopically averaged
the cell. For spins with a spatial diffusion coefficiddtthe  field B.

characteristic diffusion rate across the celDi&R?. Previous Let a coordinate system with orthonormal unit vecteyrs

work on spin maserg3—5] was done in the regime when the y, andz have its origin at the center of symmetry of the cell.
diffusion was so fast thab/R?>>RVw, . In this case the

A sketch of a spin maser in the inhomogeneous broaden-

3
EM=yBe><M+DV2M. (1)

magnetic resonance linewidth is motionally narrowed, and Masing slice Maser coil

the free-induction decay of spatially uniform, transverse spin / z

polarization is exponential with a time constd6t7] of the g —]c
orderT,=D/(Vw, )?. A detailed theory of maser oscillations I 1 I \ \\ \Kl H—H—xl I 1 I I I | T

for the motional narrowing regime has been given by Rich-

ardset al. [4]. | |

For current applications of hyperpolarizéde and*?%ce,
for example, polarized targets for nuclear scattering experi- It
ments[8], inhaled *He and *?°Xe for magnetic resonance Ez

imaging of human lungs and other medical applications FiG. 1. Schematic of an inhomogeneously broadened spin ma-
ser. The magnetization develops a component transverse to the ex-
ternal magnetic fieldHg, only in a thin slice. The magnetic field
*Present address: Department of Physics, University of Washinggradient is greatly exaggerated. The cell has a diametearf
ton, Seattle, WA 98195. length 2.
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Thex axis is along the cylinder axis. A time-independent and V(0)=T(0)Z(w) @)
spatially uniform magnetic fieldHg, is applied by external
coils. Hg, defines thez axis of the coordinate system, and whereV(w) andl(w) are, respectively, the temporal Fourier

sets the average Larmor frequency of the spins transforms of the externally applied voltagét), and of the
. . currentl (t) flowing in the circuit. During maser oscillations
o, =YHg,. (20 anonzero current flows through the circuit with no externally
applied voltage, so E(q7) implies that the total impedance
The gyromagnetic ratio of the spins is must vanish,
MK Z(w)=Zc(w)+Zy(w)=0. 8
Y= IR 3

The solutionsw of Eq. (8) may be complex, that is,

where uk is the nuclear moment arid is the spin quantum
number. A magnetic field gradiertHg,/dx, created by a

separate set of coils, sets the inhomogeneous linewidth of thgyare the real part of the frequencyad and the imaginary
Spin maser. part isw”. We can distinguish three cases, depending on the

The spins are initially polarized in the direction. The " =
onset of masing is characterized by spontaneous growth JfIU€ @”- Suppose that a small curreh(t) = I (w)exp{wt)

the transverse component of the magnetization, which pret " (w)exp(-iw*t) of frequencyw — which satisfied8) —
cesses around theaxis. The precessing magnetization in- iS initially flowing in the coil. If " <0 the amplitude of the
duces a voltage in the maser coil, which causes a current toil current will grow exponentially with time ag“I'. Even

flow through thelC circuit. This current flowing through the if the coil has no macroscopic current flowingtat0, inevi-

coil produces an oscillating magnetic figi} , which drives  table thermal noise currents can grow exponentially at the
the precessing spins. The coupling of the spins to the coil ifrequencies defined by E(B) with »” <0 until macroscopic
enhanced if the Larmor frequency of the spins is close to thescillations are observed. In this way a transverse, precessing
resonance frequency of the circuit. The energy dissipated component of the magnetization can develop spontaneously.
in the resistance of the coil is provided by transitions of thelf a solution of Eq.(8) hasw” =0 then maser oscillations at

w=w'+iw", (9

spins from the high-energy to the low-energy state. the frequencyw’ can persist indefinitely, neither growing
The magnetization generates a macroscopic, irrotationalor damping. This is the threshold condition. If a solution of
magnetic fieldH,,, the solution of Eqg. (8) hasw”>0 then any oscillations damp with time as
e "t and the magnetization returns to the longitudinal di-
V-Hy=—-47V-M. (4)

rection. Thus the masing threshold is given by the solutions
of Eg. (8) for which »”=0. Masing can commence when a
change in the field gradient or some other external parameter
f the the system causes a soluti@rof (8) to move in the
complexw plane from above to below the real axis.

In Sec. Il A we reduce the fundamental expressibnto
‘a one-dimensional integro-differential equation suitable for
further analysis. In Sec. Il B we show how to calculate the
spin impedance in the presence of the self-interaction field.
We also present simple expressions for the spin impedance
. ; hd the transverse magnetization for negligible self-
therefore be strongly influenced Ky, , although masing interactions Hy;=0). In Sec. Il C we discuss the connection

cannot occur in the absence lat . o ; :
. ; . . of the spin impedance to the free-induction-det@iD) tran-
To find the masing threshold, it is convenient to represené b P )

he eff f th ins b . d dded | X . sients that can be used for magnetic resonance imaging. In
the effect of the spins by an impedance added in series Witde. || p e describe a practical way to calculate the spin

thg LC circuit. The total impedancz(w) of the maser cjr- impedance when the self-interaction fiélg, is comparable
cuit at the angular frequenay is the sum of the series im- to the coil fieldHe .

pedanceZ(w) of the LC circuit and the impedanc2,,(w)
coupled into the circuit from the polarized spins,

The magnetic fieldH,,, which we will call the self-
interaction field, has a static component due to the stati
longitudinal magnetizatioM,, and it has oscillating com-
ponents due to the oscillating transverse magnetizatibps
andM, . For dense, highly polarized spin samples the gradi
ent,dH .,/ dx, of the self-interaction field can be comparable
to the applied gradientHg,/dx, and the oscillating compo-
nent of Hy can be comparable to the oscillating fiet:
produced by the maser coil. The behavior of spin masers ¢

A. Spin evolution

Z(w)=Zc(w)+Zy(w). 5 The ensemble-averaged magnetic fi@8 acting on a

o . given *He nucleus is
Approximating the elements of tHeC circuit with a lumped

resistanceR, a capacitanc€ and an inductanck, the series R A T
impedance of the circuit is B*=H+ —-M=Heg+Hc+Hy+ 5 M, (10
. 1 whereH andM are the macroscopic magnetic field and mag-
Ze(0)=Rtiol+ iwC’ © netization of Maxwell's equations for continuous media. The

difference between the effective field @f0) and the macro-
According to Ohm'’s law, scopic fieldB=H+47M of Maxwell's equations is due to
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the nuclear magnetization excluded from the core of#He =~ We use the unnormalized spherical basis vectars x£iy
atoms. Equation(10) is closely related to the classical to write the alternating field as
Clausius-Mossotti formulas for dielectri¢d5]. The mag- _ _ 3 5
netic field H consists of the externally applied static mag- B®=3(BSx_+Bfx,)+Bz (29
netic field Hg, the alternating magnetic field: produced . o . o o
by the maser coil, and the field,, produced by the spin The precessing magnetization will have nggl|g|ble longitudi-
magnetizationH,, has both static and alternating parts. ~ nal components, and can therefore be written as

The field(10) will be the sum of a static paBS(r) and an

alternating parBS(r,t), M=3(M, x_+M_x,). (20

Substituting(19) and(20) into (18), we find that the resulting
equation has no components proportionalztdNoting that
rTJaizx X+=X4+, and equating the coefficients »f , we find

Be=BS(r)+BS(r,t). (11)

These components are due, respectively, to the static al
alternating parts of the external currents and spin magnetiza-

tion. [[(0F w )—DVZM.=*iwPB, (21)
The alternating field can be written as a temporal Fourier .
transform where the local Larmor frequenay, of the spins is
© . o =yBg,, (22)
B§(r,t)=f dw BE(r,w)e'". (12)
- with the gyromagnetic ratio given b§8). The source fre-
) . I quency is
Define a unit vector along the nonzero static field by
2
Mk
Be wqe=~[Hel. (23
z > (13) 9 K#

BERD
° According to(3) and(22) 3He, with a negative nuclear mo-

We will ignore any spatial variation of the directianover ~ ment ux <O will have a positive gyromagnetic ratip>0

the volume occupied by the spins. The definitid®) en- and a positive Larmor frequency, >0. Then(21) implies

sures that thez component of the static field is positive, that resonant enhancement bf, occurs whenw~w,,

B<,>0. when we will have
The nuclear magnetization of the gas will also be the sum
of a static partM(r) due to the longitudinal spin polariza- M, >M_ . (249
tion of the gas, and an alternating pat,(r,t), due to the
transverse, precessing spin polarization, In view of (24) we will simply setM_=0 in subsequent
discussions.
M=M(r)+Ma(r,1). (14 The externally applied magnetic field consists of a spa-

tially uniform magnetic field of magnitudEEz, and a uni-

In analogy to(12), we can write the alternating part of the s .
gy to(12) gp form field gradientoHg,/dx,

magnetization in terms of its Fourier amplituti(r, w)
— JHE,
He=|Hg,+x——|z (25

Ma(r,t)=Jm do M(r,w)e'. (15 X

We assume thaiFEZ is much larger than the static gradient

The static part of the magnetization is fields and the static fields due to the spin magnetization, so

M(r)= [ HelPz (16) We need only retain the longitudinal components of these
s ’ smaller fields — the transverse components adding in
where the spin polarization of the gas is related (K ), the  quadrature tdd, and thus being of negligible significance.
local expectation value of the nuclear spin, by According to the source equatioi@), the longitudinal
field from the static magnetizatidv ; of the spins is
1
PZRZ<K> (17) 9 . V’-Ms(r’)
Hu(r)= > ' =G®Mg,= uk[He]PG® 1.

L L r—r’
We assume tha® is independent of position in the volume | | (26)

occupied by the gas.
Substituting(11), (12), (14), and(15) into (1), and retain-  Here and elsewhere, we use the symbdio denote a three-

ing only the parts linear in the Fourier amplitudesice such  dimensional integral transform, for example,

terms are very small at the onset of maging find
d3r’

il = y(BEXM+Bex M) +DV2M. (18) GaMAr)= | —5 G r’)Mgdr’). (27)
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The cylinder volume i€)=2a?l. Integrating(26) by parts,
we find that the kerneG is

#? 1
G(r,r")y=Q— .
az% [r—r'|

(28)

The spatial Green'’s functio(r,r") is the product of the
cell volume Q) and the longitudinal magnetic fieldi (r)
produced by a unit magnetic dipole moment, parallel tozthe
axis and located at’.

In accordance witi{10), (16), and(26), the longitudinal
static field is

o dH, 4
Bsz: HEZ+XW+ ,bLK[He]PG@l-F ?,LLK[HG]P.
(29

In like manner, we find for the transverse field due to spin

magnetizatiorM . ,
Hysi=—27M_,.—iGoM, . (30)

From (30) and(10) we find the total effective transverse field
(3D

The fieldHc.. is produced by alternating current flowing in
the solenoid of Fig. 1. Combinin@®2), (29), and(31) with

(21) we find thatM . is determined by the integro differen-
tial equation

i(0— 0 —gx+ 0 P[G®1]+ 27w P+ }w,PGR)M .

—DV?M, =iwsPHc. . (32
The Larmor-frequency gradient is
IHeg,
9=r— (33

B. Spin impedance

LetVy,=Vy(t) be the voltage drop across the solenoid of
Fig. 1 due to emission or absorption of radiation by the spins

A current pulse will deposit an amount of energy,

E:Jf dtI(t)VM(t)=27-rfjo do|T(0)|?Zy(w),
(34)
in the spins. The current is real(t)=1*(t), so 1(—w)

=T*(w).
The energyE of (34) is the work done on the oscillating

M. V. ROMALIS AND W. HAPPER
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Substituting(15) and(20) into (35) and comparing the result
to (34) we conclude that the spin impedance is

B iw
2[T}?

Zu fd?’r(ﬁ’é,ﬂ/ljrﬁaﬁ/u)

i 3o
:_2|T|2 d3rHE, M., . (36)
The last step of36) follows from (24).

Let us assume that the solenoid of Fig. 1 is ideal and
produces a field

Hey =Hex= 70l (37

where
_477 dn 38
0= dx- (39)

The number of solenoid windings per unit lengthdis/dx,

and c is the speed of light. Sincélc_ is constant in the
volume occupied by the spins, it can be taken outside of the
integral (36), and the impedance can be written as

5 oWP 39
M T ’ ( )
where the dimensionless impedance coefficient is
1
1= f dé u, (40)
-1
and the dimensionless coordinate is
X
&7 (41)

The functionu (&) is a measure of the transverse spin mag-
netization

2912

= (42
o iTwgPQHc,

dedvau,

generated by the alternating currént
The other parameters 89 are the dimensionless field-
inhomogeneity parametés;

(43

and the coefficient

K (ma °I3[He
We (mayno)l°[He]

5D (44)

magnetization by the external power sources of the current.

Consequently we can write

o d
E=J_ dtf d3rHCEM. (35)

The units ofW are cm'! seé, the cgs units of inductance.
Substituting(42) and(37) into (36), we obtain(39). To con-
vert (39) to Sl units, the right-hand side should be multiplied
by 9X 10'H cm sec 2.
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The function . of (42) is proportional to the average

value of M, within the cell on ayz plane located at. This
suggests that we avera®?) in the same way agl2) to find

- D #*u
(o—o —gx+2roP)u— = —

2912
2 2 +
1< 9¢

WQHO+

gl

xfdydz([G®1]+%G®)l\7l+=— (45)

Averaging over the diffusive term, we noted the boundary

condition at a nondepolarizing cell surface,

n-VM, =0, (46)

wheren is a unit vector normal to the surface. This elimi-
nated the contributions from?M . /9z% and 3°M .. /ay?.

We will assume that little of the important physics is lost

if we ignore the transverse variation bf, . This allows us

to rewrite (42) as

+:

iwPQHCc

4
2gl1%a? “n

M.

In Eq. (45) we replace the three-dimensional Green’s func-—=q if r#r’,

tion G by G, an average oveyz planes, where

— 1
G(x,x’)zﬁJ' dydzdydz o(a—s)o(a—s")G(r,r'").
wea
(48
Here
1, if u>0
o(u)= 0, otherwise. (49)

INHOMOGENEOUSLY BROADENED SPIN MASERS
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the potential at the positionof a uniformly charged disk of
radiusa and of total chargera?, located ax=x'. By sym-
metry ® depends only on the distanpe—x’| from the disk
along thex axis, and on the transverse displacemeruf
(50). Then(48) becomes

_ 92
G(x,x")= wza‘J dy chr(a—s)Etb(s,x—x )
Q P
= o5 s (@X= X)J dy(zy—z-)
T
Q 9
=?E(ax X) (53)
o

Here the limits of integration along thedirection arez. =
+/a?—y?, so the integral omly simply gives the areara?
of ayz cross section of the cylinder.

For findingd®/ds to complete the evaluation ¢53) it is
convenient to rewrit€52) as

=dk ,
@(s,x—x'):zwaf ?Jl(ka)Jo(ks)e*kIX*X . (54)
0

Here J; and J, denote Bessel functions. The potentibl
defined by(54) is a solution of Laplace’s equatiof?d
and forr—r’ the divergence of-V® of (54)
gives 4=rro(a s) 8(x—x"), the same result as for the poten-
tial (52). Both potentials(52) and (54) vanish as|x—x/|
—o0 Oor S—, so they must be identical.

Using (54) with the identityJ{=—J,, we find,

P
—(a,x—x )——2waf dkZ(ka)e x|
Js
=-2mBT({-¢). (55)
The aspect ratigg of the cell is
pB=all, (56)

is the Heaviside unit step function. The transverse displace-

ment from thex axis is
s=y’+ 72

The approximation(47) is analogous to the atomic
Hartree-Fock approximation of using orbitals with well-
defined angular momentum, and the approximati4®) is

(50

analogous to the Hartree-Fock self-consistent central field

approximation. Ther45) becomes

D #u
gX+2mwP)u— = —

(w—w — 2 0

+iwgP([G®1]+ §6®)M=% (51)

Substituting(28) into (48) we find that one factor of the
integrand is

og(a—s')

: (52
r=r’|

d)(s,x—x’)=f dy’' dz'

We can use Eq(11) from Apelblat’s table§16] to write
the integral over Bessel functions (B5) as

1 )
— —[¢u/Bq2
T(¢) Bfo e Ji(u)du

2
= 1-m/2)K(m)—E(m)]. 5
ys \/E[( )K(m) —E(m)] (57)
Here the complete elliptic integrals are
fﬁ/Z 1
E(m)= dX—, 58
(m) 0 V1—msinx 8
and
/2
K(m)zj dxy1—msinx. (59
0
The parametem is
4 2
P (60)

:§2+4BZ
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The self-interaction functioi of (57) depends implicitly on
B. Substituting(55) into (53) we find
G(x,x')=—4xnT(£-¢"). (62)
The three-dimensional integral transformg®f) reduces
to

_ 1d¢’
G®M=—4ﬂflT§T(§—§')M(§’) —A4nTxpu,

(62

where the symbolk denotes a one-dimensional integral
transform as in Eq(62). Likewise,

G®l=—4nT*1l=—-2xF(&), (63)
where the functiorF is
1
Fo= [ deTie-e), (64

Like T, the functionF depends implicitly on the aspect ratio
B of (56). Representative self-interaction functiohsand F
are shown in Fig. 2.

Substituting(62) and (63) into (51) we find

im(p—X)u=1, (65
where the operatoX is
i 92
X=¢&— - —+NF—=1+Tx). (66)
b 9E
Here the relative frequency is
. w_ZL 6
the self-interaction parameter is
2mw,P  2mui[HelP
A= q _ MK[ ] (68)

gl glak 7’

H

w(p,&)=bY3 Hi(ib¥y ¢—p])—e?™
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FIG. 2. Self-interaction functiofi(¢) (solid line, plotted against
the left axig, and its integraF (£) (broken line, plotted against the
right axig. The aspect ratio i8=a/l =0.132.T(£) can be thought
of as the magnetostatic interaction enerdyn units of
2y, 1 (B13)] of two infinitely thin disks of magnetic moments,
and u,, each uniformly magnetized along tzedirection and cut
out of the maser cell at the locatiorg andx,=X;+1¢.

and the other parameters and functions(@&) have been
defined above.
Together with the boundary condition

I
2P

0, (69)

(65 completely determines the functiqn

Before proceeding with the solution of E@65), we
briefly consider the limit whenh—0, where spin self-
interactions are completely negligible. Physically, this would
correspond to low helium density or low spin polarization. In
this limit Eq. (65) reduces to an inhomogeneous Airy equa-
tion. The solutions are particularly simple wheh|>1
which is true for spin masers far in the inhomogeneous
broadening regime. For example, in the experiments dis-
cussed in Sec. lIl, we hdth|~10°. Forb> 1, the solution of
(65) subject to the boundary conditidg9) is

(ib¥Y—1-p]Ai(e ™Y £~ p])

Ai /(efiﬂn'/ﬁbl/'a‘[_ 1_p])

2i,T,gHi'(ibl’a[l—p])Ai(e:“f’ﬁt>1’3[p—5])]
—e :

(70

Ai /(ei 71'/6bl/3[p_ 1])

Here and subsequently, fractional powers of positive rea{70) is proportional to the function HiHi(z), a standard
numbers, for exampleé', will always denote the positive solution of the inhomogeneous Airy equation "HizHi
root. Forb<—1, one can readily derive an expression analo-=1/7. An explicit formula for Hi is

gous to(70), or one can use the symmetry relations summa-

rized in Table | of Sec. Il D to show that for=0 as as-
sumed in(70), u(p,&—b)=—pu*(p,&b). The first term of

1 (e
Hi(2)= — f ) e * KRk, (7D)
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The second and third terms 670) are needed to ensure  The impedance coefficiedil=I1(p) can be calculated
the validity of (69). They involve the Airy function Ai  from the point-spread function with the aid 6¢40), which
=Ai(z), a standard solution of the homogeneous Airy equaimplies thatIl can also be thought of as the image of an

tion Ai”—zAi=0. An explicit formula for Ai is initially uniform distribution of transverse magnetization in
1 fie the cell. Representative plots bf are shown in Fig. 4. The
Ai(z)= 7[ o2k K334 (720  peaks neap=*1 are due to the edge-enhancement effects
27 )~ commonly observed in magnetic resonance imadib@—
20]

From Eq.(42) we see thafu(p,¢) is a measure of the

f e . A patrticularly simple result for the masing threshold can
transversely averaged, precessing magnetization at the ax%:\(la obtained when the average Larmor frequemevis ex-
locationx=1¢ produced by a coil current oscillating at the 9 queney

actly equal to the resonance frequency of the masing coil

frequency w=w +glp. As we shall show in Sec. Il C, 27f-=1/JLC. In thi o _
; ) . ; c=1/JLC. s case the coil impedanceds =R, the
m(p.£) is also the amplitude of the free-lnductlon-decayreal (cg9 resistance of the maser coil at the frequehgy It

(FID) image at the im.age space IocatquFIp of a point follows from Eq. (8) and Fig. 4a) that p=0 and IT=1.
source atx=I1¢ in object space. We will therefore call Combining Eqs(39), (43), and(44) we obtain for the thresh-

w(p,€) “the point-spread function.” old magnetic-field gradient
Figure 3 shows representative examples of how the func-

tion u(p,&) depends on its argumengsand ¢ for the field-

inhomogeneity parametds=1000. The magnetization de- 9H wrla’l 2
velops a substantial transverse component only in a thin band Ez) _ K0 P[He]. (73
with p~¢ and with a width of order 1Y% For no self- Xy, 2R

interactions L =0) the plots were made using the function

(70). The plots for the self-interaction parameker 0.2 were

made using an eigenfunction expansion discussed in Sen this limit the threshold gradient is proportional to thide

Il D. Note the large asymmetry ip introduced by the self- polarization and does not depend on the diffusion coefficient
interactions. D.

[ 1]/ ][ ]]]]
[/ ]]]]]
[LTTT]]] R

[ ][] ]] ™"
[ )] ]]]]

FIG. 3. Point-spread functiop(p,£) for b=1000. Plots(a) and (b) show Reuw(p,£) and Imu(p,§), respectively, in the absence of
self-interactions X—0). Plots(c) and(d) show Rew(p,£&) and Imu(p, &), respectively, foix=0.2. The cell aspect ratio {§=0.1324.
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=

3 ,/—r—m———— 777 can be used for magnetic resonance imaging. Substituting
o E a)_ (74) into (75), we find
1 E_ /I _E C C
S R E v (w)=ﬂj [i oM (r,w)—M,(r,0]d%, (76)
oO— T TTem—— : M 2w g o o '
-1 ' \‘|///'; where
—2F b .
-3 T T T I N BT Y _ = * —iwt
10 -05 00 05 1.0 Mi(r.w) 27J0 dte M) 7
p
——————— ] We take the image of the transverse magnetization to be
10 | b) . .
sk ; Hp) =53 770[VM(w)—Vm(O)]
) e e = __9 Y 3
5 E I'// ﬂ_zaz QM.,_(I‘,w)d r, (78)
10 S I S N wherep was defined by67) andM,=M_ /2. We will pres-
-1.0 -0.5 0.0 0.5 1.0 ently show that the imagé78) can be obtained from the
P initial transverse magnetization at the start of the FID tran-
- , sient with the help of the point-spread functipiip, £),
10k 1
5 3 l(p)=fﬁlu(p,é)l\/h(pf,o)d& (79)
0 : ________ According to(79), u(p,§) is the intensity at an image-space
; point p generated by a point source of magnetization at the
-5 3 ] object-space poinf=x/I. Thus, the functiornu plays much
oboo v M the same role for diffusion-limited magnetic resonance im-
0.90 0.92 0.94 0.96 0.98 1.00 aging as the Airy-disk function of a diffraction-limited opti-
P cal systen|17].

o o During the FID, the current in the coil is assumed to be
FIG. 4. Impedance coefficieht (Rell solid line; ImII, broken negligible, so we may modify the arguments leading5b)

line) for (a) no self-interactions anflb) and (c)] including effects to find
of self-interactions\ =0.122;(c) shows the peak ne@ar=1 of (b)

in more detail. Note that for a large range pbetween—0.8 and i(w—o —aX+w.P[Go1]+2 P+lew PG®IM
0.8 Rell=1 with very high accuracy, even in the presence of self- (0= o= gxt wgPl I*2moq 2% M.
interactions. D ¢ .
- M,=M,. (80)
C. Free-induction decay 12 F B i

fre

sponse of spins in which transverse polarization has been °
generated by a pulse of excitation current in the maser coil.”

Aft
to

replace the capacitor of Fig. 1 with a high-impedance volt-

The spin impedancéy, of (34) is closely related to the Here it is to be understood that the initial magnetization
e-induction-decayFID) transient, that is, the transient re- M. =M, (x,0) and the one-sided Fourier transfoM+

M . (X,w) are values averaged in tlye plane. In analogy

er the excitation pulse ends &0 no current is allowed t© (65 we may write(80) for g>0 as

flow in the maser coil. For example, &0 one could ) 9
igl(p=X)M, =M, . (81

meter. Equating34), (35), and using(37) we see that the :
voltage induced in the maser coil by the alternating magne—Dmclrle the resolvent o81) by

tization s i(p=X)R(p;&,€')= (6= €'). (82
IMx(1,1) A ill show in Sec. 11 D, th lvent i tri
V= d3 ) 74 S we will Show In Sec. , (ne resolvent Is symme I’ICéin
M ﬂofﬂ at ' 74 and¢’, that is
The FID voltageVy,=Vy(t) is recorded fromt=0 to t R(p;&,&')=R(p;&',¢), (83

=co with a high-impedance voltmeter attached to the maser _ _
coil. The one-sided Fourier transform of the FID voltage, Then the solution t¢81) is

1 (~ . o 11
VM(‘"):EL dte '“'Viy(t), (79 M+(P§,w)=a _1R(P;§y§’)|\/|+(p§’.0)d§’- (84)
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Substituting (84) into (78) we find (79), where the point- The first-order part oK has a nonlocal term and is given by
spread function defined b5) is related to the resolvent by (D) ) ,
(EXP[E)=8(¢' = OIF () -1+ T(E' = ¢). (94

1 (1
m(p, &)= —f d&'R(p;¢’,¢). (85 We will use parentheses to denote the zeroth-order eigen-
m) -1 (0) .
vectors|n) of X that is

In view of (40), (85) implies that the impedance coefficient is X)) =X§10)|n). (95)
11 1
(p)= _f dgf de'R(p;&,&"). (86) and we will use curly brackets to denote the eigenvedtdrs
m/-1 )1 of X,
D. Pole expansions X[n}=xq|n}. (96)
We have tested various ways to sol$&), including per- Denote the projections of the eigenvectors(85) and

turbation theory and iterative methods. As we shall show(96) onto the position eigenvectofs) by the functions
shortly, it is straightforward to write down an expression for

Zu as the sum of an infinite number of poles in the complex dn(€)=(&n) 97
p plane. The poles are the eigenvalues of the pole-position
operatorX of (66). Here we summarize the most successful@nd
computational method we have tried, where we write the (&)=(&n} 99)
impedance as the sum of discrete contributions from tine 2 ¥ '

most slowly damping poles plus the contribution from theCIearIy,|n}—>|n) and g, — ¢, asA—0.

infinite number of remaining poles, which we approximate  The apstract eigenvalue equati@®) is equivalent to the
by an integral over a “line charge” of poles in the complex integro-differential equation

p plane.

We will use Dirac notation to simplify the subsequent i g2
discussion. Let the point-spread functipnof (65) be the {g— b — ~NA=F=T*) |y =Xnn . (99
projection of an abstract vecton) on a spatial-coordinate d¢

basis vectoy), that is Multiplying (99) by ¢ and integrating oved¢ we find that

w(p, &) ={(&u). (87)  the real and imaginary parts of the pole position can be ex-
pressed as
The abstract vectofu) depends implicitly on the relative
frequencyp. The position eigenvectors form a complete set
in the sense that

fdglwn(f)lz[éﬂ{F(f)—l}]

Rex,=

ey =ae=e) (®9 o[ ae' [ aeusiemie -oue)
and .
1 X d§|l//n|2} : (100
f_ld§|§><§|:1- (89 f
1 d . 2 -1
Then(65) is equivalent to Imx,= Bf d¢ dl/; HJ délym|? (109
im(p—X)|uy=|1). (90)

The imaginary part I, of the pole location has the same
The projection of the abstract source vedtby on the posi- ~SIgn asb. For the eigenfunctionf;,, the damping rate of the

tion eigenvectors is precessing magnetization by diffusion is proportional to
[Imx,|.
1, if |g<1; From inspection of65)—(68) we see that certain symme-
(€l1)=(1]&)= , (91 try relations exist for the sign changbs>—b and\— —\.
0, otherwise. . .
These are summarized in Table |.
The pole-position operatof can be written as Here subscripp can bel (left), ¢ (center, orr (right). The
©) " conjugate subscripts ale=r, c=c andr=I. As a simple
X=X HNX. (92)  example of the use of the symmeteries in Table I, consider

the reversal of the magnetic field gradiegt~>—g. As a
result we would havedb— —b, N\——\ and p——p. Ac-
cording to(39) and the symmetries of Table I, changing the
sign of the field gradient has no effect on the impedance, so
Zy—2Zy -

) (93 Stoller, Happer, and Dysof21] (SHD) made a detailed
study of (95) for magnetic resonance applications. DeSwiet

From inspection of65), (90), and(92) we conclude that the
zeroth-order part oK is local — that is, diagonal in position
— and given by the matrix

2

(XN =o' =8 e-pa
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and Serj20] showed that the SHD formalism could naturally

be used to account for edge enhancements in magnetic reso-
nance imaging. We will use the methods of SHD here, ex-

tended to account for magnetic self-interactions, to analyZ%ubstituting(los) into (109) we find

H:J,ll@'mdg: J:<1|§><§|M>d§=(l|u>. (109

the masing thresholds.

SHD showed that the eigenfunctions can be chosen to be

orthonormal,

1 1
fﬁld§¢m(§)¢n(§)=fﬁldf(m|§><§|n)=(m|n)=5mn.
(102

From inspection 0f102), we see that we must define

(m]&)=(&lm) = dn($)

rather than (| £)=(&m)*, as would be the case X©
were a Hermitian operator.

SHD (Ref. [21]) also show that the eigenfunctioit87)
form a complete basis set, unlelsss one of the “excep-

(103

tional” values, where pairs of poles coalesce. SHD show

how to augment the,, to make a complete set whéris one
of the exceptional values. Ignoring the rare case Ithiatan

exceptional value, the orthonormality of the eigenfunctions

(97) can be expressed as
2 In)(n|=1. (104)

None of the SHD argumenf{&1] leading to(102—(104)
would change fol #0, in (99), so we can also assume that

1 1
| deum@uno~ [ detmieen)=tmin} =50,

(109
with
{m[&)=(&lm}=yn(8), (106
and
2 InHnl=1. (107
Inserting(107) into (90) we find with the aid of(96)
1 In}{n[1)
|M)—G; x (108

Using (107), (87), (91), and(40), we find that the impedance
coefficient is

Gl @ninn 110
TS p—X,

According to(101) the imaginary part ok, has the same
sign asbh, so forb>0 all the poles 0f110 lie above the real
axis of the complex plane, and folb<<0 all the poles lie
below the real axis. This is in accordance with the causal
physics of the Kramers-Kronig relation$3,22, since in ei-
ther cas€39) and(67) ensure that the poles @, lie above
the real axis of the complex plane.

Integrating (110 along the real axis of the complex
plane, we find for sgrif) = 1

| ap==3 (ainnl) = =ajn)

1
=ijﬁl<1|§>(§|1>d§=t2. (111

Stepping through111) we used(107) and (89) to find that
the area oflI, the impedance coefficient, is2, depending
on the sign ofb. In like manner, one can show that
=<1, we have for sgrif)=*1

f  ulp&dp==1 (112

In other words, the point-spread function may broaden and
distort the image of an object point of magnetization located
at ¢, but the integrated area of the image is alwayg,
depending on the sign df, so no object area is lost.

From inspection 0f82) we see that the resolvent is

In(8) n(€')

ipxg M3

R(p;g,f')=R<p;§',§>=§

The expressiori110 for the impedance coefficient is an
exact solution of65), but it is not possible to sum over the
infinite number of poles. However, for the experimental con-
ditions of most interest, the field inhomogeneity parameter is
very large,|b|>1 because of the high gas pressure and the
tendency for the cell to mase if the field inhomogeneity is too
small. For|b|>1, SHD (Ref.[21]) showed that the zeroth-
order eigenvalues can be classified into complex conjugate
pairs, representing localized magnetization precessing to the
right (r) or left (1) of the center planéc) of the cell. There is
a total ofq left poles,x,, of (110 with Rex;,<0 andq

TABLE |. Symmetry properties for sign changesioand\.

b’ N Xpn(D",\") Ppon(&;0",N7) u(p,&0"\") I(p;b",\")
—b A Xpn(b,\) Paa(£:D,N) —u*(p,&b,N) —I1*(p;b,\)
b -\ =t (b)) — (= EDbN) u*(—p,—&DbN) I1* (— p;b,\)
—b -\ —Xpn(D,\) — (=& Db,N\) —u(=p,—&DbN) —II(=p;b,\)
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Lo T f ] TABLE II. First ten zeros of the Airy function derivative Ai
r a) ] and parameters derived from them.
n —-a, Kn b
1 1.018 793 2.2393 7.293 38
2 3.248 198 1.8753 45.2454
3 4.820 099 1.3897 108.317
4 6.163 307 1.2899 203.707
5 7.372177 1.1434 324.833
6 8.488 487 1.0885 477.631
7 9.535445 1.0105 656.677
- . . 8 10.527 66 0.973 86 866.978
0.14 b) ] 9 11.47506 0.92325 1103.87
0.12 ] 10 12.384 79 0.896 29 1371.74
0.10
Q008 f
oo - 1 § (1/In}? 119
= U r =— ,
™ n=1 P~ Xjn
0.04 [
0.02 / \ and
0.00 y
X . . . e pe . . . . m 2
-1.0 095 09 0385 0.8 08 08 09 095 1.0 I :i <1|rn} (116)
rm H "
- T T T T T 17T n=1 p—Xin
0.141 ]
o2k C) ] Using (91) and (103 we find that the amplitude in the nu-
merator of(115) is
0.10 /f
Q 0.08 / 1 1
g ! {n[1)=(1n}=| d&n[E)(El1)=| dEyn(d).
= 0.06 / 1 1
ooe (117
0.021 / ] ForA=0 andb>1, SHD (Ref.[21]) showed that the left
0.00 \\ and right poles are given very nearly by

-1.0 -0.95 0.9 —0.85-0.8 08 08 09 095 1.0

P D= = —1-ay 118
FIG. 5. Locations of the complex poles, (open circle of
II(p) in the complexp plane. Plotsa) and(b) show the poles in . : .
the absence of self-interactioft) includes self-interaction. Also The corresponding eigenfunctions are
shown in(b) and(c) are the residuefn|1)? of i wII(p). The resi- ok e\ i(a'+e ™1+ 1/3
dues are represented by arrows centered on the corresponding poles. $in(8)=dm(—& =N Ai(a+e [1+¢]b )’(119)
The poles and residues are obtained by diagonalization of the ma-
trix given by Eq.(145 for b=10°. For (c) A=0.122 was used. where the normalization coefficient is
right polesx,, with Rex,,>0. In addition, there is an infinite \ pl/6eim/12 (120
[ I E———

number of purely imaginary center poles, with Rex.,
=0. The contribution of the center poles to the impedance
turns out to be negligible fofo|>1. The rootsa, of Ai’, the Airy-function derivative Ai(z)
A representative sketch of these poles is shown in Fig— 4 Aj(z)/dz, are the solutions of
5(a). They are enumerated with an index 1,2,3 . . ., such
that low-index poles damp more slowly than high-index
poles, for example, Im,<Imx, ;1. The m-pole approxi-
mation consists of picking then slowest-damping left and
right poles, withm<q and writing (110) as

Ai(ay)(—ap)”

Ai’(a)=0. (121)

Numerical values ofy, are given in Table Il fom=<10.
For A =0 we can substitut€l19) into (117) to find

/12

=1L+ Hym+ ALy, (114 (In]1)=(rn|1)* =

(Kp) ™2 (122

bl/6

where where positive coefficieni,,
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K 2%(a0) (123 K A(—al), (130
e A — a
" —alAidal) (- n)”2 "
is listed forn=10 in Table II. In(123 the function zi, a WhereA(—ay)=—a,,;+a,. From Egs.(118), (126), and
negative antiderivative of Ai, is defined by (130 we conclude that for large the residue of wI1(p) is
very nearly equal to the displacement of nearest-neighbor
o poles
Zi(z)=f Ai(z")dZ. (124
z i /6
(1In)(In|1)= Kn—AX(9. (131

The endpoint of the integral is at infinity in the sector b3

— ml3<argz' < /3 where Ai@z')—0 as expt-2z'%%3). We
note that forz— — o along the real axis, Z{)—1.

For real values of which are not too negative, Zij can
be conveniently evaluated from the integral along the posi
tive k axis

The significance of Eq(131) is demonstrated in Fig.(B),
where we show graphically the residuélIn)(In|1) and
{1|rn)(rn|1) as rays centered on the poles. One can see that
for n>3 successive residues link the poles with great preci-
sion, like the links of a chain. This shows that the sum in Eq.

1 1 (=1 (126) can be accurately replaced by a line integral. Substi-
Zi(z)= 37 —f Esin(zk\/§/2)exp(—zk/2— k3/3)dk. tuting (122 and(131) into (115, we find the left-pole con-

mJo tribution not included in(126) is
(129
e 3 K, 1 fpc dx

This expression can be found by substituting the integral AH,m=—/ —
representation(72) into (124), and deforming the path of b nm+1 P—an) p—x
integration in the complek plane to be inward along the ray
e ', wherea=2m/3, frome to the small positive radius.
Thence the integration continues in a negative sense aroun
circular arc of radiuss from the raye™'“ to the raye'“ and
finally outward along the rag'® from € to . Taking the
limit of (124) ase—0 gives(125).

Substituting(122) into (115 we find forb>0 and\ =0,

(132

The limiting process implied in Eq(132 is completely
0agalogous to that discussed in the “fundamental theorem of
the calculus,” where the area under a curve, approximated
by the sum of narrow rectangular strips, approaches the defi-
nite integral as the number of increments approaches infinity.
The lower limit of integration,p;,, will be chosen, in a
way we describe shortly, to lie very nearly midway between
Xim, the last pole contained in the discrete sum, angd. i,
(126) the first pole included in the continuum approximation. The
top endpoint of the integration @f.32) is p.=i/\/3, as one
can see from the sketch in Fig(eh.
and In like manner, we find that the contribution from the
right poles not included i11127) can be approximated by

eI 6 § Kn
b1/3 Xl(r(‘l))

e—i7r/6 m K )
i (127 e i 4 Ky 1 (e dx

11
rm— |7Tb1/3 n=1 p— X(O) AHrm:

— ~— 133
iwbl/sn:mﬂp_xﬁg) im)p, P~ p—X" (133

The residual terms not included {a15 and(116) make . .
N Summing(132) and (133 to get the total continuum con-
the contributionAll,, to (114). To evaluate these, we ap- wribution from left and right poles we find

proximate the sum over discrete poles by an integral over a
a

(123 for g=n>m>1 can be found from asymptotic expres- AHm=AH|m+AHrm=i— _— — .
sions for the Airy functions TJpim P P~ Pim

(134
Ai(2)~ 1 2 s, ™ As we shall discuss below, the contributiadl . of the cen-
I(2) Jor(— Z)1/43' 3(=27 7). ter poles is very small and can be neglected, so.fer0, the
m-pole approximation to the impedan¢El4) is
for |arg —z)|<2n/3. (128 i [p—pim
=10, + 1, + —In } (135
T P~ Pim

We also use the asymptotic expression for the zeros

with I1,,, andIl,,, given by (126) and(127).

(129 Although the center contributiofil34) was obtained for
the special case of=0, it is also an excellent approxima-
tion when\ #0. Figure %c) shows the location of the poles

Using (128 and (129 with (123 and setting Zig,)~1 for  x, and the pole residue lineg4|n})? for b=10" and A

largen we find =0.122. It can be seen that for>5 the pole residue lines

2/3

3
—m(n—23/4)

!
_an,-\, 2
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form a continues straight line which can be approximatedor which them-pole approximation can be expected to work
accurately by a line integral. We choose the valuepgf  well. Substituting(118) into (138 we find forA—0,

and p,, to ensure the validity of111). Substituting(135
into (111) we find, — i

. pm=4b1/3(—a,’n—ar’n+1). (143
—pim=2Apn=2— 1inH{In|1)+{(1|rn}H{rn|1)].
Prm™ Pim Pm nzl [(2linHin}2)+(2frH{m[1)] We have assumed that the infinite number of center poles,
(136 located at the positiong;, on the imaginary axis, make a

negligible contribution to(114). To judge the size of their
contribution we calculate fob=1000 the first few residues

of the center poles: o@|1)2=—-9.1x10"3, (c3|1)%=
3.7x1075 (c4]|1)?=-3.6x10"7, (c5|1)?=5.5x10",

etc. These numbers should be compared with the rigorous
sum rule given by(111). Since the squared coefficients
(cn|1)? are very small and alternate in sign, we conclude
that most of the contribution td40 comes from the left and
right poles. The values oftf)1)? are even smaller for much

Here we made use of the identity

J dpln

Since bothp,,,, andp,,, are in the upper half of the complex
p plane, a convenient way to verif{t37), is to continue the
integral fromp= + along the real axis around an infinite
semicircle in the upper half of the complexplane top= large values ob in our experiments.

—o along the reap axis. The integral around the infinite.  For future reference, the roots , the coefficients,, and
semicircle is readily shown to contributes an additionalthe minimum field inhomogeneities,,, are listed in Table
amounti(pym—prm) to the result. We can collapse this ||,

closed contour, consisting of the integral along the peal When\#0, we find the polex;, andx,, by converting
axis with a return path on an infinite semicircle in the UPPer(96) to a matrix equation with the aid ¢104)

p plane, to an integral slightly outside the straight line cut
from p,,, to p,n - The integral about the cut is readily shown
to yield 27 (p)n— prm)- BOth integrals must give the same
answer, since the integrand has no singularities between the
two closed contours. Equating the two answers gls). with g=1,2,3 ... . It is not practical to solve the infinite-

We choose the endpoipiy, t0 lie as close as possible to dimensional matrix equatiofil44), but since the matrix is

Cl=—im(prm—pim). (137

P~ Pim

gl (g|X|k)(kIn}=(g|n}x, (144)

the midpoint, &+ X m+1)/2, of X;,, the last discrete pole

included in(115 and X 1, the first pole included in the
continuum. Similarly, we choose the other endpqip}, to
lie as close as possible to the midpoirt(+ X, m+1)/2. The
sum of the squared distancesggf, andp,,, from the respec-
tive midpoints is minimized, subject to the constraih86),
when

Prmt Pim=2pm= %(le"_Xl,m+1+xrm+xr,m+1)-
(138

Then the left and right ends of the cut in the compbeplane
are

le:;m_Apm (139

and

Prm:;m"_Apm- (140

For A—0 we can substitutél22) into (136) to find

bm 1/3
where the parametdr,, is
3 12 m
(b= 3 K, (142

nearly diagonal, it suffices to truncat®44) to includep left
states|In) andp right stategrn) with n=1,2,3 ... p. For

use with them-pole approximation discussed above, we as-
sume thatim<p<<q. In practice m=4 andp=10 are large
enough to give results practically indistinguishable from
those obtained with much larger values rafand p. With
contemporary mathematics packages and computers, one can
readily solve the complex eigenvalue equation

p
gl (Ig|X[Ik)(Ik[In}=(Ig|In}x;, ,

(149
whereg=p. The matrix is
(Ig|X[1k)=(Ig|X©@[k)+ N (Ig|XDV|Ik). (146
From (95) we see that
(Ig]XO[Ik) = 5gx{y, (147

and from(94) we see that

1
<|g|x<1>|lk)=f71dg Big( OLF ()~ b &)

1 1
+Ld§' Ldg Big(€)T(E = ) bu(£).

(148

Since we want the separation of the endpoints of the cut té\nalogous expressions 1445—(147) hold with | —r, that

be positive,(141) implies thatb,, is the minimum value ob

is for the right poles and right eigenfunctions.
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When evaluating the matrix elements48 by numerical 1O~ T
integration, it is important to account for the logarithmic sin- g5 E a)
gularity of T, E !
;o’ 60| J

1 8 — [
T(g)-»—{ln(—'g —2], as [£—0. (149 s 40F E
T3 |§| = 20k .

F(¢) is defined by(64) as an integral ofT, so there is a . o
related logarithmic singularity df’'(¢), até=+1. The sin- ; : N ;
gularities of T and F can be recognized in Fig. 2.

The m most slowly damping eigenvalues, obtained by
the numerical solution dfL45) are used as poles {i15). To
find the factorg1|In}{In|1) needed fo115 and(136), we
can use eigenvectorsg(In} to write

Max[Re(IT)]
— [AY] o
o o o
IREARS RARRE
1 1 1

—
o
TTTTTTTTTT
|

510" T.0x10F L6x10° 20xI® Bomi0®
with (1]Ik) = (Ik|1) given very nearly by(122). An equation b
analogous tq149 for (1|In} holds for(1|rn}. To getpn, L B B
and p;,, for the evaluation of(135 we use(136), (138),
(139, and(140).

The results of our calculations dI(p) for b=10> and
A=0.122 are shown in Figs(d) and 4c). We diagonalize a
10X 10 matrix and use the first 4 discrete poles. The effect of
self-interactions makes the impedance asymmetric, always E e
enhancing the peak near=1. This allows masing for larger T T T R T A T T
field gradients if the Larmor frequency of the spins is less b
than the coil resonance frequency. The impedance is not sig-
nificantly affected by self-interaction effects away from FIG. 6. Dependence of (RE), on\ andb. Plot (&) shows the
p=+1. dependenc_:e oK for a fixedb=10°. Plot(b) shows the dependence

For practical estimates of the largest magnetic field gradion P for a fixedx =0.122. Plot(c) shows the dependence brior a

; ; P - fixed ®He polarization and density. In this caseb™1. We setn
ent for which masing can occur, it is sufficient to study the

p
<1||n}:{|n|1>:k21 (1]1k)(Ik|In}, (150

o)}
T

C)3

contribution to the impedance of the rightmost pole, which™ 922 ath=10"
dominates the impedance peak near1l. The maximum _
value of the real part of the impedance is nearly given by ~ —iwgPQHc-
M_=—F————nu. (152
Rdl“n}z Zgl a
Max| Rell |~ ————. (151
mIM Xy w continues to satisfy65), so u and Il are given by the
Figure 6 shows the dependence of the maximum real val gdme expressions as ik <0, but the impedance is
of IT on N andbh. We note that in the absence of spin self- WP
interaction (=0) Maxq Rell]=1.57 independent ob as Zy= (153

long asb>1. Thus, the effect of spin self-interaction is to b

enhance the negative resistance of the spins by 2 orders
magnitude over the range af studied. Our approximation
becomes more difficult to implement for larger values\of
because we need to diagonalize larger matrices \Fod.2
we need a 28 20 matrix to obtain results accurate to 10%.
In addition, the basis eigenfunctions given by Efl9 be-
come large and highly oscillatory, making the calculation of
the integrals in Eq(148 numerically difficult. IIl. EXPERIMENTS
In our analysis of(21), we have assumed a negative A. Apparatus

nuclear momeniu,<0, as is the case for botAHe and

12%e. In the case of positive nuclear moments like the pro- Ex?enrpgl_r;ts Tv;/]ere perfcirmgd Vl\("t? ha d Igse;\:r_- pol;;\rl\z/\elzd
ton, uk>0. The minor changes needed to account foraposi—Sampe of“re. The apparalus 1s skeiched in Fig. 7. We

tive uk can be deduced from inspection @1). The gyro- fabr::c?ged a"Spr?g'?L Ce#l’ cornS|s;[||ngThof Pr/]vo crharr“)ers,ritr;?
magnetic ratio(3) is negative, the mean Larmor frequency pumping cell a € maser cell. 1he maser cell, a g

) . " circular cylinder, had an inner diametdD) 2a=9 mm,
w_ is negative, the positive resonance frequeacy of or- 504 an inside lengthl2=6.8 cm. The ends of the cylinder

der w~—w_ — causes an large enhancemenf\bf rather  \ere made as flat and as parallel to each other as possible. A
thanM , . Equation(47) becomes thin connection tube, which had a 2.5 mm ID at the entrance

%us for positive nuclear moments, negative polarizafon

is needed to make the real part of the impedance negative
and lead to masing. This follows since fai >0, the emis-
sion of Larmor-frequency photons causes the spin polariza-
tion to increase.
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FIG. 7. Experimental apparatus for studies of the Larmor- x (cm)

frequency maser. A uniform magnetic field in the maser cell was L . . .
created by a set of Helmholtz coils, which are not shown. A mag- . FIG. 8', Magnetic-field gradient produced by the gradient coil
netic field gradient was produced by four square loops with currenYVlth a typical current equal to 2 A.

directions indicated on the figure. The magnetic field gradient is;regsed by 25% at a distance of 3.4 cm from the center. The
greatly exaggerated. A two-section solenoid, the maser coil, SUya|ye of the inhomogeneity parametewas calculated using
rounded the maser cell and could be connected in series with gq (43). As shown in Fig. 3, for large values &f masing
capacitor to form an.C circuit with a resonant frequency of 80.1 o~cyrs in a thin transverse slice with a width of approxi-
kHz. The voltage across the capacitor was monitored with an NMRnater 3 mm. The position of the masing slice at masing
spectrometer to determine the onset of masing. threshold depends on the mean Larmor frequency and on the
to the maser cell. ioined the maser cell to the pumping cell €S0Nance frequency of the maser coil. When the mean Lar-
» 10! pumping mor frequency was changed, the gradient coil was translated

The cell \cliva? filled E[N'th 9.6tatm. I?ﬂ_lle and t50 Tgrr ?f B, atlong thex axis so its center was within 2 cm of the location
measured at room temperature. ft aiso contained a 1ew mg Qf o masing slice. We verified that the masing threshold

Rb m.etal 'IEﬁ p(r;;;ndg Rtt.) va?ongorbstpm-exiEange Opt'calwas not sensitive to translations of the gradient coil when its
pumping. The ditffusion ime forte between e pumping coniar was close to the masing slice. The ambient gradients
cell and the maser cell was approximately 1 h. The SPiNere on the order of 0.3 MG/cm

relaxation time of°He was about 20 h. The pumping cell g5, [18] showed that the diamagnetism of the glass
was placed in an oven where it was heated by flowing hot aif 5" of the cell can distort the edge enhancement. Within

to 185 °C. A 100-W fiber-optic-coupled laser array Was1the glass, the magnetizationlié,,— y,He, where the mag
used for optical pumping. The optical pumping time constant’ . ' . | ogz— XgTEz . i
b PUmpIng P pumping Qetic succeptability of glass sxgwlofe. The gradient due

was about 4 h. When the pumping cell was hot, more ga h N t the al h . £06
was pushed into the maser cell, which was at a temperatuf@ "€ magnetization of the glass reaches a maximum of 0.

of 50 °C. Based on the ratio of the volumes and tempera[nelcm near the walls of the cell, which is much less than
tures we calculated that the operating density of the gas in'ﬁal applled_ grgdlen;shoéf 20 mGI/qm, or the gradients due
the maser cell was 1.37 times larger than the density whef the magnetization of théHe nuclei.

the pumping and maser cells had the same temperature. This Pat@ were acquired as follows. After 10 h of optical

. 3 B . g .
calculation was verified by observing the decreasing NMRPUMPING the“He polarization reached an equilibrium value
signal as the pumping cellywas coole?j down. B difgf]u- of about 40%. A large magnetic field gradient of 40 mG/cm

sion constant in the maser cell wgks] D=0.181 cni/s. was applied with the grqdient coils. The maser solenoid was
l ’%jnnected to the capacitor and the voltage across the sole-

The maser cell was wrapped with a maser coil, consistin id itored  usi | i
of two identical solenoidal sections connected in series anf©®'¢ Was monitored using a nuciear magnetic resonance

separated by 0.8 cm at the center of the cell to provide roor\MR) spectrometer. The gradient was gradually reduced

for the connecting tube. Each solenoidal section had 16gntil the masing oscillations could be observed. The critical

turns of wire. The turns had a mean diameter of 1.7 cm, angradient corresponding to th? onset of masing was re_corded
they were uniformly spaced along a 5.2 cm length. The tota nd the frequency of the OSC'"a“OUS was m_easured using a

inductancel of the solenoid was 276xH. For observation T€quUency counter. Then the gradient was increased to stop
of masing oscillations the solenoid was connected to a cal'® Masing, the uniform magnetic field was changed to a new

pacitor C. The measured resonance frequency V\f@S Value, resulting in a new mean Larmor frequemq_yand the
=wy/(27)=80.1 kHz and the quality factor wa3@= 26. process was repeated. The maser frequenayas always

A set of Helmholtz coils created a uniform magnetic field close to the mean Larmor frequenay . In this way we
that was set at values ranging from 18 to 34 G for measuremapped out the inhomogeneity threshold for the onset of
ments of the inhomogeneity thresholds for masing as a funanasing as a function of the maser frequencfor a constant
tion of the Larmor frequency. The applied field gradient wasresonance frequenay, of the coil and a constantHe po-
produced by four current loops, carrying the same current larization. Care was taken to keep the amplitude of the mas-
and arranged as sketched in Fig. 7. The gradihf/dx ing signal small, to prevent significant losesie polariza-
produced by the coils is shown on Fig. 8. It varied by lesstion. Periodic measurements 8He polarization confirmed
than 7% within=2 cm from the center of the coil, but in- that it was constant to within 3%.
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FIG. 9. Ration(x)/ 7o of the axial magnetic field per unit cur- FIG. 10. Dependence of the masing threshold on the polariza-

rent produced by the maser cail to the field per unit current, protion of®He for masing frequency equal to the coil resonance fre-
duced by an ideal solenoid. The outline of the maser cell is als@uency. The solid line is given by E(Z3) without any free param-
shown. The volumé) , is hatched. eters.

The measurements of thitde polarization were done us- data this slice is close to one of the two flat end walls of the
ing a low frequency pulsed NMR spectrometer with a high-maser cell. Therefore, it is apparent from Fig. 9 that the value
impedance pre-amplifier. For this measurement the resonatf » which is relevant for the maser threshold is larger than
ing capacitor was disconnected from the maser coil and ththe average value over the whole cell. Near the ends of the
current source was removed from the gradient coil. The poeell 5 is fairly constant, it varies by less than 8% between
larization of 3He was determined from the initial amplitude x=1.5 andx=3.4. We account for the non-uniformity of
of the free-induction-decafFID) signal following an excita- by replacingz, in the theoretical model by
tion pulse to the solenoid. In the limit of small tipping angle, 1 o
one can show that the initial peak amplitude of the FID . ( f 772d3r> _ (159

Qn

voltageV), of (74), in cgs units of statvolts, is given by - Q.
. 3 Gyl yux[He]P 213 Here O, is the volume where the maser slice is located for
VF_:'_T) max/y (t) = 2 d°r, most conditions, betweex= —3.4 cm andx=—1.5 cm or

(154) betweenx=1.5 cm ano><=3.4 cm. '
The value of the maser inductané¢is determined from
whereG is a dimensionless instrumental galp,is the peak the NMR signalS using Eq.(44)
amplitude of a rectangular pulse of alternating current, of 212
We hK vyl SC

duration 7, which flows through the maser coil just before (159
t=0, and is used to provide the initial transverse magnetiza- 4D 7
tion M, of (74). The field per unit currenty=7(r) is a . .
function of position in the cell and can be defined by where the coil correction factdZ,,
oH 243
n(r)=—r. (155 Q fgm” dr
C,,=Q——=1.19 (160
For an ideal, infinite solenoigy= 7, is independent of posi- " JQ n?d%r

tion, as discussed in connection with E8) Direct mea-

surements oV, G, I, andr, allowed us to determine the s calculated numerically. The self-interaction paramates
factor determined from Eq¥68), (156), and (158
To independently check our results, we also measured the
S:[He]pf 723 (156  Rb Larmor-frequency shift14] due to spin exchange with

Q 3He in the pumping cell. The shift is proportional to the
polarization and density otHe. This measurement indicated
that the polarization ofHe in the pumping cell was higher
1 by a factor of 1.07 than in the maser cell, which is consistent
7(X)= _Zf dy dzp(r) (157 with polarization loss during diffusion from the pumping cell

ma to the maser cell.

of Eq. (154 with an accuracy of 3%. The variation of

along the axis of the cell can be calculated from the known
geometry of the solenoid and is shown in Fig. 9. For the
inhomogeneous-broadening regime, masing occurs for spins Our experimental results for the threshold of the maser
in a thin slice, transverse to the cell axis. For most of ouroscillations are shown in Figs. 10 and 11. In Fig. 10 we show

B. Results
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theoretical calculations fox =0.122 (solid line) and\ =0 (dotted aSmg. reqeuncy
line). There are no free parameters. The inset shows the resonance FIG. 12. Calculated relative position of the maser modes
region in more detail. maser frequency fox =0.122(solid line) and\ =0 (dotted ling.

the dependence of the maser threshold gradient on the vaItE) ttom aX|_s,b=Q, corresponds to the unstable condition
of the 3He polarization. For this set of data the maser fre-Vere masing will occur. Masing cannot occur for any other

guency o was set close to the coil resonance frequencyreglon of theb—T plane.

27f,. As discussed in relation to E(73), this case is par- Two theoretical curves are also shown in Fig. 11, with and
ticularly easy to analyze. The threshold value of the magwithout the effect of the self-interactions. The threshold gra-

netic field gradient, given by Eq73), is proportional to the  dient and the frequency of the masing oscillations are deter-
®He polarizationP and is independent of the diffusion con- mined from the equation

stantD. Note that these properties are qualitatively different o

from the properties of a motionally-narrowed maser, for Ze(w)+Zy(w,b,w)=0. (1671

which the threshold gradient is proportional B2 and in-

versely proportional td. We expect that E(73), derived ~ To solve Eq.(161) we first calculatell(p) for a givenb

in the absence of spin-interactions, should remain quite adIsing the formalism in Sec. IIC. We diagonalize axI1D

curate even if they are taken into account. As can be seematrix (Ig|X|lk) given by (145 and constructed according

from Figs. 4a), and 4b), the value offl is unaffected by the to (146) with the ten most slowly damping, unperturbed left

addition of spin self-interactions near0. Indeed, we find  eigenfunctiong119) to find the perturbed pole locations,

that our data are in excellent agreement with the threshol@nd residue amplitudegl|In}, given by (150. We make a

gradient given by Eq(73), which is shown in Fig. 10 by the similar calculation using the ten most slowly damping, un-

solid line. perturbed right eigenfunctions. We ugE36) and (138 to
calculatep;, and p;, . I1(p) is then evaluated witli114)—

More complicated behavior of the spin maser is shown in(116) and(13_4), with m=4. Th‘?” we find real values @
Figure 11. Here we map out the frequency dependence of tHddp for which both real and imaginary parts of EG61)
maser threshold for a constant value of fiie polarization. &€ _sgtlsﬁed. The _calculat|on is repeatgd for many \_/alues of
On the horizontal axis we plot the masing frequeagynea- 2 91ving a curve in theb—f space, which can be directly
sured directly with a frequency counter, and on the verticaFompared with data shown in Figure 11. In addition, we
axis the threshold value of the inhomogeneity paramigger  OPtain the value op, which relates the masing frequenay
which corresponds to the onset of the masing. Note bhat to the average Larmor frequenay,_ set by the magnetic
>1 for all our data. The’He polarization was equal to 35% field, w=w,_+ pgl. p also gives the location of the masing
for this set of data. Small variations of the polarization, onslice where the transverse magnetization is peakedpl.

the order of 3%, were corrected for by assuming that The theoretical dependence @fon the masing frequency is

o« P, which follows from Eq.(39) if the dependence dil on  shown in Fig. 12. The discontinuities in thevs. f curve

b is relatively weak. For most data shown in Fig. 11 thecorrespond to the discontinuities in the slopebgf vs. f
magnetic field gradient was reduced until maser oscillationgurve. At these points the preferred configuration of the pre-
could be observed. Reducing the gradient even further recessing magnetization which has the largest gain for masing
sulted in exponentially growing masing. This behavior is tochanges discontinuously.

be expected, since for smaller magnetic field gradient the All of the general features of the data are very well repro-
spins have a longer dephasing time, and thus have a grea@uced by our model. In particular, the model and the data
chance to contribute coherently to the build-up of maser osshow a large increase of the threshold gradient for slight
cillations. However for a narrow range of frequencies showrdetuning of the masing frequency away from the coil reso-
in the inset of Fig. 11, this behavior was reversed. The masarance frequency. This increase can be attributed to the edge-
oscillations could be started by increasing the magnetic fielénhancement effects, which are also seen in the spin imped-
gradient past a certain threshold. This counter-intuitive beance shown in Fig. 4. The effect of self-interactions is to
havior is due to the complex behavior &F(p) nearp= greatly increase the peak for masing frequency below the
+1. The area enclosed by the experimental data and theoil resonance frequency and reduce or eliminate the peak
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for masing frequency above the resonance frequency. Botbount of the effect of magnetic self-interactions on the spin
the model and the data have a region where maser oscillanaser. Self interactions significantly enhance the range of
tions can be started by increasing the magnetic field gradienparameters where masing oscillations can occur.
Thus, our theory of inhomogeneously broadened spin maser We use a theoretical approach based on the eigenfunc-
correctly explains all of its unusual properties. tions and eigenvalues of the non-Hermitian spin evolution
The quantitative agreement between our data and theperator. The impedance is proportional to a sum on poles,
theory, which does not have any free parameters, is alslocated at the complex eigenvalues of the the evolution op-
reasonably good. The only disagreement is in the height oérator. Only the first few of the infinite number of poles in
the peak on the low side of the coil resonance frequency. Wehe sum need to be explicitly included. The contribution of
believe that the largest limitation of our theory is due to itsthe remaining poles can be accounted for with great preci-
1-dimensional nature. We neglect the variation of the magsion by replacing the sum with an integral over a continuous
netization in the plane perpendicular to axis of the cylinderline of poles. In spite of the unusual properties of the eigen-
Even for perfect experimental conditions, some transversé&nctions, for example, peak amplitudes that are many
variation of M can be expected due to the self-interactionorders-of-magnitude smaller for eigenfunctions localized
field near the ends of the cell. In addition, if the end surfacesiear the cell edges than for interior eigenfunctions, which
of the cell are not perfectly flat or not perpendicular to thehave eigenvalues close to the three-fold vertex of the eigen-
direction of the magnetic field gradient, the accuracy of thevalue spectrum, no serious difficulties were encountered in
one-dimensional approximation is further reduced. Becauseumerical computations.
masing occurs in a very thin slice with a thickness of only 3  In addition to its intrinsic interest, our work allows one to
mm, small imperfections of the end walls of the cell canestimate the masing threshold in applications of dense hyper-

affect the boundary condition. polarized gases and liquids. In most cases masing is an un-
desirable effect which reduces nuclear polarization. For ex-
IV. CONCLUSIONS ample, there is strong evidence that masing was limiting the

) ] _ 3He polarization during a recent measurement of the neutron
In this paper we have presented the first theoretical andpin structure function at SLAC14,23. Masing can be en-

experimental treatment of a spin maser in the regime of intjrely avoided by polarizing the spins in the low energy state.
homogeneous broadening. We have considered in detail ththerwise, it can be suppressed by increasing magnetic field
threshold behavior of the maser and we have determined thgadient, setting the spin Larmor frequency above the coil
region in the parameter space where masing oscillations casonance frequency and reducing the coupling of the spins
occur. The behavior of the threshold value of the magnetigq the coil.
field gradient is counterintuitive. It reaches its maximum
value when the mean Larmor frequency is detuned away
from the resonance frequency of the maser coil. If a mag-
netic field gradient is such that masing cannot occur, suffi-
cienly decreasing the gradient will lead to masing, However, We would like to thank loannis Kominis for assistance
in certain ranges of maser frequencies, non-masing field grawith the experiment. This work was supported by the U.S.
dients exist which lead to masing if they are decreased oAir Force Office of Scientific Research and the National Sci-
increasedsufficiently. We also present the first detailed ac-ence Foundation.
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