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Inhomogeneously broadened spin masers

M. V. Romalis* and W. Happer
Department of Physics, Princeton University, Princeton, New Jersey 08544

~Received 5 February 1999!

Hyperpolarized3He gas, where the nuclear spin polarization has been increased to several tens of percent by
optical pumping, can couple such a large negative resistance into an external circuit that masing can ensue. The
masing threshold can be suppressed by application of a magnetic field gradient. However, edge enhancement,
that is, the less effective diffusional damping of the precessing magnetization at the container walls, can lower
the masing threshold. The edge enhancement of the masing is greatly modified by magnetic self-interactions of
the spins.@S1050-2947~99!07508-3#

PACS number~s!: 33.25.1k, 76.60.Jx, 31.15.2p, 32.80.Bx
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I. INTRODUCTION

Liters of hyperpolarized3He gas with nuclear polariza
tions of tens of percent and pressures of several atmosph
can be produced by spin-exchange@1# or by metastability
exchange@2# optical pumping. The nuclear magnetization
such gases is.105 times larger than the thermal-equilibrium
magnetization. The3He nucleus has spin quantum numb
K51/2 and a negative magnetic momentmK,0. Conse-
quently, a 3He nucleus with its spin parallel to an applie
magnetic field has its magnetic moment antiparallel to
field. Energy can be released by such inverted3He nuclei if
the nuclear spins flip and emit Larmor-frequency photons
an external circuit. This potential to emit Larmor-frequen
power can be represented by negative resistance in the c
coupled to the spins. For hyperpolarized gas, the nega
resistance of the inverted spins can easily have such a l
magnitude that ordinary resistive losses in the circuit are c
celled, and masing can occur.

Larmor-frequency masers with polarized noble gases
nearly uniform magnetic fields have been studied by sev
groups@3–5#. For a characteristic gradient¹vL of the Lar-
mor frequencyvL , the inhomogeneously broadened ma
netic resonance line would have a width of the orderdvL
5Ru¹vLu, whereR is a characteristic linear dimension o
the cell. For spins with a spatial diffusion coefficientD the
characteristic diffusion rate across the cell isD/R2. Previous
work on spin masers@3–5# was done in the regime when th
diffusion was so fast thatD/R2@R¹vL . In this case the
magnetic resonance linewidth is motionally narrowed, a
the free-induction decay of spatially uniform, transverse s
polarization is exponential with a time constant@6,7# of the
orderT2}D/(¹vL)2. A detailed theory of maser oscillation
for the motional narrowing regime has been given by Ri
ardset al. @4#.

For current applications of hyperpolarized3He and129Xe,
for example, polarized targets for nuclear scattering exp
ments @8#, inhaled 3He and 129Xe for magnetic resonanc
imaging of human lungs and other medical applicatio
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@9–11#, or experiments@12# with hyperpolarized liquid
129Xe, the spins are often in the inhomogeneous broaden
regime of large field gradients and slow diffusion, wh
D/R2!R¹vL . We report here the results of our theoretic
and experimental studies of Larmor-frequency masers in
inhomogeneous broadening regime.

II. THEORY OF THE INHOMOGENEOUSLY BROADENED
SPIN MASER

A sketch of a spin maser in the inhomogeneous broad
ing regime is shown in Fig. 1. This arrangement is design
to be well described by a one-dimensional theory. It cons
of a long right-circular cylinder of length 2l and diameter
2a. The cylinder is filled with polarized gas or liquid an
placed inside a resonance coil.

The spin magnetizationM5M (r ,t) at the positionr and
time t will evolve because of precession about the ensem
averaged magnetic fieldBe5Be(r ,t), experienced by spins
located atr , and because of diffusion, as described by

]

]t
M5gBe3M1D¹2M . ~1!

We use the superscripte to distinguish the ensemble
averaged fieldBe from Maxwell’s macroscopically average
field B.

Let a coordinate system with orthonormal unit vectorsx,
y, andz have its origin at the center of symmetry of the ce

g-

FIG. 1. Schematic of an inhomogeneously broadened spin
ser. The magnetization develops a component transverse to th
ternal magnetic fieldHEz only in a thin slice. The magnetic field
gradient is greatly exaggerated. The cell has a diameter 2a and
length 2l .
1385 ©1999 The American Physical Society
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1386 PRA 60M. V. ROMALIS AND W. HAPPER
Thex axis is along the cylinder axis. A time-independent a
spatially uniform magnetic fieldH̄Ez is applied by externa
coils. H̄Ez defines thez axis of the coordinate system, an
sets the average Larmor frequency of the spins

v̄L5gH̄Ez . ~2!

The gyromagnetic ratio of the spins is

g52
mK

\K
, ~3!

wheremK is the nuclear moment andK is the spin quantum
number. A magnetic field gradient]HEz /]x, created by a
separate set of coils, sets the inhomogeneous linewidth o
spin maser.

The spins are initially polarized in thez direction. The
onset of masing is characterized by spontaneous growt
the transverse component of the magnetization, which
cesses around thez axis. The precessing magnetization i
duces a voltage in the maser coil, which causes a curren
flow through theLC circuit. This current flowing through the
coil produces an oscillating magnetic fieldHC , which drives
the precessing spins. The coupling of the spins to the co
enhanced if the Larmor frequency of the spins is close to
resonance frequency of theLC circuit. The energy dissipate
in the resistance of the coil is provided by transitions of
spins from the high-energy to the low-energy state.

The magnetization generates a macroscopic, irrotatio
magnetic fieldHM , the solution of

“•HM524p“•M . ~4!

The magnetic fieldHM , which we will call the self-
interaction field, has a static component due to the st
longitudinal magnetizationMz , and it has oscillating com
ponents due to the oscillating transverse magnetizationsMx
andM y . For dense, highly polarized spin samples the gra
ent,]HMz /]x, of the self-interaction field can be comparab
to the applied gradient]HEz /]x, and the oscillating compo
nent of HM can be comparable to the oscillating fieldHC
produced by the maser coil. The behavior of spin masers
therefore be strongly influenced byHM , although masing
cannot occur in the absence ofHC .

To find the masing threshold, it is convenient to repres
the effect of the spins by an impedance added in series
the LC circuit. The total impedanceZ(v) of the maser cir-
cuit at the angular frequencyv is the sum of the series im
pedanceZC(v) of the LC circuit and the impedanceZM(v)
coupled into the circuit from the polarized spins,

Z~v!5ZC~v!1ZM~v!. ~5!

Approximating the elements of theLC circuit with a lumped
resistanceR, a capacitanceC and an inductanceL, the series
impedance of the circuit is

ZC~v!5R1 ivL1
1

ivC
. ~6!

According to Ohm’s law,
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Ṽ~v!5 Ĩ ~v!Z~v!, ~7!

whereṼ(v) and Ĩ (v) are, respectively, the temporal Fouri
transforms of the externally applied voltageV(t), and of the
currentI (t) flowing in the circuit. During maser oscillation
a nonzero current flows through the circuit with no externa
applied voltage, so Eq.~7! implies that the total impedanc
must vanish,

Z~v!5ZC~v!1ZM~v!50. ~8!

The solutionsv of Eq. ~8! may be complex, that is,

v5v81 iv9, ~9!

where the real part of the frequency isv8 and the imaginary
part isv9. We can distinguish three cases, depending on
value v9. Suppose that a small currentI (t)5 Ĩ (v)exp(ivt)
1Ĩ* (v)exp(2iv* t) of frequencyv — which satisfies~8! —
is initially flowing in the coil. If v9,0 the amplitude of the
coil current will grow exponentially with time aseuv9ut. Even
if the coil has no macroscopic current flowing att50, inevi-
table thermal noise currents can grow exponentially at
frequencies defined by Eq.~8! with v9,0 until macroscopic
oscillations are observed. In this way a transverse, preces
component of the magnetization can develop spontaneou
If a solution of Eq.~8! hasv950 then maser oscillations a
the frequencyv8 can persist indefinitely, neither growin
nor damping. This is the threshold condition. If a solution
Eq. ~8! hasv9.0 then any oscillations damp with time a
e2v9t, and the magnetization returns to the longitudinal
rection. Thus the masing threshold is given by the solutio
of Eq. ~8! for which v950. Masing can commence when
change in the field gradient or some other external param
of the the system causes a solutionv of ~8! to move in the
complexv plane from above to below the real axis.

In Sec. II A we reduce the fundamental expression~1! to
a one-dimensional integro-differential equation suitable
further analysis. In Sec. II B we show how to calculate t
spin impedance in the presence of the self-interaction fi
We also present simple expressions for the spin impeda
and the transverse magnetization for negligible se
interactions (HM50). In Sec. II C we discuss the connectio
of the spin impedance to the free-induction-decay~FID! tran-
sients that can be used for magnetic resonance imaging
Sec. II D we describe a practical way to calculate the s
impedance when the self-interaction fieldHM is comparable
to the coil fieldHC .

A. Spin evolution

The ensemble-averaged magnetic fieldBe acting on a
given 3He nucleus is

Be5H1
4p

3
M5HE1HC1HM1

4p

3
M , ~10!

whereH andM are the macroscopic magnetic field and ma
netization of Maxwell’s equations for continuous media. T
difference between the effective field of~10! and the macro-
scopic fieldB5H14pM of Maxwell’s equations is due to
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PRA 60 1387INHOMOGENEOUSLY BROADENED SPIN MASERS
the nuclear magnetization excluded from the core of the3He
atoms. Equation~10! is closely related to the classica
Clausius-Mossotti formulas for dielectrics@15#. The mag-
netic field H consists of the externally applied static ma
netic field HE , the alternating magnetic fieldHC produced
by the maser coil, and the fieldHM produced by the spin
magnetization.HM has both static and alternating parts.

The field~10! will be the sum of a static partBs
e(r ) and an

alternating partBa
e(r ,t),

Be5Bs
e~r !1Ba

e~r ,t !. ~11!

These components are due, respectively, to the static
alternating parts of the external currents and spin magne
tion.

The alternating field can be written as a temporal Fou
transform

Ba
e~r ,t !5E

2`

`

dv B̃e~r ,v!eivt. ~12!

Define a unit vectorz along the nonzero static field by

z5
Bs

e

uBs
eu

. ~13!

We will ignore any spatial variation of the directionz over
the volume occupied by the spins. The definition~13! en-
sures that thez component of the static field is positive
Bsz

e .0.
The nuclear magnetization of the gas will also be the s

of a static partM s(r ) due to the longitudinal spin polariza
tion of the gas, and an alternating partMa(r ,t), due to the
transverse, precessing spin polarization,

M5M s~r !1Ma~r ,t !. ~14!

In analogy to~12!, we can write the alternating part of th
magnetization in terms of its Fourier amplitudeM̃ (r ,v)

Ma~r ,t !5E
2`

`

dv M̃ ~r ,v!eivt. ~15!

The static part of the magnetization is

M s~r !5mK@He#Pz, ~16!

where the spin polarizationP of the gas is related tôK &, the
local expectation value of the nuclear spin, by

P5
1

K
z•^K &. ~17!

We assume thatP is independent of position in the volum
occupied by the gas.

Substituting~11!, ~12!, ~14!, and~15! into ~1!, and retain-
ing only the parts linear in the Fourier amplitudes~since such
terms are very small at the onset of masing! we find

ivM̃5g~Bs
e3M̃1B̃e3M s!1D¹2M̃ . ~18!
nd
a-

r

We use the unnormalized spherical basis vectorsx65x6 iy
to write the alternating field as

B̃e5 1
2 ~B̃1

e x21B̃2
e x1!1B̃z

ez. ~19!

The precessing magnetization will have negligible longitu
nal components, and can therefore be written as

M̃5 1
2 ~M̃ 1x21M̃ 2x1!. ~20!

Substituting~19! and~20! into ~18!, we find that the resulting
equation has no components proportional toz. Noting that
6 iz3x65x6 , and equating the coefficients ofx6 , we find

@ i ~v7vL!2D¹2#M̃ 656 ivqPB̃6
e , ~21!

where the local Larmor frequencyvL of the spins is

vL5gBsz
e , ~22!

with the gyromagnetic ratio given by~3!. The source fre-
quency is

vq5
mK

2

K\
@He#. ~23!

According to~3! and~22! 3He, with a negative nuclear mo
ment mK,0 will have a positive gyromagnetic ratiog.0
and a positive Larmor frequency,vL.0. Then~21! implies
that resonant enhancement ofM̃ 1 occurs whenv'vL ,
when we will have

M̃ 1@M̃ 2 . ~24!

In view of ~24! we will simply set M̃ 250 in subsequent
discussions.

The externally applied magnetic field consists of a s
tially uniform magnetic field of magnitudeH̄Ez , and a uni-
form field gradient]HEz /]x,

HE5S H̄Ez1x
]HEz

]x D z. ~25!

We assume thatH̄Ez is much larger than the static gradie
fields and the static fields due to the spin magnetization
we need only retain the longitudinal components of the
smaller fields — the transverse components adding
quadrature toH̄z and thus being of negligible significance.

According to the source equation~4!, the longitudinal
field from the static magnetizationM s of the spins is

HMz~r !5
]

]zE d3r 8
¹8•M s~r 8!

ur2r 8u
5G^ Msz5mK@He#PG^ 1.

~26!

Here and elsewhere, we use the symbol^ to denote a three-
dimensional integral transform, for example,

G^ Msz~r !5E d3r 8
V

G~r ,r 8!Msz~r 8!. ~27!
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1388 PRA 60M. V. ROMALIS AND W. HAPPER
The cylinder volume isV52pa2l . Integrating~26! by parts,
we find that the kernelG is

G~r ,r 8!5V
]2

]z2

1

ur2r 8u
. ~28!

The spatial Green’s functionG(r ,r 8) is the product of the
cell volume V and the longitudinal magnetic fieldHz(r )
produced by a unit magnetic dipole moment, parallel to thz
axis and located atr 8.

In accordance with~10!, ~16!, and ~26!, the longitudinal
static field is

Bsz
e 5H̄Ez1x

]Hz

]x
1mK@He#PG^ 11

4p

3
mK@He#P.

~29!

In like manner, we find for the transverse field due to s
magnetizationM̃ 1 ,

H̃M1522pM̃ 12 1
2 G^ M̃ 1 . ~30!

From~30! and~10! we find the total effective transverse fie

B̃1
e 5H̃C12 1

2 G^ M̃ 12
2p

3
M̃ 1 . ~31!

The fieldH̃C1 is produced by alternating current flowing
the solenoid of Fig. 1. Combining~22!, ~29!, and ~31! with
~21! we find thatM̃ 1 is determined by the integro differen
tial equation

i ~v2v̄L2gx1vqP@G^ 1#12pvqP1 1
2 vqPG^ !M̃ 1

2D¹2M̃ 15 ivqPH̃C1 . ~32!

The Larmor-frequency gradient is

g5g
]HEz

]x
. ~33!

B. Spin impedance

Let VM5VM(t) be the voltage drop across the solenoid
Fig. 1 due to emission or absorption of radiation by the sp
A current pulse will deposit an amount of energy,

E5E
2`

`

dt I~ t !VM~ t !52pE
2`

`

dvu Ĩ ~v!u2ZM~v!,

~34!

in the spins. The current is real,I (t)5I * (t), so Ĩ (2v)
5 Ĩ * (v).

The energyE of ~34! is the work done on the oscillatin
magnetization by the external power sources of the curr
Consequently we can write

E5E
2`

`

dtE d3r H C•
]

]t
M . ~35!
n

f
s.

t.

Substituting~15! and~20! into ~35! and comparing the resul
to ~34! we conclude that the spin impedance is

ZM5
iv

2u Ĩ u2
E d3r ~H̃C2* M̃ 21H̃C1* M̃ 1!

5
iv

2u Ĩ u2
E d3r H̃C1* M̃ 1 . ~36!

The last step of~36! follows from ~24!.
Let us assume that the solenoid of Fig. 1 is ideal a

produces a field

H̃C15H̃Cx5h0 Ĩ , ~37!

where

h05
4p

c

dn

dx
. ~38!

The number of solenoid windings per unit length isdn/dx,
and c is the speed of light. SinceH̃C2 is constant in the
volume occupied by the spins, it can be taken outside of
integral ~36!, and the impedance can be written as

ZM52
vWP

b
P, ~39!

where the dimensionless impedance coefficient is

P5E
21

1

dj m, ~40!

and the dimensionless coordinate is

j5
x

l
. ~41!

The functionm(j) is a measure of the transverse spin ma
netization

m5
2gl2

ipvqPVH̃C1

E dy dzM̃1 , ~42!

generated by the alternating currentĨ .
The other parameters in~39! are the dimensionless field

inhomogeneity parameterb,

b5
gl3

D
, ~43!

and the coefficient

W5
\K~pagh0!2l 3@He#

2D
. ~44!

The units ofW are cm21 sec2, the cgs units of inductance
Substituting~42! and~37! into ~36!, we obtain~39!. To con-
vert ~39! to SI units, the right-hand side should be multiplie
by 931011H cm sec22.
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The function m of ~42! is proportional to the averag
value ofM̃ 1 within the cell on ayz plane located atx. This
suggests that we average~32! in the same way as~42! to find

i ~v2v̄L2gx12pvqP!m2
D

l 2

]2m

]j2
1

2gl2

pVH̃C1

3E dy dz~@G^ 1#1 1
2 G^ !M̃ 15

gl

p
. ~45!

Averaging over the diffusive term, we noted the bounda
condition at a nondepolarizing cell surface,

n•¹M 150, ~46!

wheren is a unit vector normal to the surface. This elim
nated the contributions from]2M̃ 1 /]z2 and]2M̃ 1 /]y2.

We will assume that little of the important physics is lo
if we ignore the transverse variation ofM̃ 1 . This allows us
to rewrite ~42! as

M̃ 15
ivqPVH̃C1

2gl2a2
m. ~47!

In Eq. ~45! we replace the three-dimensional Green’s fun
tion G by Ḡ, an average overyz planes, where

Ḡ~x,x8!5
1

p2a4E dy dz dy8dz8 s~a2s!s~a2s8!G~r ,r 8!.

~48!

Here

s~u!5H 1, if u.0

0, otherwise.
~49!

is the Heaviside unit step function. The transverse displa
ment from thex axis is

s5Ay21z2. ~50!

The approximation~47! is analogous to the atomi
Hartree-Fock approximation of using orbitals with we
defined angular momentum, and the approximation~48! is
analogous to the Hartree-Fock self-consistent central fi
approximation. Then~45! becomes

i ~v2v̄L2gx12pvqP!m2
D

l 2

]2m

]j2

1 ivqP~@Ḡ^ 1#1 1
2 Ḡ^ !m5

gl

p
. ~51!

Substituting~28! into ~48! we find that one factor of the
integrand is

F~s,x2x8!5E dy8 dz8
s~a2s8!

ur2r 8u
, ~52!
y

-

e-

ld

the potential at the positionr of a uniformly charged disk of
radiusa and of total chargepa2, located atx5x8. By sym-
metryF depends only on the distanceux2x8u from the disk
along thex axis, and on the transverse displacements of
~50!. Then~48! becomes

Ḡ~x,x8!5
V

p2a4E dy dzs~a2s!
]2

]z2
F~s,x2x8!

5
V

p2a5

]F

]s
~a,x2x8!E

2a

a

dy~z12z2!

5
V

pa3

]F

]s
~a,x2x8!. ~53!

Here the limits of integration along thez direction arez65
6Aa22y2, so the integral ondy simply gives the areapa2

of a yz cross section of the cylinder.
For finding]F/]s to complete the evaluation of~53! it is

convenient to rewrite~52! as

F~s,x2x8!52paE
0

`dk

k
J1~ka!J0~ks!e2kux2x8u. ~54!

Here J1 and J0 denote Bessel functions. The potentialF
defined by ~54! is a solution of Laplace’s equation¹2F
50 if rÞr 8, and forr˜r 8 the divergence of2¹F of ~54!
gives 4ps(a2s)d(x2x8), the same result as for the pote
tial ~52!. Both potentials~52! and ~54! vanish asux2x8u
˜` or s˜`, so they must be identical.

Using ~54! with the identityJ0852J1, we find,

]F

]s
~a,x2x8!522paE

0

`

dkJ1
2~ka!e2kux2x8u

522pb T~j2j8!. ~55!

The aspect ratiob of the cell is

b5a/ l , ~56!

We can use Eq.~11! from Apelblat’s tables@16# to write
the integral over Bessel functions in~55! as

T~j!5
1

bE0

`

e2ujuu/bJ1
2~u!du

5
2

pbAm
@~12m/2!K~m!2E~m!#. ~57!

Here the complete elliptic integrals are

E~m!5E
0

p/2

dx
1

A12m sinx
, ~58!

and

K~m!5E
0

p/2

dxA12m sinx. ~59!

The parameterm is

m5
4b2

j214b2
. ~60!
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The self-interaction functionT of ~57! depends implicitly on
b. Substituting~55! into ~53! we find

Ḡ~x,x8!524pT~j2j8!. ~61!

The three-dimensional integral transforms of~51! reduces
to

Ḡ^ m524pE
21

1 dj8

2
T~j2j8!m~j8!524pT!m,

~62!

where the symbol! denotes a one-dimensional integr
transform as in Eq.~62!. Likewise,

Ḡ^ 1524pT!1522pF~j!, ~63!

where the functionF is

F~j!5E
21

1

dj8 T~j2j8!. ~64!

Like T, the functionF depends implicitly on the aspect rat
b of ~56!. Representative self-interaction functionsT andF
are shown in Fig. 2.

Substituting~62! and ~63! into ~51! we find

ip~r2X!m51, ~65!

where the operatorX is

X5j2
i

b

]2

]j2
1l~F211T! !. ~66!

Here the relative frequency is

r5
v2v̄L

gl
, ~67!

the self-interaction parameter is

l5
2pvqP

gl
5

2pmK
2 @He#P

gl\K
, ~68!
e

lo
a

and the other parameters and functions of~66! have been
defined above.

Together with the boundary condition

]m

]j U
j561

50, ~69!

~65! completely determines the functionm.
Before proceeding with the solution of Eq.~65!, we

briefly consider the limit whenl˜0, where spin self-
interactions are completely negligible. Physically, this wou
correspond to low helium density or low spin polarization.
this limit Eq. ~65! reduces to an inhomogeneous Airy equ
tion. The solutions are particularly simple whenubu@1
which is true for spin masers far in the inhomogeneo
broadening regime. For example, in the experiments
cussed in Sec. III, we hadubu'105. Forb@1, the solution of
~65! subject to the boundary condition~69! is

FIG. 2. Self-interaction functionT(j) ~solid line, plotted against
the left axis!, and its integralF(j) ~broken line, plotted against the
right axis!. The aspect ratio isb5a/ l 50.132.T(j) can be thought
of as the magnetostatic interaction energy@in units of
2m1m2 /(b l 3)] of two infinitely thin disks of magnetic momentsm1

and m2, each uniformly magnetized along thez direction and cut
out of the maser cell at the locationsx1 andx25x11 l j.
m~r,j!5b1/3H Hi~ ib1/3@j2r#!2e2ip/3
Hi8~ ib1/3@212r#!Ai ~e2 ip/6b1/3@j2r#!

Ai 8~e2 ip/6b1/3@212r#!

2e22ip/3
Hi8~ ib1/3@12r#!Ai ~eip/6b1/3@r2j#!

Ai 8~eip/6b1/3@r21# !
J . ~70!
Here and subsequently, fractional powers of positive r
numbers, for exampleb1/3, will always denote the positive
root. Forb!21, one can readily derive an expression ana
gous to~70!, or one can use the symmetry relations summ
rized in Table I of Sec. II D to show that forl50 as as-
sumed in~70!, m(r,j;2b)52m* (r,j;b). The first term of
al

-
-

~70! is proportional to the function Hi5Hi(z), a standard
solution of the inhomogeneous Airy equation Hi92zHi
51/p. An explicit formula for Hi is

Hi~z!5
1

pE0

`

ekz2k3/3dk. ~71!
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The second and third terms of~70! are needed to ensur
the validity of ~69!. They involve the Airy function Ai
5Ai( z), a standard solution of the homogeneous Airy eq
tion Ai92zAi50. An explicit formula for Ai is

Ai ~z!5
1

2p i E2 i`

i`

ezk2k3/3dk. ~72!

From Eq. ~42! we see thatm(r,j) is a measure of the
transversely averaged, precessing magnetization at the
location x5 l j produced by a coil current oscillating at th
frequency v5v̄L1glr. As we shall show in Sec. II C
m(r,j) is also the amplitude of the free-induction-dec
~FID! image at the image space locationu5 lr of a point
source atx5 l j in object space. We will therefore ca
m(r,j) ‘‘the point-spread function.’’

Figure 3 shows representative examples of how the fu
tion m(r,j) depends on its argumentsr andj for the field-
inhomogeneity parameterb51000. The magnetization de
velops a substantial transverse component only in a thin b
with r'j and with a width of order 1/b1/3. For no self-
interactions (l50) the plots were made using the functio
~70!. The plots for the self-interaction parameterl50.2 were
made using an eigenfunction expansion discussed in
II D. Note the large asymmetry inm introduced by the self-
interactions.
-

ial

c-

nd

c.

The impedance coefficientP5P(r) can be calculated
from the point-spread function with the aid of~40!, which
implies thatP can also be thought of as the image of
initially uniform distribution of transverse magnetization
the cell. Representative plots ofP are shown in Fig. 4. The
peaks nearr561 are due to the edge-enhancement effe
commonly observed in magnetic resonance imaging@18–
20#.

A particularly simple result for the masing threshold c
be obtained when the average Larmor frequencyv̄L is ex-
actly equal to the resonance frequency of the masing
2p f C51/ALC. In this case the coil impedance isZC5R, the
real ~cgs! resistance of the maser coil at the frequencyf C . It
follows from Eq. ~8! and Fig. 4~a! that r50 and P51.
Combining Eqs.~39!, ~43!, and~44! we obtain for the thresh-
old magnetic-field gradient

]HEz

]x U
th

5
vp2a2mKh0

2

2R
P@He#. ~73!

In this limit the threshold gradient is proportional to the3He
polarization and does not depend on the diffusion coeffici
D.
f
FIG. 3. Point-spread functionm(r,j) for b51000. Plots~a! and ~b! show Rem(r,j) and Imm(r,j), respectively, in the absence o
self-interactions (l˜0). Plots~c! and ~d! show Rem(r,j) and Imm(r,j), respectively, forl50.2. The cell aspect ratio isb50.1324.
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C. Free-induction decay

The spin impedanceZM of ~34! is closely related to the
free-induction-decay~FID! transient, that is, the transient re
sponse of spins in which transverse polarization has b
generated by a pulse of excitation current in the maser c
After the excitation pulse ends att50 no current is allowed
to flow in the maser coil. For example, att50 one could
replace the capacitor of Fig. 1 with a high-impedance vo
meter. Equating~34!, ~35!, and using~37! we see that the
voltage induced in the maser coil by the alternating mag
tization is

VM5h0E
V

]Mx~r ,t !

]t
d3r . ~74!

The FID voltageVM5VM(t) is recorded fromt50 to t
5` with a high-impedance voltmeter attached to the ma
coil. The one-sided Fourier transform of the FID voltage,

V̆M~v!5
1

2pE0

`

dt e2 ivtVM~ t !, ~75!

FIG. 4. Impedance coefficientP (ReP solid line; ImP, broken
line! for ~a! no self-interactions and@~b! and ~c!# including effects
of self-interactions,l50.122;~c! shows the peak nearr51 of ~b!
in more detail. Note that for a large range ofr between20.8 and
0.8 ReP51 with very high accuracy, even in the presence of se
interactions.
en
il.

-

-

r

can be used for magnetic resonance imaging. Substitu
~74! into ~75!, we find

V̆M~v!5
h0

2pEV
@ ivM̆x~r ,v!2Mx~r ,0!#d3r , ~76!

where

M̆x~r ,v!5
1

2pE0

`

dt e2 ivtMx~r ,t !. ~77!

We take the image of the transverse magnetization to be

I ~r!5
4g

ivpa2h0
@V̆M~v!2V̆M~0!#

5
g

p2a2E
V

M̆ 1~r ,v!d3r , ~78!

wherer was defined by~67! andM̆ x5M̆ 1/2. We will pres-
ently show that the image~78! can be obtained from the
initial transverse magnetization at the start of the FID tra
sient with the help of the point-spread functionm(r,j),

I ~r!5E
21

1

m~r,j!M 1~rj,0!dj. ~79!

According to~79!, m(r,j) is the intensity at an image-spac
point r generated by a point source of magnetization at
object-space pointj5x/ l . Thus, the functionm plays much
the same role for diffusion-limited magnetic resonance i
aging as the Airy-disk function of a diffraction-limited opt
cal system@17#.

During the FID, the current in the coil is assumed to
negligible, so we may modify the arguments leading to~51!
to find

i ~v2v̄L2gx1vqP@Ḡ^ 1#12pvqP1 1
2 vqPḠ^ !M̆ 1

2
D

l 2

]2

]j2M̆ 15M 1 . ~80!

Here it is to be understood that the initial magnetizati
M 15M 1(x,0) and the one-sided Fourier transformM̆ 1

5M̆ 1(x,v) are values averaged in theyz plane. In analogy
to ~65! we may write~80! for g.0 as

igl ~r2X!M̆ 15M 1 . ~81!

Define the resolvent of~81! by

i ~r2X!R~r;j,j8!5d~j2j8!. ~82!

As we will show in Sec. II D, the resolvent is symmetric inj
andj8, that is

R~r;j,j8!5R~r;j8,j!, ~83!

Then the solution to~81! is

M̆ 1~rj,v!5
1

glE21

1

R~r;j,j8!M 1~rj8,0!dj8. ~84!

-
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Substituting~84! into ~78! we find ~79!, where the point-
spread function defined by~65! is related to the resolvent b

m~r,j!5
1

pE21

1

dj8R~r;j8,j!. ~85!

In view of ~40!, ~85! implies that the impedance coefficient

P~r!5
1

pE21

1

djE
21

1

dj8R~r;j,j8!. ~86!

D. Pole expansions

We have tested various ways to solve~65!, including per-
turbation theory and iterative methods. As we shall sh
shortly, it is straightforward to write down an expression f
ZM as the sum of an infinite number of poles in the comp
r plane. The poles are the eigenvalues of the pole-posi
operatorX of ~66!. Here we summarize the most success
computational method we have tried, where we write
impedance as the sum of discrete contributions from them
most slowly damping poles plus the contribution from t
infinite number of remaining poles, which we approxima
by an integral over a ‘‘line charge’’ of poles in the comple
r plane.

We will use Dirac notation to simplify the subseque
discussion. Let the point-spread functionm of ~65! be the
projection of an abstract vectorum& on a spatial-coordinate
basis vectoruj&, that is

m~r,j!5^jum&. ~87!

The abstract vectorum& depends implicitly on the relative
frequencyr. The position eigenvectors form a complete s
in the sense that

^juj8&5d~j2j8! ~88!

and

E
21

1

dj uj&^ju51. ~89!

Then ~65! is equivalent to

ip~r2X!um&5u1&. ~90!

The projection of the abstract source vectoru1& on the posi-
tion eigenvectors is

^ju1&5^1uj&5H 1, if uju,1;

0, otherwise.
~91!

The pole-position operatorX can be written as

X5X(0)1lX(1). ~92!

From inspection of~65!, ~90!, and~92! we conclude that the
zeroth-order part ofX is local — that is, diagonal in position
— and given by the matrix

^j8uX(0)uj&5d~j82j!F j2
i

b

d2

dj2G . ~93!
r
x
n
l
e

t

The first-order part ofX has a nonlocal term and is given b

^j8uX(1)uj&5d~j82j!@F~j!21#1T~j82j!. ~94!

We will use parentheses to denote the zeroth-order eig
vectorsun) of X(0), that is

X(0)un)5xn
(0)un), ~95!

and we will use curly brackets to denote the eigenvectorsun%
of X,

Xun%5xnun%. ~96!

Denote the projections of the eigenvectors of~95! and
~96! onto the position eigenvectorsuj& by the functions

fn~j!5^jun! ~97!

and

cn~j!5^jun%. ~98!

Clearly, un%˜un) andcn˜fn asl˜0.
The abstract eigenvalue equation~96! is equivalent to the

integro-differential equation

F j2
i

b

d2

dj2
2l~12F2T! !Gcn5xncn . ~99!

Multiplying ~99! by cn* and integrating overdj we find that
the real and imaginary parts of the pole position can be
pressed as

Rexn5F E dj ucn~j!u2@j1l$F~j!21%#

1lE dj8E dj cn* ~j8!T~j82j!cn~j!G
3F E djucnu2G21

, ~100!

Im xn5F1

bE djUdcn

dj U2G F E djucnu2G21

. ~101!

The imaginary part Imxn of the pole location has the sam
sign asb. For the eigenfunctioncn , the damping rate of the
precessing magnetization by diffusion is proportional
uIm xnu.

From inspection of~65!–~68! we see that certain symme
try relations exist for the sign changesb˜2b andl˜2l.
These are summarized in Table I.

Here subscriptp can bel ~left!, c ~center!, or r ~right!. The
conjugate subscripts arel̄ 5r , c̄5c and r̄ 5 l . As a simple
example of the use of the symmeteries in Table I, consi
the reversal of the magnetic field gradient,g˜2g. As a
result we would haveb˜2b, l˜2l and r˜2r. Ac-
cording to~39! and the symmetries of Table I, changing th
sign of the field gradient has no effect on the impedance
ZM˜ZM .

Stoller, Happer, and Dyson@21# ~SHD! made a detailed
study of ~95! for magnetic resonance applications. DeSw
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and Sen@20# showed that the SHD formalism could natura
be used to account for edge enhancements in magnetic
nance imaging. We will use the methods of SHD here,
tended to account for magnetic self-interactions, to anal
the masing thresholds.

SHD showed that the eigenfunctions can be chosen to
orthonormal,

E
21

1

djfm~j!fn~j!5E
21

1

dj~muj&^jun!5~mun!5dmn .

~102!

From inspection of~102!, we see that we must define

~muj&5^jum!5fm~j! ~103!

rather than (muj&5^jum)* , as would be the case ifX(0)

were a Hermitian operator.
SHD ~Ref. @21#! also show that the eigenfunctions~97!

form a complete basis set, unlessb is one of the ‘‘excep-
tional’’ values, where pairs of poles coalesce. SHD sh
how to augment thefn to make a complete set whenb is one
of the exceptional values. Ignoring the rare case thatb is an
exceptional value, the orthonormality of the eigenfunctio
~97! can be expressed as

(
n

un)~nu51. ~104!

None of the SHD arguments@21# leading to~102!–~104!
would change forlÞ0, in ~99!, so we can also assume th

E
21

1

djcm~j!cn~j!5E
21

1

dj$muj&^jun%5$mun%5dmn

~105!

with

$muj&5^jum%5cm~j!, ~106!

and

(
n

un%$nu51. ~107!

Inserting~107! into ~90! we find with the aid of~96!

um&5
1

ip (
n

un} $nu1&
r2xn

. ~108!

Using ~107!, ~87!, ~91!, and~40!, we find that the impedanc
coefficient is
so-
-
e

be

s

P5E
21

1

^jum&dj5E
2`

`

^1uj&^jum&dj5^1um&. ~109!

Substituting~108! into ~109! we find

P5
1

ip (
n

^1un%$nu1&
r2xn

. ~110!

According to~101! the imaginary part ofxn has the same
sign asb, so forb.0 all the poles of~110! lie above the real
axis of the complexr plane, and forb,0 all the poles lie
below the real axis. This is in accordance with the cau
physics of the Kramers-Kronig relations@13,22#, since in ei-
ther case~39! and~67! ensure that the poles ofZM lie above
the real axis of the complexv plane.

Integrating ~110! along the real axis of the complexr
plane, we find for sgn(b)561

E
2`

`

Pdr56(
n

^1un%$nu1&56^1u1&

56E
21

1

^1uj&^ju1&dj562. ~111!

Stepping through~111! we used~107! and ~89! to find that
the area ofP, the impedance coefficient, is62, depending
on the sign ofb. In like manner, one can show that foruju
<1, we have for sgn(b)561

E
2`

`

m~r,j!dr561. ~112!

In other words, the point-spread function may broaden a
distort the image of an object point of magnetization locat
at j, but the integrated area of the image is always61,
depending on the sign ofb, so no object area is lost.

From inspection of~82! we see that the resolvent is

R~r;j,j8!5R~r;j8,j!5(
n

cn~j!cn~j8!

i @r2xn#
. ~113!

The expression~110! for the impedance coefficient is an
exact solution of~65!, but it is not possible to sum over the
infinite number of poles. However, for the experimental co
ditions of most interest, the field inhomogeneity paramete
very large,ubu@1 because of the high gas pressure and
tendency for the cell to mase if the field inhomogeneity is t
small. Forubu@1, SHD ~Ref. @21#! showed that the zeroth-
order eigenvalues can be classified into complex conjug
pairs, representing localized magnetization precessing to
right ~r! or left ~l! of the center plane~c! of the cell. There is
a total of q left poles,xln , of ~110! with Rexln,0 andq
TABLE I. Symmetry properties for sign changes ofb andl.

b8 l8 xpn(b8,l8) cpn(j;b8,l8) m(r,j;b8,l8) P(r;b8,l8)

2b l xpn* (b,l) cpn* (j;b,l) 2m* (r,j;b,l) 2P* (r;b,l)
b 2l 2xp̄n

* (b,l) 2c p̄n
* (2j;b,l) m* (2r,2j;b,l) P* (2r;b,l)

2b 2l 2xp̄n(b,l) 2c p̄n(2j;b,l) 2m(2r,2j;b,l) 2P(2r;b,l)
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right polesxrn with Rexrn.0. In addition, there is an infinite
number of purely imaginary center polesxcn with Rexcn
50. The contribution of the center poles to the impedan
turns out to be negligible forubu@1.

A representative sketch of these poles is shown in F
5~a!. They are enumerated with an indexn51,2,3, . . . , such
that low-index poles damp more slowly than high-ind
poles, for example, Imxln,Im xl ,n11. The m-pole approxi-
mation consists of picking them slowest-damping left and
right poles, withm!q and writing ~110! as

P5P lm1P rm1DPm , ~114!

where

FIG. 5. Locations of the complex polesxn ~open circles! of
P(r) in the complexr plane. Plots~a! and ~b! show the poles in
the absence of self-interaction,~c! includes self-interaction. Also
shown in~b! and ~c! are the residues$nu1&2 of ipP(r). The resi-
dues are represented by arrows centered on the corresponding
The poles and residues are obtained by diagonalization of the
trix given by Eq.~145! for b5105. For ~c! l50.122 was used.
e

.

P lm5
1

ip (
n51

m
^1u ln%2

r2xln
, ~115!

and

P rm5
1

ip (
n51

m
^1urn%2

r2xrn
. ~116!

Using ~91! and ~103! we find that the amplitude in the nu
merator of~115! is

$nu1&5^1un%5E
21

1

dj$nuj&^ju1&5E
21

1

dj cn~j!.

~117!

For l50 andb@1, SHD ~Ref. @21#! showed that the left
and right poles are given very nearly by

xln
(0)52xrn

(0)* 5212an8
eip/6

b1/3
. ~118!

The corresponding eigenfunctions are

f ln~j!5f rn* ~2j!5Nln Ai ~an81e2 ip/6@11j#b1/3!,
~119!

where the normalization coefficient is

Nln5
b1/6e2 ip/12

Ai ~an8!~2an8!1/2
. ~120!

The rootsan8 of Ai 8, the Airy-function derivative Ai8(z)
5d Ai( z)/dz, are the solutions of

Ai 8~an8!50. ~121!

Numerical values ofan8 are given in Table II forn<10.
For l50 we can substitute~119! into ~117! to find

~ lnu1&5~rnu1&* 5
eip/12

b1/6
~Kn!1/2. ~122!

where positive coefficientKn

TABLE II. First ten zeros of the Airy function derivative Ai8
and parameters derived from them.

n 2an8 Kn bm

1 1.018 793 2.2393 7.293 38
2 3.248 198 1.8753 45.245 4
3 4.820 099 1.3897 108.317
4 6.163 307 1.2899 203.707
5 7.372 177 1.1434 324.833
6 8.488 487 1.0885 477.631
7 9.535 445 1.0105 656.677
8 10.527 66 0.973 86 866.978
9 11.475 06 0.923 25 1103.87
10 12.384 79 0.896 29 1371.74

les.
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Kn5
Zi2~an8!

2an8 Ai2~an8!
~123!

is listed for n<10 in Table II. In ~123! the function Zi, a
negative antiderivative of Ai, is defined by

Zi~z!5E
z

`

Ai ~z8!dz8. ~124!

The endpoint of the integral is at infinity in the sect
2p/3<argz8<p/3 where Ai(z8)˜0 as exp(22z83/2/3). We
note that forz˜2` along the real axis, Zi(z)˜1.

For real values ofz which are not too negative, Zi(z) can
be conveniently evaluated from the integral along the po
tive k axis

Zi~z!5
1

3
2

1

pE0

`1

k
sin~zkA3/2!exp~2zk/22k3/3!dk.

~125!

This expression can be found by substituting the integ
representation~72! into ~124!, and deforming the path o
integration in the complexk plane to be inward along the ra
e2 ia, wherea52p/3, from ` to the small positive radiuse.
Thence the integration continues in a negative sense arou
circular arc of radiuse from the raye2 ia to the rayeia and
finally outward along the rayeia from e to `. Taking the
limit of ~124! ase˜0 gives~125!.

Substituting~122! into ~115! we find for b@0 andl50,

P lm5
eip/6

ipb1/3 (
n51

m
Kn

r2xln
(0)

~126!

and

P rm5
e2 ip/6

ipb1/3 (
n51

m
Kn

r2xrn
(0)

. ~127!

The residual terms not included in~115! and ~116! make
the contributionDPm to ~114!. To evaluate these, we ap
proximate the sum over discrete poles by an integral ov
continuous ‘‘line charge’’ of poles. The coefficientKn of
~123! for q>n.m@1 can be found from asymptotic expre
sions for the Airy functions

Ai ~z!;
1

Ap~2z!1/4
sinF2

3
~2z!3/21

p

4 G ,
for uarg~2z!u,2p/3. ~128!

We also use the asymptotic expression for the zeros

2an8;F3

2
p~n23/4!G2/3

. ~129!

Using ~128! and ~129! with ~123! and setting Zi(an8);1 for
largen we find
i-

l

d a

a

Kn;
p

~2an8!1/2
5D~2an8!, ~130!

whereD(2an8)52an118 1an8 . From Eqs.~118!, ~126!, and
~130! we conclude that for largen the residue ofipP(r) is
very nearly equal to the displacement of nearest-neigh
poles

^1u ln !~ lnu1&5
eip/6

b1/3
Kn˜Dxln

(0) . ~131!

The significance of Eq.~131! is demonstrated in Fig. 5~b!,
where we show graphically the residues^1u ln)( lnu1& and
^1urn)(rnu1& as rays centered on the poles. One can see
for n.3 successive residues link the poles with great pre
sion, like the links of a chain. This shows that the sum in E
~126! can be accurately replaced by a line integral. Sub
tuting ~122! and ~131! into ~115!, we find the left-pole con-
tribution not included in~126! is

DP lm5
eip/6

ipb1/3 (
n5m11

q
Kn

r2xln
(0)

˜

1

ipEr lm

rc dx

r2x
. ~132!

The limiting process implied in Eq.~132! is completely
analogous to that discussed in the ‘‘fundamental theorem
the calculus,’’ where the area under a curve, approxima
by the sum of narrow rectangular strips, approaches the d
nite integral as the number of increments approaches infin

The lower limit of integration,r lm will be chosen, in a
way we describe shortly, to lie very nearly midway betwe
xlm , the last pole contained in the discrete sum, andxl ,m11,
the first pole included in the continuum approximation. T
top endpoint of the integration of~132! is rc5 i /A3, as one
can see from the sketch in Fig. 5~a!.

In like manner, we find that the contribution from th
right poles not included in~127! can be approximated by

DP rm5
e2 ip/6

ipb1/3 (
n5m11

q
Kn

r2xrn
(0)

'
1

ipErc

rrn dx

r2x
. ~133!

Summing~132! and~133! to get the total continuum con
tribution from left and right poles we find

DPm5DP lm1DP rm5
1

ipEr lm

rrm dx

r2x
5

i

p
lnFr2r rm

r2r lm
G .
~134!

As we shall discuss below, the contributionDPc of the cen-
ter poles is very small and can be neglected, so forl˜0, the
m-pole approximation to the impedance~114! is

P5P lm1P rm1
i

p
lnFr2r rm

r2r lm
G , ~135!

with P lm andP rm given by ~126! and ~127!.
Although the center contribution~134! was obtained for

the special case ofl50, it is also an excellent approxima
tion whenlÞ0. Figure 5~c! shows the location of the pole
xn and the pole residue lines (^1un%)2 for b5105 and l
50.122. It can be seen that forn.5 the pole residue lines
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form a continues straight line which can be approxima
accurately by a line integral. We choose the values ofr lm
and r rm to ensure the validity of~111!. Substituting~135!
into ~111! we find,

r rm2r lm52Drm522 (
n51

m

@^1u ln%$ lnu1&1^1urn%$rnu1&#.

~136!

Here we made use of the identity

E
2`

`

dr lnFr2r rm

r2r lm
G52 ip~r rm2r lm!. ~137!

Since bothr lm andr rm are in the upper half of the comple
r plane, a convenient way to verify~137!, is to continue the
integral fromr51` along the real axis around an infinit
semicircle in the upper half of the complexr plane tor5
2` along the realr axis. The integral around the infinit
semicircle is readily shown to contributes an addition
amount ip(r lm2r rm) to the result. We can collapse th
closed contour, consisting of the integral along the rear
axis with a return path on an infinite semicircle in the upp
r plane, to an integral slightly outside the straight line c
from r lm to r rm . The integral about the cut is readily show
to yield 2p i (r lm2r rm). Both integrals must give the sam
answer, since the integrand has no singularities between
two closed contours. Equating the two answers gives~137!.

We choose the endpointr lm to lie as close as possible t
the midpoint, (xlm1xl ,m11)/2, of xlm , the last discrete pole
included in ~115! and xl ,m11, the first pole included in the
continuum. Similarly, we choose the other endpointr rm to
lie as close as possible to the midpoint (xrm1xr ,m11)/2. The
sum of the squared distances ofr lm andr rm from the respec-
tive midpoints is minimized, subject to the constraint~136!,
when

r rm1r lm52r̄m5 1
2 ~xlm1xl ,m111xrm1xr ,m11!.

~138!

Then the left and right ends of the cut in the complexr plane
are

r lm5 r̄m2Drm ~139!

and

r rm5 r̄m1Drm . ~140!

For l˜0 we can substitute~122! into ~136! to find

Drm512S bm

b D 1/3

, ~141!

where the parameterbm is

~bm!1/35
~3!1/2

2 (
n51

m

Kn . ~142!

Since we want the separation of the endpoints of the cu
be positive,~141! implies thatbm is the minimum value ofb
d

l

r
t

he

to

for which them-pole approximation can be expected to wo
well. Substituting~118! into ~138! we find for l˜0,

r̄m5
i

4b1/3
~2am8 2am118 !. ~143!

We have assumed that the infinite number of center po
located at the positionsxcn on the imaginary axis, make
negligible contribution to~114!. To judge the size of their
contribution we calculate forb51000 the first few residues
of the center poles: (c2u1&2529.131023, (c3u1&25
3.731025, (c4u1&2523.631027, (c5u1&255.531027,
etc. These numbers should be compared with the rigor
sum rule given by~111!. Since the squared coefficien
(cnu1&2 are very small and alternate in sign, we conclu
that most of the contribution to~140! comes from the left and
right poles. The values of (cnu1&2 are even smaller for much
large values ofb in our experiments.

For future reference, the rootsan8 , the coefficientsKn and
the minimum field inhomogeneitiesbm , are listed in Table
II.

WhenlÞ0, we find the polesxln andxrn by converting
~96! to a matrix equation with the aid of~104!

(
k51

`

~guXuk!~kun%5~gun%xn ~144!

with g51,2,3, . . . ,̀ . It is not practical to solve the infinite
dimensional matrix equation~144!, but since the matrix is
nearly diagonal, it suffices to truncate~144! to includep left
statesu ln) andp right statesurn) with n51,2,3, . . . ,p. For
use with them-pole approximation discussed above, we a
sume thatm!p!q. In practice,m54 andp510 are large
enough to give results practically indistinguishable fro
those obtained with much larger values ofm and p. With
contemporary mathematics packages and computers, one
readily solve the complex eigenvalue equation

(
k51

p

~ lguXu lk !~ lku ln%5~ lgu ln%xln , ~145!

whereg<p. The matrix is

~ lguXu lk !5~ lguX(0)u lk !1l~ lguX(1)u lk !. ~146!

From ~95! we see that

~ lguX(0)u lk !5dgkxlg
(0) , ~147!

and from~94! we see that

~ lguX(1)u lk !5E
21

1

dj f lg~j!@F~j!21#f lk~j!

1E
21

1

dj8E
21

1

dj f lg~j8!T~j82j!f lk~j!.

~148!

Analogous expressions to~145!–~147! hold with l˜r , that
is for the right poles and right eigenfunctions.
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1398 PRA 60M. V. ROMALIS AND W. HAPPER
When evaluating the matrix elements~148! by numerical
integration, it is important to account for the logarithmic si
gularity of T,

T~j!˜
1

pb H lnS 8b

uju D22J , as uju˜0. ~149!

F(j) is defined by~64! as an integral ofT, so there is a
related logarithmic singularity ofF8(j), at j561. The sin-
gularities ofT andF can be recognized in Fig. 2.

The m most slowly damping eigenvaluesxln obtained by
the numerical solution of~145! are used as poles in~115!. To
find the factorŝ 1u ln%$ lnu1& needed for~115! and~136!, we
can use eigenvectors (lgu ln% to write

^1u ln%5$ lnu1&5 (
k51

p

^1u lk !~ lku ln%, ~150!

with ^1u lk)5( lku1& given very nearly by~122!. An equation
analogous to~149! for ^1u ln% holds for ^1urn%. To getr rm
and r lm for the evaluation of~135! we use~136!, ~138!,
~139!, and~140!.

The results of our calculations ofP(r) for b5105 and
l50.122 are shown in Figs. 4~b! and 4~c!. We diagonalize a
10310 matrix and use the first 4 discrete poles. The effec
self-interactions makes the impedance asymmetric, alw
enhancing the peak nearr51. This allows masing for large
field gradients if the Larmor frequency of the spins is le
than the coil resonance frequency. The impedance is not
nificantly affected by self-interaction effects away fro
r561.

For practical estimates of the largest magnetic field gra
ent for which masing can occur, it is sufficient to study t
contribution to the impedance of the rightmost pole, wh
dominates the impedance peak nearr51. The maximum
value of the real part of the impedance is nearly given b

Max@ReP#'
Rê 1urn%2

p Im xr1
. ~151!

Figure 6 shows the dependence of the maximum real v
of P on l andb. We note that in the absence of spin se
interaction (l50) Max@ReP#51.57 independent ofb as
long asb@1. Thus, the effect of spin self-interaction is
enhance the negative resistance of the spins by 2 orde
magnitude over the range ofl studied. Our approximation
becomes more difficult to implement for larger values ofl
because we need to diagonalize larger matrices. Forl.0.2
we need a 20320 matrix to obtain results accurate to 10%
In addition, the basis eigenfunctions given by Eq.~119! be-
come large and highly oscillatory, making the calculation
the integrals in Eq.~148! numerically difficult.

In our analysis of~21!, we have assumed a negativ
nuclear momentmK,0, as is the case for both3He and
129Xe. In the case of positive nuclear moments like the p
ton,mK.0. The minor changes needed to account for a p
tive mK can be deduced from inspection of~21!. The gyro-
magnetic ratio~3! is negative, the mean Larmor frequen
v̄L is negative, the positive resonance frequencyv – of or-
der v'2v̄L – causes an large enhancement ofM̃ 2 rather
thanM̃ 1 . Equation~47! becomes
f
ys

s
ig-

i-

e

of

.

f

-
i-

M̃ 25
2 ivqPVH̃C2

2gl2a2
m. ~152!

m continues to satisfy~65!, so m and P are given by the
same expressions as formK,0, but the impedance is

ZM5
vWP

b
P. ~153!

Thus for positive nuclear moments, negative polarizationP
is needed to make the real part of the impedance nega
and lead to masing. This follows since formK.0, the emis-
sion of Larmor-frequency photons causes the spin polar
tion to increase.

III. EXPERIMENTS

A. Apparatus

Experiments were performed with a laser-polariz
sample of 3He. The apparatus is sketched in Fig. 7. W
fabricated a special cell, consisting of two chambers,
pumping cell and the maser cell. The maser cell, a ri
circular cylinder, had an inner diameter~ID! 2a59 mm,
and an inside length 2l 56.8 cm. The ends of the cylinde
were made as flat and as parallel to each other as possib
thin connection tube, which had a 2.5 mm ID at the entra

FIG. 6. Dependence of (ReP)m on l andb. Plot ~a! shows the
dependence onl for a fixedb5105. Plot ~b! shows the dependenc
on b for a fixedl50.122. Plot~c! shows the dependence onb for a
fixed 3He polarization and density. In this casel}b21. We setl
50.122 atb5105.
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PRA 60 1399INHOMOGENEOUSLY BROADENED SPIN MASERS
to the maser cell, joined the maser cell to the pumping c
The cell was filled with 9.6 atm. of3He and 50 Torr of N2,
measured at room temperature. It also contained a few m
Rb metal to provide Rb vapor for spin-exchange opti
pumping. The diffusion time for3He between the pumping
cell and the maser cell was approximately 1 h. The s
relaxation time of3He was about 20 h. The pumping ce
was placed in an oven where it was heated by flowing hot
to 185 °C. A 100-W fiber-optic-coupled laser array w
used for optical pumping. The optical pumping time const
was about 4 h. When the pumping cell was hot, more
was pushed into the maser cell, which was at a tempera
of 50 °C. Based on the ratio of the volumes and tempe
tures we calculated that the operating density of the ga
the maser cell was 1.37 times larger than the density w
the pumping and maser cells had the same temperature.
calculation was verified by observing the decreasing NM
signal as the pumping cell was cooled down. The3He diffu-
sion constant in the maser cell was@13# D50.181 cm2/s.

The maser cell was wrapped with a maser coil, consis
of two identical solenoidal sections connected in series
separated by 0.8 cm at the center of the cell to provide ro
for the connecting tube. Each solenoidal section had
turns of wire. The turns had a mean diameter of 1.7 cm,
they were uniformly spaced along a 5.2 cm length. The to
inductanceL of the solenoid was 276mH. For observation
of masing oscillations the solenoid was connected to a
pacitor C. The measured resonance frequency wasf 0
5v0 /(2p)580.1 kHz and the quality factor wasQ526.

A set of Helmholtz coils created a uniform magnetic fie
that was set at values ranging from 18 to 34 G for meas
ments of the inhomogeneity thresholds for masing as a fu
tion of the Larmor frequency. The applied field gradient w
produced by four current loops, carrying the same curreI
and arranged as sketched in Fig. 7. The gradient]Hz /]x
produced by the coils is shown on Fig. 8. It varied by le
than 7% within62 cm from the center of the coil, but in

FIG. 7. Experimental apparatus for studies of the Larm
frequency maser. A uniform magnetic field in the maser cell w
created by a set of Helmholtz coils, which are not shown. A m
netic field gradient was produced by four square loops with cur
directions indicated on the figure. The magnetic field gradien
greatly exaggerated. A two-section solenoid, the maser coil,
rounded the maser cell and could be connected in series w
capacitor to form anLC circuit with a resonant frequency of 80.
kHz. The voltage across the capacitor was monitored with an N
spectrometer to determine the onset of masing.
ll.
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creased by 25% at a distance of 3.4 cm from the center.
value of the inhomogeneity parameterb was calculated using
Eq. ~43!. As shown in Fig. 3, for large values ofb masing
occurs in a thin transverse slice with a width of appro
mately 3 mm. The position of the masing slice at mas
threshold depends on the mean Larmor frequency and on
resonance frequency of the maser coil. When the mean
mor frequency was changed, the gradient coil was transla
along thex axis so its center was within 2 cm of the locatio
of the masing slice. We verified that the masing thresh
was not sensitive to translations of the gradient coil when
center was close to the masing slice. The ambient gradi
were on the order of 0.3 mG/cm.

Saam @18# showed that the diamagnetism of the gla
walls of the cell can distort the edge enhancement. Wit
the glass, the magnetization isMgz5xgH̄Ez where the mag-
netic succeptability of glass is2xg'1026. The gradient due
to the magnetization of the glass reaches a maximum of
mG/cm near the walls of the cell, which is much less th
typical applied gradients of 20 mG/cm, or the gradients d
to the magnetization of the3He nuclei.

Data were acquired as follows. After 10 h of optic
pumping the3He polarization reached an equilibrium valu
of about 40%. A large magnetic field gradient of 40 mG/c
was applied with the gradient coils. The maser solenoid w
connected to the capacitor and the voltage across the s
noid was monitored using a nuclear magnetic resona
~NMR! spectrometer. The gradient was gradually reduc
until the masing oscillations could be observed. The criti
gradient corresponding to the onset of masing was recor
and the frequencyv of the oscillations was measured using
frequency counter. Then the gradient was increased to
the masing, the uniform magnetic field was changed to a n
value, resulting in a new mean Larmor frequencyv̄L and the
process was repeated. The maser frequencyv was always
close to the mean Larmor frequencyv̄L . In this way we
mapped out the inhomogeneity threshold for the onset
masing as a function of the maser frequencyv for a constant
resonance frequencyv0 of the coil and a constant3He po-
larization. Care was taken to keep the amplitude of the m
ing signal small, to prevent significant loses of3He polariza-
tion. Periodic measurements of3He polarization confirmed
that it was constant to within 3%.
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R

FIG. 8. Magnetic-field gradient produced by the gradient c
with a typical current equal to 2 A.
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1400 PRA 60M. V. ROMALIS AND W. HAPPER
The measurements of the3He polarization were done us
ing a low frequency pulsed NMR spectrometer with a hig
impedance pre-amplifier. For this measurement the reso
ing capacitor was disconnected from the maser coil and
current source was removed from the gradient coil. The
larization of 3He was determined from the initial amplitud
of the free-induction-decay~FID! signal following an excita-
tion pulse to the solenoid. In the limit of small tipping ang
one can show that the initial peak amplitudeVF of the FID
voltageVM of ~74!, in cgs units of statvolts, is given by

VF5 lim
t˜0

maxVM~ t !5
GvtpI pgmK@He#P

2 E
V

h2d3r ,

~154!

whereG is a dimensionless instrumental gain,I p is the peak
amplitude of a rectangular pulse of alternating current,
durationtp which flows through the maser coil just befo
t50, and is used to provide the initial transverse magnet
tion Mx of ~74!. The field per unit currenth5h(r ) is a
function of position in the cell and can be defined by

h~r !5
]Hx

]I
. ~155!

For an ideal, infinite solenoidh5h0 is independent of posi
tion, as discussed in connection with Eq.~38! Direct mea-
surements ofVF , G, I p , andtp allowed us to determine th
factor

S5@He#PE
V

h2d3r ~156!

of Eq. ~154! with an accuracy of 3%. The variation of

h~x!5
1

pa2E dy dzh~r ! ~157!

along the axis of the cell can be calculated from the kno
geometry of the solenoid and is shown in Fig. 9. For
inhomogeneous-broadening regime, masing occurs for s
in a thin slice, transverse to the cell axis. For most of o

FIG. 9. Ratioh(x)/h0 of the axial magnetic field per unit cur
rent produced by the maser coil to the field per unit current, p
duced by an ideal solenoid. The outline of the maser cell is a
shown. The volumeVm is hatched.
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data this slice is close to one of the two flat end walls of
maser cell. Therefore, it is apparent from Fig. 9 that the va
of h which is relevant for the maser threshold is larger th
the average value over the whole cell. Near the ends of
cell h is fairly constant, it varies by less than 8% betwe
x51.5 andx53.4. We account for the non-uniformity ofh
by replacingh0 in the theoretical model by

hm5S 1

Vm
E

Vm

h2d3r D 1/2

. ~158!

HereVm is the volume where the maser slice is located
most conditions, betweenx523.4 cm andx521.5 cm or
betweenx51.5 cm andx53.4 cm.

The value of the maser inductanceW is determined from
the NMR signalS using Eq.~44!

W5
\Kpg2l 2S

4D
Ch , ~159!

where the coil correction factorCh

Ch5
V

Vm

E
Vm

h2d3r

E
V

h2d3r
51.19 ~160!

is calculated numerically. The self-interaction parameterl is
determined from Eqs.~68!, ~156!, and~158!.

To independently check our results, we also measured
Rb Larmor-frequency shift@14# due to spin exchange with
3He in the pumping cell. The shift is proportional to th
polarization and density of3He. This measurement indicate
that the polarization of3He in the pumping cell was highe
by a factor of 1.07 than in the maser cell, which is consist
with polarization loss during diffusion from the pumping ce
to the maser cell.

B. Results

Our experimental results for the threshold of the ma
oscillations are shown in Figs. 10 and 11. In Fig. 10 we sh

-
o

FIG. 10. Dependence of the masing threshold on the polar
tion of3He for masing frequency equal to the coil resonance f
quency. The solid line is given by Eq.~73! without any free param-
eters.
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PRA 60 1401INHOMOGENEOUSLY BROADENED SPIN MASERS
the dependence of the maser threshold gradient on the v
of the 3He polarization. For this set of data the maser f
quency v was set close to the coil resonance frequen
2p f 0. As discussed in relation to Eq.~73!, this case is par-
ticularly easy to analyze. The threshold value of the m
netic field gradient, given by Eq.~73!, is proportional to the
3He polarizationP and is independent of the diffusion con
stantD. Note that these properties are qualitatively differe
from the properties of a motionally-narrowed maser,
which the threshold gradient is proportional toP1/2 and in-
versely proportional toD. We expect that Eq.~73!, derived
in the absence of spin-interactions, should remain quite
curate even if they are taken into account. As can be s
from Figs. 4~a!, and 4~b!, the value ofP is unaffected by the
addition of spin self-interactions nearr50. Indeed, we find
that our data are in excellent agreement with the thresh
gradient given by Eq.~73!, which is shown in Fig. 10 by the
solid line.

More complicated behavior of the spin maser is shown
Figure 11. Here we map out the frequency dependence o
maser threshold for a constant value of the3He polarization.
On the horizontal axis we plot the masing frequencyv, mea-
sured directly with a frequency counter, and on the verti
axis the threshold value of the inhomogeneity parameterbth
which corresponds to the onset of the masing. Note thab
@1 for all our data. The3He polarization was equal to 35%
for this set of data. Small variations of the polarization,
the order of 3%, were corrected for by assuming thatbth
}P, which follows from Eq.~39! if the dependence ofP on
b is relatively weak. For most data shown in Fig. 11 t
magnetic field gradient was reduced until maser oscillati
could be observed. Reducing the gradient even further
sulted in exponentially growing masing. This behavior is
be expected, since for smaller magnetic field gradient
spins have a longer dephasing time, and thus have a gr
chance to contribute coherently to the build-up of maser
cillations. However for a narrow range of frequencies sho
in the inset of Fig. 11, this behavior was reversed. The ma
oscillations could be started by increasing the magnetic fi
gradient past a certain threshold. This counter-intuitive
havior is due to the complex behavior ofP(r) near r5
61. The area enclosed by the experimental data and

FIG. 11. Comparison of the masing threshold data~circles! with
theoretical calculations forl50.122 ~solid line! andl50 ~dotted
line!. There are no free parameters. The inset shows the reson
region in more detail.
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bottom axis,b50, corresponds to the unstable conditio
where masing will occur. Masing cannot occur for any oth
region of theb2 f plane.

Two theoretical curves are also shown in Fig. 11, with a
without the effect of the self-interactions. The threshold g
dient and the frequency of the masing oscillations are de
mined from the equation

ZC~v!1ZM~v,b,v̄L!50. ~161!

To solve Eq.~161! we first calculateP(r) for a given b
using the formalism in Sec. II C. We diagonalize a 10310
matrix (lguXu lk) given by ~145! and constructed accordin
to ~146! with the ten most slowly damping, unperturbed le
eigenfunctions~119! to find the perturbed pole locationsxln
and residue amplitudeŝ1u ln%, given by ~150!. We make a
similar calculation using the ten most slowly damping, u
perturbed right eigenfunctions. We use~136! and ~138! to
calculater lm andr rm . P(r) is then evaluated with~114!–
~116! and ~134!, with m54. Then we find real values ofv
andr for which both real and imaginary parts of Eq.~161!
are satisfied. The calculation is repeated for many value
b, giving a curve in theb2 f space, which can be directl
compared with data shown in Figure 11. In addition, w
obtain the value ofr, which relates the masing frequencyv

to the average Larmor frequencyv̄L set by the magnetic
field, v5v̄L1rgl. r also gives the location of the masin
slice where the transverse magnetization is peaked,x'r l .
The theoretical dependence ofr on the masing frequency i
shown in Fig. 12. The discontinuities in ther vs. f curve
correspond to the discontinuities in the slope ofbth vs. f
curve. At these points the preferred configuration of the p
cessing magnetization which has the largest gain for ma
changes discontinuously.

All of the general features of the data are very well rep
duced by our model. In particular, the model and the d
show a large increase of the threshold gradient for sli
detuning of the masing frequency away from the coil re
nance frequency. This increase can be attributed to the e
enhancement effects, which are also seen in the spin im
ance shown in Fig. 4. The effect of self-interactions is
greatly increase the peak for masing frequency below
coil resonance frequency and reduce or eliminate the p

nce FIG. 12. Calculated relative position of the maser moder vs
maser frequency forl50.122~solid line! andl50 ~dotted line!.



o
il

ie
as

th
al
t
W
its
ag
e
rs
on
ce
he
th
u
3

an

an
in

l t
t
c

et
m
a

ag
ffi
e
gr

c

pin
of

unc-
ion
les,
op-
in
of

eci-
us

en-
ny
ed
ich
en-
in

to
per-
un-

ex-
the
tron

te.
field
oil

pins

ce
.S.
ci-

1402 PRA 60M. V. ROMALIS AND W. HAPPER
for masing frequency above the resonance frequency. B
the model and the data have a region where maser osc
tions can be started by increasing the magnetic field grad
Thus, our theory of inhomogeneously broadened spin m
correctly explains all of its unusual properties.

The quantitative agreement between our data and
theory, which does not have any free parameters, is
reasonably good. The only disagreement is in the heigh
the peak on the low side of the coil resonance frequency.
believe that the largest limitation of our theory is due to
1-dimensional nature. We neglect the variation of the m
netization in the plane perpendicular to axis of the cylind
Even for perfect experimental conditions, some transve
variation of M can be expected due to the self-interacti
field near the ends of the cell. In addition, if the end surfa
of the cell are not perfectly flat or not perpendicular to t
direction of the magnetic field gradient, the accuracy of
one-dimensional approximation is further reduced. Beca
masing occurs in a very thin slice with a thickness of only
mm, small imperfections of the end walls of the cell c
affect the boundary condition.

IV. CONCLUSIONS

In this paper we have presented the first theoretical
experimental treatment of a spin maser in the regime of
homogeneous broadening. We have considered in detai
threshold behavior of the maser and we have determined
region in the parameter space where masing oscillations
occur. The behavior of the threshold value of the magn
field gradient is counterintuitive. It reaches its maximu
value when the mean Larmor frequency is detuned aw
from the resonance frequency of the maser coil. If a m
netic field gradient is such that masing cannot occur, su
cienly decreasing the gradient will lead to masing, Howev
in certain ranges of maser frequencies, non-masing field
dients exist which lead to masing if they are decreased
increasedsufficiently. We also present the first detailed a
J

ys

et

.

th
la-
nt.
er

e
so
of
e

-
r.
e

s

e
se

d
-
he
he
an
ic

y
-
-

r,
a-
or
-

count of the effect of magnetic self-interactions on the s
maser. Self interactions significantly enhance the range
parameters where masing oscillations can occur.

We use a theoretical approach based on the eigenf
tions and eigenvalues of the non-Hermitian spin evolut
operator. The impedance is proportional to a sum on po
located at the complex eigenvalues of the the evolution
erator. Only the first few of the infinite number of poles
the sum need to be explicitly included. The contribution
the remaining poles can be accounted for with great pr
sion by replacing the sum with an integral over a continuo
line of poles. In spite of the unusual properties of the eig
functions, for example, peak amplitudes that are ma
orders-of-magnitude smaller for eigenfunctions localiz
near the cell edges than for interior eigenfunctions, wh
have eigenvalues close to the three-fold vertex of the eig
value spectrum, no serious difficulties were encountered
numerical computations.

In addition to its intrinsic interest, our work allows one
estimate the masing threshold in applications of dense hy
polarized gases and liquids. In most cases masing is an
desirable effect which reduces nuclear polarization. For
ample, there is strong evidence that masing was limiting
3He polarization during a recent measurement of the neu
spin structure function at SLAC@14,23#. Masing can be en-
tirely avoided by polarizing the spins in the low energy sta
Otherwise, it can be suppressed by increasing magnetic
gradient, setting the spin Larmor frequency above the c
resonance frequency and reducing the coupling of the s
to the coil.
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