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Numerical and experimental studies of long-range magnetic dipolar
interactions
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We describe several numerical methods developed to analyze the behavior of spin polarized liquids
in the presence of long-range magnetic dipolar interactions and external field gradients. Two of the
methods use a discrete lattice of spins. In the first we calculate the magnetic field from the lattice
of spins directly, either in the rotating frame, or in the lab frame. In the second method we include
the dipolar fields from linear magnetization gradients analytically and calculate the dipolar fields
from higher order gradients in Fourier space, where they are a local function of the magnetization.
In the third method the magnetization is expanded in a Taylor series and the dipolar fields are
calculated analytically for each term. The results of these calculations are compared to experimental
data, in which we use two superconducting quantum interference device magnetometers adjacent to
a spherical sample of hyperpolarized liquid129Xe to detect the evolution of magnetization gradients.
In particular, we observe an increase by a factor of 100 of the spin dephasing time in a longitudinal
magnetic field gradient due to dipolar interactions of the spins. While each of the numerical
techniques has certain limitations, they are generally in agreement with each other and with
experimental data. ©2004 American Institute of Physics.@DOI: 10.1063/1.1747885#
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I. INTRODUCTION

Nonlinear effects due to long-range magnetic dipolar
teractions recently attracted significant experimental and
oretical interest. The effects of magnetic spin se
interactions on nuclear magnetic resonance~NMR! spectra
were first observed in solid3He ~Ref. 1! and more recently
investigated using conventional high-field NMR in water a
other organic liquids,2 as well as in liquid3He,3 and liquid
129Xe.4–6 While short-range dipolar interactions are averag
out by diffusion in liquids, distant dipolar fields can play
significant role in spin-polarized liquids with an avera
magnetizationM and gyromagnetic ratiog if the dipolar in-
teraction timetd5(gM )21 is comparable to or less than th
transverse spin relaxation time.2 Effects of distant dipolar
fields have been used for novel magnetic resonance ima
techniques7,8 and can enhance the sensitivity in a search fo
CP-violating permanent electric dipole moment in liqu
129Xe.5,6 Long range dipolar interactions of magnetic9 or
electric10 dipoles also play an important role in the dynam
of cold gases and Bose–Einstein condensates.

The theoretical basis for treatment of distant dipo
fields has been well established. They can be modeled c
sically as a sum of the fields produced by the magnetic
poles of individual spins.11 A full quantum-mechanical treat
ment is also possible by following the evolution of a dens

a!Author to whom correspondence should be addressed. Electronic
micah@princeton.edu
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matrix representing all spins in the sample.12 It has been
shown that the two approaches are equivalent under m
conditions.13 Detailed analysis of dipolar interactions is com
plicated, in spite of their formal simplicity, because th
cause nonlinear and nonlocal effects which are sensitiv
the geometry of the sample and the boundary conditio
Only a small number of analytic results have been obtai
so far, including linear stability analysis for a uniform ma
netization distribution14,15and evolution of the magnetizatio
in a spherical sample in the presence of a weak magn
field gradient.5,6 Numerical modeling of dipolar interaction
is computationally intensive because of their non-local
ture. It has been shown that they can be represented
local function in Fourier space1 and efficient computationa
techniques using fast Fourier transforms~FFTs! have been
developed.16 Numerical simulations using a small lattice o
discrete spins have also been performed.14

Most experimental work has been carried out in liqui
using the conventional NMR techniques sensitive to the to
magnetization of the sample to look at the behavior of
free induction decay signals,3,4,17 or spin echo trains.5 It has
been found that following a 90° rf pulse in a uniform ma
netic field the magnetization develops a dynamic instabi
leading to an abrupt decay of the NMR signal.4,5 On the
other hand, for small tip angles the NMR signal often p
sists longer than one would expect in the absence of m
netic dipolar interactions. In particular, it was found that inU
shaped samples the NMR spectrum develops a serie
sharp lines4,18 when one would naively expect a broad spe
il:
4 © 2004 American Institute of Physics
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tral profile due to magnetic field gradients created by dipo
fields.

In Ref. 6 we described the first experimental study
dipolar interactions using two superconducting quantum
terference device~SQUID! magnetometers that allowed a d
rect measurement of the magnetization gradients by exa
ing the phase difference between the two SQUID signals.
studied the evolution of the magnetization in a spherical
of radiusR in the presence of a constant longitudinal ma
netic field gradientg5dBz /dz. We also developed a simpl
analytical model that accurately describes the experime
results whengR is much smaller than the uniform spin ma
netizationM0 .

We expand the magnetization profile keeping only ter
linear in z/R, and hence call it a ‘‘linear’’ model

M ~r ,t !5M01m~ t !M0

z

R
. ~1!

We find that following a rf pulse tipping the magnetizatio
into the x̂ direction by an anglea it develops a linear gradi
ent of theŷ component given by

my~ t !52
ggR

v lin
sin~a!sin~v lint !, ~2!

v lin5
4A2p

15
M0g~3 cos~2a!21!1/2. ~3!

Thus, fora,35° the linear magnetization gradients o
cillate at a frequencyv lin while for a.35° they grow expo-
nentially, consistent with earlier results.14,15 Our experimen-
tal measurements of the oscillation frequencyv lin and the
exponential growth time constantb5 iv lin were in good
agreement with these predictions forgR/M0!1. However,
the linear model failed to account for several features of
data, such as the observed asymmetry in the SQUID sig
or the decay of the gradient oscillations, nor did it accurat
predict the frequency of the gradient oscillations wh
gR/M0'1.

In this paper we explore several numerical technique
model the long-range dipolar interactions and also cons
the effects of spin diffusion. We extend the Fourier transfo
technique16 by introducing methods to eliminate the artifac
caused by periodicity assumed in Fourier transforms and
tortions on sharp boundaries of the cell. We also exten
technique based on a Taylor series expansion of the ma
tization introduced in Ref. 6 and include up to 40 terms
the expansion. We develop a method based on a direct
culation of the magnetic field produced by a lattice of sp
and describe techniques to improve its computational e
ciency. Finally, we also perform the calculation without ma
ing the rotating wave approximation~RWA!, since for some
of our data the holding magnetic field is comparable to
magnetization, unlike high field NMR experiments. Th
method also simplifies the treatment of transverse magn
field gradients. The results of all numerical techniques ar
good agreement with each other.

We also improve on the experimental results, primar
by exploring the behavior of the system at higher magn
zation, improving the sphericity of our cells and the cont
r
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over the temperature gradients of the system. By opera
over a wider range of magnetizations, we find that there
several mechanisms that can cause a decay of the oscilla
in the magnetization gradient for small tip angles. Conv
tion due to temperature gradients plays a significant role
small values of the magnetization. Diffusion also cause
decay of the phase oscillations, but its effect is relativ
small. The overall decay of the NMR signal following
small pulse,T2* , is affected by the degree of sphericity of th
cell and the strength of the magnetic field gradient across
cell relative to the magnetization of129Xe. We observe val-
ues of T2* that are about 100 times longer than would
expected for a given magnetic field gradient in the abse
of the dipolar interactions.

II. THEORETICAL MODELS

A. Assumptions and approximations

In this work we use classical Bloch equation formalis
to describe the behavior of the magnetization. It has b
shown that a quantum-mechanical density mat
formalism11–13 gives the same results for modelling of th
long range dipolar interactions. Xenon has two nonzero s
isotopes:129Xe (I 51/2,26%) and131Xe(I 53/2,21%). We
neglect the effects of the latter because it has very low
larization due to its fast quadrupole relaxation channel, a
write the modified Bloch equations

]M

]t
5gM3~Bext1Bd!1D¹2M2

Mxx̂1M yŷ

T2
2

Mzẑ

T1
~4!

to describe the behavior of the129Xe magnetization. Here
Bext is the external magnetic field,Bd is the dipolar field,D is
the coefficient of diffusion, andT1 andT2 are the longitudi-
nal and transverse relaxation times and the magnetizatio
thermal equilibrium is assumed to be very small. For evo
tion of the system on short time scales~10–20 s! the first
term dominates for parameters describing our experiment
time scales on the order of several hundred seconds, d
sion and relaxation become important. Typically included
Eq. ~4! is the field created by a resonant rf pickup coil lea
ing to radiation damping. Because SQUID magnetome
do not rely on a resonant circuit, this term is absent here.20 A
full treatment would also include the effects of convecti
due to temperature gradients, however, we defer a deta
numerical study of these effects for a later publication a
only briefly mention some experimental results here.

In addition to the simplifications mentioned above, w
assume a spherical cell for which, in the absence of app
magnetic field gradients or initial magnetization inhomog
neities, the total dipolar field seen by the spins is equa
zero. We have also explored the effects of experimental
perfections such as initial magnetization inhomogenei
and deviations from perfect sphericity using the numeri
methods discussed here, but we leave a detailed discus
of these effects to a future publication.

Finally, in most models we use the RWA which is ge
erally very accurate in high field NMR experiments. How
ever, in our low-field experiments the accuracy of this a
proximation is not obvious, since the magnetic field of
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mG along theẑ direction is only 10–100 times greater tha
the dipolar magnetic fields. To understand possible de
tions from this approximation, we have also performed sim
lations in the lab frame.

B. Description of models

1. Numerical problems in modeling of dipolar
interaction

The simplest possible numerical model of dipolar int
actions involves a discrete lattice of spins and direct sum
tion of their magnetic fields.14 However, since the interactio
is nonlocal, the time of such calculations grows asN6, where
N is the number of grid points in each dimension. To spe
up the calculation we use the symmetry of the magnetiza
and the dipolar field for purely longitudinal magnetic fie
gradients. We find that grids withN<40 in the rotating
frame, andN<20 in the lab frame can be analyzed in
reasonable time on a modern PC. We find however that
solution converges fairly quickly and grids withN>10 give
accurate results. We also developed a method for redu
the effect of the grid edges, which is very important for sm
size grids.

Two other methods that are more computationally e
cient are also considered here. One, discussed previo
in Ref. 16, transforms the magnetization into the Four
space, where the magnetic fieldB̃~k! is a local function
of M̃ ~k!, reducing the computation time toN3 logN. In our
case the magnetization has a large average value and a
rier transform on a finite grid causes large distortions.
overcome this problem by subtracting the constant and lin
gradient components of the magnetization before perform
the Fourier transform and adding analytical results for
dipolar fields produced by a uniform gradient later. This a
largely eliminates the effect of the ‘‘ghost’’ cells due to th
periodicity of the Fourier transform.

We further develop a model introduced in Ref. 6 bas
on Taylor series expansion of the magnetization. The dip
magnetic fields created by each term in the expansion ca
calculated analytically. We obtain a system of nonlinear
dinary differential equations for the coefficients of the Tay
expansion, which can be easily solved numerically. T
method is very computationally efficient but has a limit
range of convergence for large magnetic field gradients
is non-trivial to adapt to other geometries.

2. Discrete lattice of spins in the rotating frame

In the rotating frame, the only part of the dipolar fie
that survives averaging over the Zeeman interaction with
holding field is19

Bd~r !5E
V

123 cos2 u rr 8

2ur2r 8u3
@3Mz~r 8!ẑ2M ~r 8!#dr 8, ~5!

where cosurr85(z2z8)/ur2r 8u. In this paper we conside
evolution only in the presence of longitudinal magnetic fie
gradientsdB/dz and it seems natural to use a cylindric
coordinate system, reducing the number of space dimens
from 3 to 2. However, we found that at small scales
dipolar magnetic field from a uniform magnetization dist
a-
-
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bution does not average to zero in a cylindrical coordin
system. For example, while the contribution to the magne
field from equal dipoles positioned at (0,a,0), (0,2a,0),
(a,0,0), (2a,0,0), (0,0,a), and (0,0,2a) adds up to zero a
the center~0,0,0!,14 this is not the case for other spin lattic
arrangements. Therefore, we find that only in Cartesian g
with uniform positioning of dipoles the 1/r 3 singularity in
the integral is exactly cancelled by contributions from
dipoles located on neighboring lattice sites.

However, this cancellation breaks down near the bou
ary and, if no measures are taken, the edge magnetic fi
will be large and can affect the evolution of all dipole
propagating inside the volume. To cancel edge effects
make use of the fact that the dipolar magnetic field insid
sphere of uniform magnetizationM ~r ! is zero

E
V

123 cos2 u rr 8

2ur2r 8u3
M ~r !dr 850 ~6!

and hence

Bdz~r !5E
V
dr 8

123 cos2 u rr 8

ur2r 8u3
Mz~r 8!

5E
V
dr 8

123 cos2 u rr 8

ur2r 8u3
@Mz~r 8!2Mz~r !# ~7!

and similar equations forBdx andBdy components. After this
subtraction the edge effects become much smaller, pro
tional toa“M , wherea is the grid spacing rather than to th
large uniform componentM0 , allowing calculations with
smaller grids.

To test the accuracy of the dipolar field calculated w
the grid method we compare the results with the analyt
results for a linear gradient of the magnetization,M
5mz/R, for which the dipolar magnetic field is6

Bd5$8p/15mx,8p/15my ,216p/15mz%z/R. ~8!

In Fig. 1~a! we plot the numerically calculated gradient
the magnetic field near the origin produced by a linear g
dient of the magnetization as a function of the number
grid points. Solid lines in the top and bottom panels of th
figure are 8p/15 and216p/15. We find that forN515 the
gradient calculated by the grid method agrees with the a
lytic result to better than 1%.

Several steps may be taken to increase the spee
evaluation of the magnetic field. By calculating an array
the dipolar weighting factors

w~r2r 8!5
123 cos2 u rr 8

2ur2r 8u3 ~9!

in advance, instead of for each new configuration of the m
netization, we realize an improvement in speed by a facto
approximately 6 in our code. One can realize another fac
of 64 improvement by taking advantage of the azimut
symmetry of the magnetization and the dipolar fields in
rotating frame for purely longitudinal gradients. Figure 1~b!
shows a slice of the numerical grid. Because of azimut
symmetry,
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FIG. 1. ~a! Numerically calculated magnetic field gradients per unit gradient of magnetization as a function of the number of grid pointsN in each dimension.
The solid line represents the analytic result 8p/15 and216p/15 for transverse and longitudinal gradients respectively.~b! Schematic showing the eightfold
symmetry of the grid model configuration in the rotating frame.
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M ~r1!5M ~r2!5...5M ~r8! ~10!

and thus

B~r1!5B~r2!5...5B~r8!. ~11!

Hence we need only calculate the magnetic field in
shaded piece of the pie, yielding a factor of 8 in speed. F
thermore, because of Eq.~10!, the contribution toB(r18) from
dipoles located atr i , i 51...8 may be written

(
i 51

8

M ~r i !w~r182r i !5M ~r1!(
i 51

8

w~r182r i !, ~12!

reducing the number of multiplication operations by a fac
of 8. In addition, the above sum ofw factors can be calcu
lated before the start of iterations, but because it depe
separately onr1 and r18 instead of only their difference, th
memory requirements (;N6/64) are significant for grids
larger than about 40. Calculating the right hand side of
~12! from the stored values ofw(r2r 8) each time it is
needed yields a factor of 3–4 increase in speed instead
factor of 8.

The largest computational cost is the evaluation of
derivativedM /dt. We use a third order predictor–correct
algorithm for solving the differential equation to minimiz
the number of derivative evaluations.24 We find that approxi-
mately 35 time steps per period of gradient oscillation
needed to ensure convergence of the solution.

3. Discrete lattice of spins in the lab frame

This model does not rely on the rotating field appro
mation, and hence may be used to test the validity of s
assumptions for magnetization comparable to the staticBz

field. Further, it allows us to easily explore the effects
transverse magnetic field gradients, which are crucial to
derstanding the behavior of the magnetization following
90° pulse.5

The model in the lab frame is identical to the rotati
frame model except that the dipolar field takes the follow
form:
e
r-

r

ds

.

f a

e

e

h

f
n-
a

Bd~r !5 (
r8Þr

3n@n"M 8~r 8!#2M 8~r 8!

ur2r 8u3
dr 8, ~13!

wheren5~r2r 8!/ur2r 8u and to cancel edge effects, we ma
the substitution

M 8~r 8!5M ~r 8!2M ~r !, ~14!

as discussed in the previous section.
In this method we cannot make use of azimuthal sy

metry of the magnetization distribution and have to sign
cantly reduce the step size of the time evolution to follow t
Larmor precession frequency of the spins. However, the
culations can still be performed in a reasonable time~,24 h
on a 1 GHz Pentium 4! for sufficiently large grids to obtain
results in agreement with other models. Using this metho
is also easy to investigate the effects of deviations from
spherical cell geometry.

4. Fourier transform technique

Deville et al.1 noted that the integral operator in Eq.~5!
is a convolution that can be expressed as a local produc
Fourier space

Bd~k!52p/3@3k̂"ẑ21#$3Mz~k!ẑ2M ~k!%. ~15!

Following Ref. 16 we transform the magnetization distrib
tion into Fourier space using an FFT, calculate the dipo
magnetic field using Eq.~15!, transform the field back into
real space, and advance the magnetization according to
~4! using the predictor–corrector algorithm discussed abo
The numerical model is run on a grid ofN3 points whereN
is a power of 2. We typically run the model withN564 or
128.

Here we investigate evolution of magnetization profil
with large average values, which are not represented a
rately by a discrete Fourier transform on a finite grid. R
peated Fourier transforms can introduce two types of a
facts: distortions at cell boundaries where the magnetiza
abruptly drops to zero and spurious magnetic fields fr
‘‘ghost’’ cells that appear due to implicit periodicity of th
Fourier transform. In our calculations the magnetization c
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be represented to first order by a combination of a cons
term and a linear gradient in theẑ direction. Since the dipola
field Eq. ~13! is linear in the magnetization, we can separ
the effects of linear magnetization gradients from higher
der deviations. Prior to calculating the Fourier transform
subtract from the magnetization profile a constant and lin
gradient terms. The remaining magnetization distribution
much smaller and close to zero near the edges, which
duces both the edge and ghost cell effects. To further red
‘‘ghost’’ cell effects we use a cell radiusR that is smaller
than the total grid sizeN, typically by about ten points. Afte
calculating the dipolar field created by this distribution
Fourier space we add the magnetic fields created by the
ear magnetization gradient using Eq.~8!.

We also consider the effects of diffusion in this mod
Since“2M is a local operator there is no speed advantag
calculating it in Fourier space where the boundary conditi
cannot be easily applied. To calculate the diffusion contri
tion in the presence of the boundary conditions we first c
culate“M , then setn"“Mi50 on the boundary points an
then take another derivative to obtain¹2Mi .

5. Analytical expansion of magnetization

The dipolar interactions can be calculated in a num
cally efficient way by expanding the magnetization into a
of basis functions and calculating analytically the dipo
field produced by each of them. In the absence of diffus
the basis functions do not need to satisfy any boundary c
ditions on the surface. As discussed further in the Appen
it is convenient to use a Taylor series

M5(
n,m

mnm~ t !zn~x21y2!m/Rn12m, ~16!

which is applicable for an azimuthally symmetric distrib
tion that develops in the presence of longitudinal magn
field gradients. Then one can symbolically evaluate the di
lar field integrals for each term and write the dipolar field

Bd5 (
n,m,n8,m8

mnm~ t !bn8m8
nm zn8~x21y2!m8/Rn812m8,

~17!

where bn8m8
nm are constant coefficients whose evaluation

discussed in the Appendix.
Inserting this dipolar field into the Bloch equation giv

a set of coupled differential equations for the coefficie
mnm(t), one for each basis functionzn(x21y2)m and each
vector index. We useFORTRAN to evaluate the coefficients o
the expansion and to solve the resulting set of differen
equations numerically.

The casen51 andm50 developed in Ref. 6 is particu
larly simple, leading to an analytic solution for the line
gradients of the magnetization, that oscillate with a f
quency defined in Eq.~3! for small tip angles. The expansio
n12m<4 was also investigated in Ref. 6. This model cou
explain the asymmetry in the signals between the t
SQUIDs, but the significance of the higher order terms gr
rapidly so that only one or two periods of oscillations cou
be followed. Including higher-order gradients, up toz40, im-
nt
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proves the accuracy of the solution and allows us to obse
the evolution for many oscillations. In addition, the ext
terms in the series rapidly improve the convergence to
behavior predicted by the linear model whengR/M0!1.
However, we find that the solution eventually diverges due
rapid growth of highest-order terms. While the Taylor ser
expansion is conceptually simple and allows us to obtain
coupling coefficientsbnm

kl in closed form, it is not necessaril
an ideal basis for this problem whengR/M0'1 and is some-
what akin to expanding sin(x) in a Taylor series. Increasing
the number of terms in the expansion merely delays the o
of the divergence.

C. Extraction of data from numerical calculations

In order to compare the results of our calculations w
the experiment it is necessary to accurately model the m
surement of the magnetization gradients using two SQU
detectors. The inset of Fig. 5 shows a schematic of the r
tive orientation of the SQUID detectors and the cell. T
signal in each SQUID is proportional to the flux through
square pickup coil. To calculate the amount of flux goi
through the pick-up coils we use the equality of mutual
ductances and integrate the magnetic field produced b
current flowing through the pick-up coil over the volume
the cell. The flux through each SQUID can be separated
ac and dc components and expressed in terms of the ma
tization components in the rotating frame. The ac flux
each SQUID has in-phase and out-of-phase componentsF in,i

andFout,i given by

F in,i5E
V
@Mx~r !Bx

~ i !~r !1M y~r !By
~ i !~r !#d3r

~18!

Fout,i5E
V
@Mx~r !By

~ i !~r !2M y~r !Bx
~ i !~r !#d3r

whereB( i )(r ) is the magnetic field produced by each SQU
pick-up coil with one unit of current flowing through it. Th
amplitude of the total ac signalFS,i is

FS,i5AF in,i
2 1Fout,i

2 ~19!

while the phase difference between the SQUID signals
given by

Df5arctan~Fout,1/F in,1!2arctan~Fout,2/F in,2!. ~20!

If the magnetization has only small linear magnetic fie
gradients one finds after performing numerical integrat
thatDf5zmy , wherez is a dimensionless factor on order o
unity that depends on the relative dimensions and positi
of the cell and the SQUIDs, for our geometryz.0.5. Thus,
to first order, linear magnetization gradients produce a ph
difference between SQUID signals. The oscillations of t
linear gradients predicted by Eq.~2! can be directly observed
experimentally as phase oscillations between SQUID sign

III. DISCUSSION OF SIMULATIONS

A. Parameters of the Bloch equations

Our simulations depend on five parameters: the mag
tude of the applied gradientg in G/cm, the magnetization
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densityM in G, the radius of the cellR in cm, the diffusion
constantD in cm2/s, and the tip anglea in radians. To un-
derstand the short term behavior~,20 s! after the initial
tipping pulse we can neglect the effects of diffusion a
relaxation. For most of what follows, we compare the f
quency of simulated phase oscillations to that predicted
the model involving only linear gradients,6 given by Eq.~3!.
We find that for small tip angles andgR/M0!1 the phase
oscillations are accurately described by a sin(vt) function
and their frequency can be determined unambiguously.
gR/M0'1 the oscillations are not quite sinusoidal, as sho
in Fig. 2. Even in that case we find that by performing
nonlinear fit we can find the frequency of oscillations with
systematic uncertainty of less than 1%–2% if the fitti
range is greater than two oscillation periods.

It is not initially clear that the RWA is sufficiently accu
rate, since the ratio of dipolar fields to applied dc magne
field can exceed 1/10. To check the validity of the RWA, w
examine the frequency of phase oscillations as a functio
the magnetization. We find that forM0<B0/10 the changes
in the frequency of the oscillations is only a few tenths o
percent, and hence the RWA is valid in our regime.

Within the RWA scaling arguments allow us to redu
the number of independent parameters by two for the s
term behavior of the system. We use the tip angle and r
tive gradientgR/M0 as the two dimensionless paramete
that define a family of solutions.

B. Short term evolution of the phase oscillations

To explore the effects of magnetization gradients hig
than first order for small tip angles at largegR/M0 we com-
pare the frequency of simulated or experimental oscillati
to the frequency of oscillations of the linear model given
Eq. ~3!. Since the linear model suggests that the frequenc

FIG. 2. Comparison of the phase oscillations from all models forgR/M
51 and tip anglea50.05 rad. The models agree closely for the first per
of oscillation, but start to deviate slightly for the second period. The a
lytical expansion model breaks down abruptly~a sharp turn down! right
after the second minimum.
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the phase oscillations depends on the tip anglea only qua-
dratically for smalla, we seta to a small valuea50.05 and
investigate the oscillation frequency as a function ofgR/M0

as shown in Fig. 3. For small gradients,gR/M0!1, all mod-
els agree with the linear model to within a couple tenths o
percent, except for the grid model in the lab frame which h
a constant offset because it uses a relatively small numbe
grid points.

The case in whichgR/M0'1 is the most problematic
because higher order gradients become important. The
of the second to first order gradient grows linearly w
gR/M0 , m2 /m1'23gR/M0 , indicating the importance o
higher order gradients of the magnetization at largegR/M0 .
It is interesting to superimpose the solutions of the analyt
expansion and the grid models for this case. In Fig. 2
show solutions from all models forgR/M051. A close
agreement for the first period of oscillation provides a ve
fication of the correctness of our codes. Observed devia
for later times is due to numerical accuracy of implemen
methods. We checked that as the number of terms in
Taylor expansion grows the numerical results are virtua
unchanged until the point where the Taylor expansion brea
Similarly, for the grid models we also find close agreeme
for N525 andN541 and the results of the Fourier mod
are unchanged forN564 or 128. Decreasing the time step b
a factor of two produces imperceptible change in any of
models.

In Fig. 4 we show the dependence of frequency on
tip angle for gR/M050.2. The predictions of our model
agree well with the linear model for small tip angles, b
some deviation is observed for larger tip angles. The lin
model predicts that the gradients should oscillate for
angles smaller than 35°'0.6 rad and grow exponentially fo
larger angles. However, in each of the higher order numer
models, the solution becomes unstable for tip angles gre
than about 0.3 radians. Experimental observations indic

-

FIG. 3. The ratio of frequency of phase oscillations to the predictions of
linear model obtained with different methods as a function ofgR/M for a
small tip angle of 0.05 rad.
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that instability can occur for tip angles as small as 0.15 r
The tip angle corresponding to the onset of the instability
approximately inversely proportional to the magnetizatio
We leave a more detailed exploration of the onset of ins
bility with respect to the tip angle for another study.

C. Long term evolution of the phase oscillations

For time scales on the order of many hundreds of s
onds diffusion and relaxation become relevant. In the limit
small tip angles and smallgR/M0 , the magnetization profile
is dominated by an oscillating first order gradient in theẑ
direction of theŷ and ẑ components of the magnetizatio
The longitudinal relaxation time in our experiment is close
T151800 s measured in other experiments, indicating t
depolarization on the cell walls is very small. In the presen
of diffusion and the non-relaxing cell walls, the bounda
condition isdM /drur 5R50, essentially ‘‘rounding off’’ the
linear gradient at the cell walls. We solve the diffusion equ
tion in the presence of an oscillating magnetization grad
using Laplace transform method and expanding the mag
tization in terms of spherical Bessel functions and spher
harmonics. The length scale for the distortion of the line
magnetization gradient is given byl D5AD/v lin and for our
experimental conditionsl D;331023 cm. Thus, only a very
thin layer near the surface of the cell is affected by diffusio
The magnetic dipolar fields created by this distortion res
in the decay of the phase oscillations.

The modeling of the diffusion effects is very numerica
demanding. We are interested in the solution of the prob
in the regimel D!R. On the other hand, to accurately d
scribe the effects of diffusion on a discrete grid we need
grid spacing to be much smaller thanl D . These requirement
result in an inequalityR@ l D@R/N which cannot be easily
satisfied unlessN is large. We performed the calculation
using the Fourier method withN5128 and using artificially

FIG. 4. The dependence of the frequency of the phase oscillations obta
with different models compared with the prediction of the linear model a
function of the tip angle withgR/M 050.2 andM 05100mG.
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increased values of the diffusion constant so both inequal
are approximately satisfied. We found that the rate for
decay of the phase oscillationst21 scales approximately
with D/R2. Numerically, we obtaint21;7D/R2. This can
be compared with the decay ratet1

2154.33D/R2 of the first
diffusion eigenmode withl 51 spherical harmonic, which
corresponds to an approximately linear magnetization gr
ent.

The measurements of the diffusion constant of liquid
are also somewhat uncertain, with numbers ranging fromD
5231025 to D5431025 cm2,21–23at our temperature. We
estimate that the decay of the phase oscillations due to
fusion has a time constantt;2000 s with a factor of 2
uncertainty.

IV. COMPARISON OF MODELS WITH EXPERIMENT

The experimental apparatus is similar to that used in R
6 and is shown in Fig. 5. Recently we have made sev
technical improvements. First, a 120 W diode laser allows
to achieve magnetizations up to 450mG. In our previous
experiment we were limited to magnetizations of about 1
mG.

Second, we have improved the degree of sphericity
our sample by using a cell consisting of two hemisphe
machined from BK7 glass and glued together with Norla
NOA 88 UV curing cement. Our previous data was tak
with a cell made of blown glass.

To characterize the degree of sphericity of inner c
walls we submerge it in mineral oil which has approximate
the same index of refraction as glass, so only the inner
face of the cell reflects light. We reflect a laser from the c
as it is rotated around its center. Any deviations of the c
inner surface from the spherical shape result in motion of
laser beam. Using a beam position monitor we can mea
the displacement of the beam and characterize the shap
the cell in terms of spherical harmonics. Simple calculatio
show that for small deviations from spherical shape thl

ed
a

FIG. 5. Experimental setup. The xenon cell is maintained at 168 K
flowing cool nitrogen vapor down through a double wall, vacuum insula
column separating the xenon cell from the LN2 that cools the SQUIDs. We
can explore the effects of temperature gradients by also flowing war
nitrogen up through a small tube inserted into the bottom of the dew
~Inset! Schematic showing the relative orientation of the SQUID fl
pick-up coils and the spherical cell containing polarized liquid129Xe. Only
the transverse components of the magnetization are shown.
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52 terms generate a homogenous magnetic field andl 53
terms generate a first order magnetic field gradient. Th
magnetic fields and gradients rotate together with the m
netization, so their effects are not trivial and need to be
vestigated numerically.

Experimentally we find that deviations of the cell fro
the spherical shape have a large effect on the transvers
laxation timeT2* for small tip angles as shown in Fig. 6. Fo
large deviations of the cell from the spherical shape
transverse relaxation time is determined by magnetic fi
gradients created by the magnetization and the relaxa
time increases as the magnetization decays. To illustrate
regime we plot the productM0T2* , which remains constan
for a range ofM0 values in cells made from blown glass. O
the other hand for machined glass cells we find thatM0T2* is
approximately proportional toM0 , indicating that the trans
verse relaxation time is determined by gradients of the a
bient magnetic field and the intrinsic transverse relaxat
time of liquid 129Xe.

We have also made improvements to our cryoge
setup, installing a new vacuum-insulated Dewar with
ability to independently measure and control the tempera
on the top and the bottom of the cell. We found that la
temperature gradients can induce convection currents w
significantly affect the evolution of the phase oscillations.
our previous Dewar temperature gradients as high as a
K/cm could occur for some flow conditions. A new Dew
with a vacuum insulated double wall allows a temperat
stability of approximately 1 K. By monitoring the temper
ture of two thermocouples attached to the top and bottom
the cell and flowing warm nitrogen vapor from the bottom
we are able to control and explore the effects of tempera
gradients systematically. We find that increasing the temp
ture gradients significantly reduces the decay time of
phase oscillationst.

FIG. 6. Deviations from spherical geometry have an effect on the transv
relaxation timeT2* for small tip angles. The blown glass cell with a cap
lary stem is less spherical near the stem than the thin stem cell becaus
capillary has thick walls that distort the shape of the cell.
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The SQUIDs and the cell are both mounted on a 1/4
G10 sheet to maintain the relative distance between th
We determine the exact distance from the cell to the SQU
by measuring the signal that a known current flowing in
calibration loop attached to the cell induces in the SQUID
The phase difference between two ac signals of the SQU
can be determined in real time using the following simp
algorithm. Suppose each signal is represented bySi(t)
5Ai(t)sin(v0t1fi(t)). We assume that changes in the amp
tude and the relative phase are much slower than the Lar
precession frequency. We form two products of the sign
one with a relative phase shift ofp/2 between them

f ~ t !5S1~ t !S2~ t1p/2v0!

5A1~ t !A2~ t !/2$sinDf~ t !

1sin~2v0t1f1~ t !1f2~ t !!%,
~21!g~ t !5S1~ t !S2~ t !

5A1~ t !A2~ t !/2$cosDf~ t !2cos~2v0t1f1~ t !

1f2~ t !!%,

where Df(t)5f1(t)2f2(t). After filtering out the high
frequency components of the two products and taking
ratio, one obtains the difference in phase

tanDf~ t !5
lowpass~ f ~ t !!

lowpass~g~ t !!
. ~22!

Figure 7 shows the SQUID NMR signal after a small t
angle pulse and the phase oscillations obtained in this m
ner.T2* is about 320 s, a factor of about 60 longer than wh
one would expect neglecting dipolar interactions. We fit t
phase oscillations to the functional formAe2t/t sin(vt1f) to
obtain the frequency of the phase oscillationsv and relax-
ation time of the phase oscillationst.

In Fig. 8 we plot the ratio of the phase oscillation fr
quency to the predictions of the linear model for both sim
lation and experiment without any free parameters. The
quency of phase oscillations is determined by a fit to sev
periods in both experiment and simulation as explain
above. The scatter in the experimental data is probably

se

the

FIG. 7. A SQUID signal and the phase difference between two SQUIDs
M5249mG, gR572mG, and a tip angle of 0.0205 rad. The phase osc
lations decay very slowly compared to older data at lower magnetizat
~see Ref. 6!.
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to small changes in the calibration of the magnetization
to slight relative motion of the SQUID and the cells caus
by thermal stresses in the G10 plate. At low values
gR/M0 the experimental data agree very well with the
sults of numerical calculations. The frequency is also
agreement with the results of the linear model (v/v lin51).
At high values ofgR/M0 we find a systematic deviation o
the experimentally measured frequency from the numer
results. The results of the numerical calculations also ha
systematic error of 1%–2% because the phase oscillat
are not perfectly sinusoidal. We also find that in this regi
the frequency of the oscillations is very sensitive to oth
experimental parameters. For example, in our earlier stu6

with smaller values ofM0 and t we found substantially
larger increase in the frequency of the oscillations at la
gR/M0 .

Our numerical simulations also approximately reprodu
the aharmonicity of the phase oscillations for large values
gR/M0 . To analyze these effects quantitatively we perform
FFT on the phase oscillation signals for both experimen
data and simulation taking care that there is an integral n
ber of periods in the sample to be transformed. The resul
spectrum is shown in Fig. 9. The vertical scale of the sim
lation FFT has been adjusted to compensate for slight dif
ences in the magnetization between the simulation and
perimental data. The spectra of phase oscillations for b
simulation and data exhibit a single narrow peak atv5v lin

for smallgR/M0 . For largegR/M0 , two extra peaks appea
to the right of the main peak at approximatelyv53v lin/2
andv52v lin in both simulation and experiment. These ex
peaks are due to the different rates of oscillation of hig
order gradients that mix in a nontrivial way.

In Fig. 10 we show the observed relaxation timet of the
phase oscillations as a function of the magnetization. At l
magnetization our data are consistent with earlier resu6

FIG. 8. Measurements of the frequency of phase oscillations~squares! and
the results of numerical simulations~solid line! plotted as a ratio to the
predictions of the linear model as a function of the magnetization. Tip an
are small for all experimental data,a<0.12 rad.
e
d
f
-
n

al
a

ns
e
r
y

e

e
f

a
l
-
g
-
r-
x-
th

r

,

but for higher magnetization (M0.100mG) we observe
much longer values oft. In some datasets the decay time
even too long to be measured reliably. For large magnet
tion the values oft are consistent with our estimates of r
laxation due to diffusion on the order of 2000 s. At lo
magnetization we believe the oscillations are more rea
affected by convection effects. This behavior can be
plained by the following scaling argument. When the fr
quency of phase oscillations is large~high magnetization!
compared to the rate of convection, the magnetization will
transported through the cell adiabatically and follow the c
herent behavior predicted by the dipolar interactions. At l
magnetization, the frequency of phase oscillations is com
rable to the rate of transport due to thermal gradients and
magnetization cannot follow the oscillations due to the dip

s

FIG. 9. FFT of the phase oscillations for both simulation and experimen
small and largegR/M 0 . Extra peaks appear to the right of the main peak
v51.5v lin and 2v lin for largegR/M 0 .

FIG. 10. Relaxation time of phase oscillations as a function of the mag
tization. Data were taken atgR566mG and tip angles ranging from 0.020
to 0.123 rad. Arrows indicate data sets where the value oft was too long to
measure accurately.
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lar fields hence smearing out the magnetization gradie
The scatter in the relaxation time data could be due to in
magnetization inhomogeneities or different convection p
terns due to slight temperature gradients. We have observ
dramatic reduction oft by deliberately applying a large
~;15 K/cm! temperature gradient across the cell in the v
tical direction.

V. CONCLUSIONS

We have developed several new numerical tools to st
the effects of long range dipolar fields. Most useful for oth
applications are:~1! a method for compensating for edg
effects in a spherical geometry due to the finite grid size
the use of the azimuthal symmetry of the problem, decre
ing computation time by up to a factor of 64 in a dire
evaluation of the dipolar field and~2! a subtraction procedur
in the Fourier method that both compensates for edge eff
as well as reducing the effects of ghost cells.

Using these numerical tools we have developed four
ferent models to explore the spin dynamics of a spherical
of hyperpolarized liquid xenon. We verify using the la
frame model that the rotating wave approximation is va
even when the dipolar fields are only a factor of 10 sma
than the applied magnetic field.

The numerical models agree with the linear model
better than 1% in the frequency of phase oscillations
gR/M0!1. In this regime experimental data also agree w
the linear model quite well. ForgR/M0'1 the numerical
models show that higher order gradients become impor
and their predictions deviate slightly from the linear mod

Experimentally we have observed spectral narrowing
up to a factor of 100 and have also shown that the deca
the phase oscillations depends strongly on the magnetiza
Using the Fourier model we have estimated the effects
diffusion and found that they are consistent with the long
values oft obtained. We believe that convection genera
by residual temperature gradients also plays an impor
role in the decay of the phase oscillations, especially at
magnetization. We have also shown experimentally that
viations of the sample from perfectly spherical have a s
stantial effect on the transverse relaxation time.

In the future, we plan to use these numerical techniq
to help find regimes in which we could perform a search
a permanent electric dipole moment of129Xe ~Ref. 5! and
make measurements of theJ coupling in the van der Waal
molecules.25
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APPENDIX: ANALYTICAL EXPANSION
USING A TAYLOR SERIES

In this method we expand the magnetization into a se
of basis functions
ts.
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M ~r ,t !5(
n

mi~ t ! f i~r !, ~A1!

calculate the dipolar field produced by each basis function
terms of other functions in the same basis

Bdip~r !~ f i !5(
j

bj
i f j~r !, ~A2!

and substitute the result into Eq.~4!. Assuming that products
of the basis functions can be expanded into sums over b
functions, the Bloch equations can be reduced to a
coupled ordinary differential equations for the expansion
efficientsmi , which can be easily solved numerically.

The basis functionf i(r ) has to satisfy the following re-
quirements:

~1! For magnetization given byf i(r ) the resulting dipolar
field should be expressible as a sum off j (r ).

~2! A product of f i(r ) f j (r ) should be expressible as a su
of f k(r ).

~3! If diffusion is neglected the functionsf i(r ) do not need
to satisfy any boundary conditions other than being fin
at the origin.

~4! The functionsf i(r ) do not need to be orthogonal ove
any interval, however the coefficientsmi andbj

i should
fall sufficiently fast with i because the series has to
truncated at a finitei.

~5! If the magnetization and the gradient are initially sym
metric around thez axis, the functionsf i(r ) can be cy-
lindrically symmetric as well.

One simple set of basis functions that satisfies all con
tions above is a power expansion inz and r5(x21y2)1/2.
Another advantage of this basis is that it trivially reduces
the linear model with a singlez term. Here we setR51 and
considerz andr to be dimensionless. To decide which term
need to be included in the expansion, consider how
higher order terms appear during time evolution of the Blo
equations. Initially, onlyBext has a gradient in thez direction.
That causesM to develop a linear gradient in thez direction.
To next order az2 term appears on the right hand side of E
~4!. If the z2 term is included in the expansion ofM it gen-
eratesBdip with termsz2 andr2. That in turn generated suc
terms asz3, z4, zr2, z2r2 and so on. Only even powers ofr
appear in the expansion.

To calculate the dipolar fields created by the magneti
tion in the form f nm5zn(x21y2)m it is convenient to intro-
duce the scalar magnetic potential,26

F52E
V

¹8•M ~r 8!

ur2r 8u
dV81 R

S

n8•M ~r 8!

ur2r 8u
dS8, ~A3!

H52¹F ~A4!

B5H1
4p

3
M . ~A5!

Note that Eq.~A5! excludes the contact term (8p/3) M .
In the rotating frame it is sufficient to calculate only th

potential due toMz component of magnetization, as can
seen from Eq.~5!. The dipolar integral from the other two
components can be trivially found by replacing in the fin






