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1 Problem

The propagation of plane electromagnetic waves in a (uniaxial) anisotropic linear dielectric
medium is associated with the phenomenon of double refraction.! Consider instead the prop-
agation of waves in such a medium where the source is an idealized Hertzian (point) electric
dipole of moment pe~™?, or a Hertzian magnetic dipole of moment m e~ It suffices to
consider a medium with unit (relative) permeability and (relative) symmetric dielectric ten-
sor ¢;; that is diagonal with respect to the axes (z,y, z), such that the electric displacement
vector D and electric field vector E are related by

Di :EiEi> i:x,y,z, (1)

in Gaussian units. In general, the three dielectric constants €,, €, and €, are all different,
but restrict your discussion to the case of a so-called uniaxial medium for which €, =€, = €.

A Hertzian dipole of arbitrary orientation emits waves with velocities that depend of
direction, with extremes of ¢/\/€ and ¢/,/€., where c is the speed of light in vacuum. Show
that for Hertzian dipoles oriented along the z axis, a magnetic dipole emits ordinary transverse
radiation whose wavefronts are spherical, while an electric dipole emits extraordinary radiation
for which the wavefronts in the far zone are spheroidal but the Poynting vector is radial (so
that at large distances from the source the electric field E is transverse to the radial direction
while the displacement field D has a longitudinal component).?

In practice, the media in which antennas reside are isotropic to an excellent approxima-
tion, so the results of this problem are mainly of pedagogic interest. An exception is the
Earth’s ionosphere; see, for example, [4] and references therein.

2 Solution

Following a brief introduction to Maxwell’s equations for a uniaxial medium, we first consider
plane waves in sec. 2.1, followed by solutions to Maxwell’s equations for point sources in
secs. 2.2-4. The methods used in secs. 2.1-4 largely depend on the local properties of the
medium, and so can be generalized to the case of nonuniform media. In the Appendix we
review a method of scaling vacuum solutions to Maxwell’s equations to ones for a uniform
uniaxial medium.

1See, for example, chap. XI of [1] or chap. XIV of [2].
2Wave energy from a localized source flows in straight lines in any uniform (homogeneous) medium, even
when that medium is anisotropic [3].



Maxwell’s equations for the electromagnetic fields in an anisotropic linear medium for
which permeability p = 1 are (in Gaussian units),

10B 10D 4w
V-D=4 , V-B =0, VXE=——— VXxB=-—+4+—Jfe, (2
" Cfree c Ot c ot i ¢t 2)
where gg., and Jgee are the free-charge and -current densities, respectively. The electric
fields D and E are related by the constituent equations (1).
The second and third Maxwell equations are unaffected by the anisotropy of the medium,
so as usual the fields B and E can be related to a scalar potential V' and a vector potential

A according to

10A
B-VxA E-_vv_i% (3)
c Ot

For sources g, and Jg.e. with a pure sinusoidal time dependence e=™* at frequency w, the
displacement field D outside the source region can be related to the local magnetic field B
via the fourth Maxwell equation according to

@

D="VxB="25Vx(VxA) (4)
w w

Hence, all three fields B, D and E can be deduced from the vector potential A outside the
source region.

Once we have the electromagnetic fields, we can characterize the flow of electromagnetic
energy by the (time-average) Poynting vector,

(S) = éRe(E x HY) = éRe(E x BY), (5)

where the latter form holds for media with unit permeability. Thus, the fields E and H
are always transverse to the direction of the flow of energy, whether or not this direction is
that from the source to the observer. In an anisotropic medium there can be both ordinary
radiation in which the direction of energy flow is along the line from the source to the
observer, as well as extraordinary radiation for which these two directions might be different.

2.1 Plane Waves in a Uniaxial Medium

In any small region of the far zone of the Hertzian dipoles, the fields are plane waves to a
good approximation. Hence, it is useful to consider the behavior of plane waves in a uniaxial
medium before addressing the full complexity of the 3-dimensional fields.?

The spacetime dependence of a plane wave of angular frequency w will be written

6i(k~r—wt) 7 (6)
where the wave vector k is also written as

“n, (7)

k=—
c

3This section largely follows chap. XI of [1], but the discussion of the velocity of wave energy is adapted
from chap. XIV of [2].



where n = |n|. The phase velocity v, of the plane wave is

)= 0
In an isotropic medium with dielectric constant €, we have n = nk where n = V€ is the
index of refraction.
For a plane wave (6) far from its sources, Maxwell’s equations (2) imply that

n-D=0, n-B=0, n x E =B, n x B=-D. 9)

Thus, in the far zone the three vectors n, B and D are mutually orthogonal. Vectors B and
E are orthogonal, but in general the electric field E has a component along the direction n
of the wave vector.

The Poynting vector (S) = (¢/8m)Re(E x B*) is in general not parallel to the vector
n. However, the three vectors B, E and (S) are mutually orthogonal. The two mutually
orthogonal triads, {n, B, D} and {B, E, (S)}, each include the magnetic field B, so the four
vectors D, E, n and (S) all lie in a plane perpendicular to B, as shown in the figure below.

The electric fields D and E are related by the 3rd and 4th equations of (9) according to
D=-nxnxE)=n’E—(n-E)n=n*E- (a-E)i] =n’EcosaD,  (10)

where « is the angle between n and S as well as that between D and E. These fields are also
related by the constituent eq. (1), which can be combined with the second form of eq. (10)
to give three scalar equations, expressible in matrix form as

n?—n2—e —NgNy NN E, 0
—Ngny NP —my—€  —myn, E, |=1]0|: (11)
- - 2 _p2_ E 0
NaMs nyn,  n®—n?—e, .

For a solution to exist, the determinant of the matrix must vanish, which after some algebra
leads to the factorizable quartic equation,

2

(n* — )[e(n? +n2) + exn? — ec.] = 0. (12)

Thus, there are two classes of waves,

(ordinary), (13)

n® = e
2 | 2 2 2 2 L2 2
ng+n n n n sin“#,, cos*0, .
A e R e R ( + ) 1 (extraordinary),  (14)

€z € €2 € €



introducing cylindrical and spherical coordinate systems, (p, ¢, z) and (r, 0, ¢), in eq. (14).

For ordinary waves the magnitude of the wave vector n is /¢, and the phase velocity,
v, = ¢/n = c¢//€, is the same in all directions, so that a point source leads to ordinary
spherical radiation.

For extraordinary waves the magnitude n of the wave vector n depends on its direction
according to eq. (14), as sketched below in cylindrical coordinates for a uniaxial medium
where €, > €. We also learn that vectors n, D, E and (S) all lie in the p-z plane for
extraordinary waves.

In particular, an extraordinary plane wave that propagates in the z direction does so
with phase velocity v, . = ¢/n.(n, = 0) = ¢//€ (i.e., with the same phase velocity as an
ordinary wave), while an extraordinary plane wave that propagates in the p direction does
so with phase velocity v, , = ¢/n,(n, = 0) = ¢/\/e;.*

If a point source at the origin generates an extraordinary wave, a wavefront whose normal
is in the z direction will be at position (p, @, z) = (0,0, ct/\/€) at time t after that wavefront
was emitted, while at the same time a wavefront whose normal is in the p direction will be
at position (ct/\/ez,,0). Accepting that for a point source at the origin an extraordinary
wavefront is a quadratic surface, its form must therefore be

Pz 52 222

2t? /e, + 2t?/e ’ or € + €, €€, (15)

The figure on the next page sketches a set of extraordinary wavefront surfaces for a point
source at the origin inside a uniaxial medium with €, > €. Also shown are representative
wavefront normal “rays”, which, however, are not radial.

A related question is direction and velocity of propagation of energy in the plane wave.
The direction of energy flow is, of course, that of the (time-average) Poynting vector S,

~

(S) = éRe(E x B*) = () §. (16)

The velocity vg of energy flow is taken to be the rate of energy flow divided by the energy

4For these two extremes cases the normal to the wavefront is clearly radial, so the electric field is
transverse. Then, for propagation in the z direction the relevant electric fields are D, = €F,, and the
relevant index of refraction is n, = y/e. Similarly, for propagation in the p direction the relevant electric
fields are D, = €. E., and the relevant index of refraction is n, = /€.



density,

(5)
Vp = 5 (17)
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where the time-average energy density (u) in the wave is given by
() Re[E-D*+B-H*| Re[E-(B*xn)+ (nxE)-B*] Re[ExB*-n)
= 167 - 167 - 87
(5) (5)
c

= IS .n="Lpcosa, (18)
c

and « is the angle between n and S. Thus,
c v
vp = =2 (19)
ncosa  COS«
An amusing and instructive game is to define a vector s that points in the direction of
energy flow,

~

S
s= ——, so that n-s=nscosa =1, (20)
ncosa
where s = |s|. This permits an analysis for the vector s that is very similar to that of
egs. (10)-(14) for the vector n. Namely,
s’[D—(S-D)S] = s’Dcosa E = s*n’E cos’ o E = E. (21)

Using eq. (1) together with eq. (21) we obtain the matrix equation

s?—s2—1/e — 5.8y — 5,5, D, 0
— 5.8, s — 512/ —1/e —5yS D, |=1]0[: (22)
— 5,5, —5yS s — 52 —1/e, D, 0



Comparing with eq. (12), the vanishing of the determinant of the matrix leads to
(5" = 1/e)l(ss + 5y) /e + s2/e. — 1/eec] = 0. (23)
Thus, the vector s obeys
s*=1/e (ordinary), (24)
(s +52) +es? = €50+ es2 = s*(esin’ 0, + ecos®,) =1 (extraordinary). (25)

For extraordinary waves the magnitude s of the vector s depends on its direction according
to eq. (25), as sketched below for a uniaxial medium where €, > e.

V4
s

We note that the vectors n and s are dual in the sense that s is normal to the surface
(15) on which n lies, while n is normal to the surface (25) on which s lies.> For example,
writing the surface (25) as f(p, z) = 0 for f = e.s> 4 es? — 1, the gradient

V= (V[ Ve VL) =(265,,0,2€s;) (26)
obeys , ,
(VL | (VL -

on the surface f = 0, so that
Vf/2=n. (28)
For extraordinary waves the angles 6,, and 6, differ by «. Another relation between 6,

and 6, in this case can be obtained from eqs. (26) and (28) noting that tan,, = n,/n.,

s en €
€28, = Ny, €S, =M., so that tanf, = £ = —2 — —tand,,. (29)
S, €N, €,

® Another aspect of this duality is that energy-flow vector s is parallel to the group velocity v,. Any
medium for which the wave velocity is not ¢ must have dispersion (see footnote 2 of [5]), i.e., w = w(k).
Writing the wave-vector surface (13) or (14) as F(w,k) = 0, the group velocity is given by v, = dw/0k =
(OF/0k)/(0F/ow) = VF/(OF/0w)  s.



If an extraordinary wave is generated by a point source at the origin, then the wavefront
surfaces have the form (15), so at (p,0,2) the vector n is parallel to the gradient of the
surface g(p, 2) = p*/e + 2*/e. — K,

o (&073)7 and _ (e2p,0,e2)  (e.sinf,0,€ecos0) (30)

n )
€z

Vep? +ex? \/ez sin? @ + e cos2d

using eq. (14). Then, by eq. (29),
€ep P

tanfy = — — = tané, (31)
€ €2z

where 6 is the polar angle of the point (p,0, z). That is, 8, = 0, and the energy flow vector s
is radial. The figure on p. 6 shows one radial line of the Poynting vector, which can be seen
to make the same angle « to three different lines of the wave vector n.

In the extraordinary wave, the electric field lies in the plane of vectors n and s, and is
therefore polarized in the 6 direction (transverse to r) for the example shown on p. 6.

An ordinary wave generated by a point source at the origin must have (transverse) electric
polarization orthogonal to that of the extraordinary wave, so the ordinary wave has electric
field E in the ¢ direction.

2.2 Wave Equation for the Vector Potential

Returning to the problem of the 3-dimensional fields generated in a uniaxial medium by
Hertzian dipoles, we note that a wave equation for the vector potential A can be obtained
from the fourth Maxwell equation (2), also using egs. (1), (3) and the third Maxwell equation,

0 10 4
VxB|, = [Vx(VxA);= a—%(v CA) - VA = —oi it —
€5 0 oV 16/1] 4 €5 82V €5 62/1]' 41
—— |- — = —J;j=—= - = —J; 32
c@t( dx; ¢ Ot ! ¢ Ox;0t 2 Ot? AP (32)
and hence,
2 €5 62/1]' 41 0 €5 oV
- = =——Jj+— (V- A+ ———]. 33
VA c? ot? c J+8;Ej +c@t (33)

The usual procedure at this step is to take advantage of the arbitrariness of the potentials
(i.e., their gauge invariance) to set the last term in eq. (33) to zero. However, because the
dielectric constants €; have two different values for a uniaxial medium, we have two choices:
edV

. - = A+ ——= 4
v A+cat 0, or V- A+ 0, (34)

which will turn out to correspond to transverse magnetic and transverse electric waves, re-
spectively, where the nominal transverse field has only a ¢ component. For Hertzian dipoles
oriented along the z axis the transverse electric waves are ordinary, while the transverse
magnetic waves are extraordinary.%

6Tn a transverse magnetic wave only the magnetic field need be transverse to the direction between source
and observer. Such waves could have a component of the electric field that is longitudinal with respect to
this direction, even though the electric field is transverse to the direction of energy flow.

7



2.3 Transverse Magnetic Waves

Our solution for the transverse magnetic waves is a simplified version of that given in [6] for
dipole antennas in stratified uniaxial media, with approximations to the Fourier integrals
following [7]. For solutions based on the use of dyadic Green functions, see [9, 10)].

We first set oy
€
V- A+-——=0. 35
+cat (35)

This choice is particularly appropriate if the current density has only a z component, as in
this case the x and y components of eq. (33) admit the trivial solution A, = A, = 0. Then,

0A, eV
V- A= = - 36
0z cot’ (36)
so that 9 9A
€ €
V- A+Z2— = 2(1——Z>, 37
* c Ot 0z € (37)
and the only nontrivial component of eq. (33) becomes
%A €, %A 4
2A, & - - = S =——1
Vidat e 022 2 Ot? c 7 (38)
where 52 52 5 5 52
1 1
2
ST Py 39
Vi=oztop pOp <p0p> rY: (39)

This suggests that the solution will be found most easily in a cylindrical coordinate system

(p7 ¢7 Z)'7

The source current J, has axial symmetry, so we expect that lines of magnetic field circle
around the z axis, and the solution can be characterized as transverse magnetic (TM).

The vector potential will have the same time dependence, e~™*, as the drive currents of
the Hertzian electric dipole, pe~™! z, and the axial symmetry of the source implies that the
vector potential has this symmetry also. Thus, in cylindrical coordinates we can write

A=A (p,2)e " 2. (40)
Using eq. (40) in the wave equation (38), we obtain

lﬁ 0A, 6_282/12 €, w>
pOp P ap € 022 c?

4
A, =—21,. (41)
C

We seek solutions to the homogeneous, linear partial differential equation that are sum/integrals
of terms of the form

Ax(p,2) = R(p)Z(2), (42)
for which eq. (41) implies that
1 d ( dR e 4" €
ey (e VI S 43
dep(pdp>+eZ e (43)

"The discussion of sec. 2.1 also suggests merit in the use of spheroidal coordinates. See, for example, [8].
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where

44
' (44)
We introduce a separation constant x. (which is not |/€;w/c) to write
7" = —k2Z, (45)
so that '
7 = e*inez, (46)
The homogeneous equation (43) now reduces to the radial equation
1d dR z
S8 (PR ) =~ — kYR = k2R, (47)
pdp \"dp € ’

where
€
:i,/i\/kQ— 2 48
HP € Hz ( )

is a second separation constant. Equation (47) is a form of Bessel’s equation of order 0.

We seek solutions R(k,p) that are cylindrical waves for large values of p, so that the
radial function should approach the form e***/, /&,p (times e=**), where the factor 1/,/,p
is required so that the absolute square of the wave function is consistent with conservation of
energy in the expanding cylindrical wave. Therefore, among the various solutions to Bessel’s
equation, we use the so-called Hankel function H(gl)(npp) of type 1 and order 0.8 See, for
example, secs. 19 and 21 of [11]. The asymptotic expansion of this function for large x,p is
(eq. (55), sec. 19 of [11))

H(l)(npp) — e .
T \/Epp
An awkwardness in the use of the function H(gl)(p) is that it has a logarithmic divergence for
small p. However, we are mainly concerned with the far-zone fields for which the approxi-
mation (49) will be used.

There is no constraint on the separation constants «, and x, other than eq. (48), so they
take on continuous values. In particular, —oo < k, < co. The vector potential A, can then
expressed as a Fourier integral over r,,

Adlp ) = [ dryali) H (rpp)e™H, (50)

(49)

where a(k,) are the Fourier coefficients to be determined. The factor e*<*l insures that the
waves propagate away from the source located at the origin.

We can make a connection with the isotropic case, €, = €, using a particular integral of
the Hankel function that relates it to a spherical wave (see eq. (14a) of sec. 31 of [11] or
eq. (40) of [6]),

ikr ik/ p +22
€ _ € HP ikz|z|
= 5 L D e, (51

8If the oscillatory time dependence were taken to be e, as in [9], then we would use the Hankel function
(2)
Hy™ (Kpp).-



where 1, = /k? — k2 in eq. (51). For a Hertzian dipole pe™™'z in an isotropic dielectric
medium it is well known (see, for example, sec. 9.2 of [14]) that the vector potential is given

by

A =—i"l (52)

Thus, setting a(k,) = kpk,/2v/€k, in eq. (50) gives a representation in cylindrical coordinates
of the vector potential (52) when €, = e.

We argue that the vector potential can be obtained when €, does not equal € by using
the Fourier coefficient, a(k,) = \/ekpk,/2¢.k,, where now k, = ,/k% — ng/ez relates the

separation constants x, and k.. Then, the desired vector potential is
ek K :
A7) = L2 [ i, 0 ) s e, (53
€z

Since the vector potential (53) is independent of ¢, the magnetic field B = V x A has
only a ¢ component,

By =~ = =28 [ i, LY, p)e (54)
where for large values of x,p,
dH (K, P
HG () = ===t~ i (1) (55)
P

recalling eq. (49). The magnetic field is transverse to both directions p and r where r =
Vp? + 2%, so the radiation is indeed transverse magnetic.
We can now deduce the electric displacement D from the magnetic field according to

eq. (4),

icOB in
D, = L5 = P [ syl (myp)e (56)
wp  Op

although this gives a relatively simple form only for D,. We can also obtain the electric field
E from eq. (3), once we have the scalar potential V. Recalling eq. (36), we find

z 6V ic 0A

V= ——. 58
w ot ew 0z (58)
Thus,
oV ic 0*A
E = _—_ = — z / d 2H( ) ZHZ|Z| 59
8 Op  ewdpdz 262 ip ki Ho ” (Kpp)e (59)
8\/ 1 aA ZC 62/1 iw 1D K 1 '
E, = GA— z _Az:_/ di 22 (k2 — 2 W ir|2|
0z ¢ at ew 022 + c 2¢, J—oo o Hz( KZ)Hy (Kpp)e
_ zep/ dnp ( )emz|z|7 (60)

9Equation (52) indicates that the Fourier coefficient a for a uniaxial medium should vary as 1/v/ePe’
where p + ¢ = 1. That the correct choice is p = —1, ¢ = 2 is not self evident, but is confirmed in sec. 3.1.1.
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using eq. (48). Then, from egs. (1), (56) and (59)-(60), the nonzero electric field components
are, in cylindrical coordinates,

E, = :FQZ; /oo dnpniHél)/(npp)ei“Z|z|, (61)
B = zep/ dr, )eikz|z|7 (62)
D, = #50 [ " dnyn ,%Hé><npp> sl (63)
D. = ;fj I mdnpn—jﬂé”mpp)e“z'z'. (64)

To gain insight as to the behavior of the fields in the far zone, we approximate the
integrals (61)-(64) using the so-called method of steepest descent. We note that spherical
coordinates (r, 0, ¢) are related to the cylindrical coordinates (p, ¢, z) by

p =rsind, z =rcosb, (65)
and that the relation (48) between the separation constants x, and k. can be rewritten as

€
gni + K2 = k2, (66)

which suggests a change of variables [7],

\/E,@p = ksina, Kk, = k cos . (67)
€z

We will approximate the integrals for large values of x,p, where the asymptotic expansion
(49) of the Hankel function can now be written

€~ /ekr sin asin 6
1 () — [ 2 V . (65)

€./€ekrsinasiné

We illustrate this technique first with the known integral (51) for the case that €, = €,
ikr

e 1 o0 R (1) ik |2| ~ ik . ikr cos(a—0
. I = 5/_000[/-@,3&—’:}[0 (kpp)e LN \/m/da\/smae (a=0) (69)

We make a second change of variable,

cos(a —0) =1+,  sin(a—0) =vV=20\/1+if?/2, da= \/j”_m;ﬂ/ . (70)
1+i3%/2

to cast eq. (69) into the form of a Gaussian integral where the resulting Gaussian factor
e*%” is maximal for 3 = 0 at which point sin = sinf. Then, as expected,

ikr
sma o~ hTB? oy ikr ﬁ/d —krg? _ € 71
i [ 9 P mo £ [t 2,y
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where the heart'® of the method of steepest descent is the approximation

k2 krg? T
[asr@e ™ = 1(0) [dge ™ =\ [ Zf(0). (72)
Turning now to the integrals (61)—(64), we approximate E, for z > 0 as
Zep ZHZZ
E., = / d“p (pr)
~ Zk\/ 6/62 da sin5/2 « 6i(w/c)r(\/§sinasin6‘+\/€cosacos6')‘ (73)
2mrsind

We desire that the wave at point r = (p, 0, z) appears locally to be a plane wave with the

form
6i(k~r—wt) _ 6i[(w/c)n~r—wt] _ 6i[(w/c)r\/ € sin? 0+e cos? O—wt] (74)

Y

recalling eqgs. (7) and (30). Therefore, we make the change of variables,

Ve sinasinf + y/ecosacosl = \/ez sin 6 + € cos? 0 + iv/e[5>, (75)
Ve cosasing — y/esinacosf = —61/45\/—22'\/(62 sin® 0 + e cos? 0)1/2 +i\/€3? /2, (76)
—9 1/4
do = v _2ic’ db . (77)
\/(ez sin? 0 + € cos? 0)/2 +i/e5° /2

When 3 = 0, we have
Vecos b V€ sinf

cos v = , and sina = : (78)
\/ez sin 0 4 e cos? 0 \/ez sin? @ + ecos? 0

Then, eq. (73) can be approximated as

2 / 1/4.5/4
Ez ~ Q k 6/62 € / 62/ Sin29€i(w/c)r\/ez sin? 0+EC0820/d/8 6—kr62

€ 7r (e,sin? 6 + € cos? §)3/2
_ e k%p sin? 6 pilw/c)ry/ex sin® 0+ cos? 0. (79)
Ver (e,sin? 0 + ecos? §)3/2
If follows that
_ e2k? sin” 0 iw/Syr/erom? 0teco 0
D= e.Ba \/_7fj (e.8in? 0 + € cos? 0)3/2 el e (80)
Similarly, egs. (55) and (61) for z > 0 and x,p > 1 lead to

E, = T 9 / dkp K 2HO (pr Je'F = — / dkip K 2HO (kpp)e™™=*

2¢,
z'k €, / €
27rsinf

_62k2p cos 0sin 0 ez’(w/c)r\/ez sin? O+€ cos? 0 (81)
Ver (e,sin? 0 + ecos? §)3/2 ’

0T here are also issues of the contour of integration in the complex plane, which we naively ignore here.
For discussion, see sec. 6.2 of [12] and the appendices of [13].

Q

/dOé COS v Sin3/2 « 6z(w/c)r(\/§smasmG—l—\/EcosacosG)
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and so

D, — B, ~— e\/ek*p cos sin ¢ pilw/e)ry/ ez sin? 9+ecos? (82)

B r (e.sin® 6 + ecos? )3/2
For completeness, we use egs. (9), (30), (79) and (81) to find the magnetic field in the far
zone,
By ~ n.E,—n,L,
2 .
€.k p sin 0 6i(w/c)r\/ez sin? 0+ECOS20‘ (83)

Ver €2sin? 0 + ecos? 6

As anticipated in sec. 2.1, the electric field of the extraordinary wave is transverse in the
far zone,
E, = E,sinf + E,cosf ~ 0, (84)

so the (time-average) Poynting vector (S) is radial there. However, the electric displacement
D has a nonzero longitudinal component, and the wave vector k, which points in the direction
D x B, is not radial. The wavefronts and “rays” of the wave vector have been sketched in
the figure on p. 5 for a case when €, > e.

The only nonzero component of the electric field in spherical coordinates in the far zone
is Eg = By/n, = By/(n,sinf +n,cosf) = B¢/\/ez sin? @ + e cos? f according to egs. (9) and
(30). We confirm this using eqs. (79) and (81) by noting that

Ey = E,cos) — L. sinf

62k2p sin 0 i(w/c)ra/ ez sin? O+¢ cos? 0
- — e : (85)
Ver (e;sin® 6 + ecos? 0)3/2

Q

The time-average energy flux (Poynting vector) is purely radial in the far zone,

c . c o
(S) = QR@(E x B¥) = QR@(E(;B(b)r

c e2ktp? sin? . (36)
— r.
87 er? (e sin®6 + ecos?0)5/2

Q

Since the magnetic field is transverse both in the near and far zones, we can say that the
extraordinary wave is a TEM (transverse electromagnetic) wave in the far zone.

In the near zone only the magnetic field is transverse, so the term transverse magnetic
characterizes the extraordinary wave at any distance from a point source

2.4 Transverse Electric Waves

Instead of enforcing the gauge condition (35), we can set

€, 0V
V- A4+=2—=0. 87
+cat (87)

This choice is particularly appropriate if the current density has no z component, as in this
case the z component of eq. (33) admits the trivial solution A, = 0.
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When J, = 0, we restrict our attention to the case that the current is purely azimuthal:
J=1J, (}5 Then, the vector potential will have only a ¢ component as well.

We further restrict our attention to the case of current loops of radius small compared
to a wavelength, so that Jy and A, are both independent of ¢. Then, V - A = 0, and
from eq. (87) the scalar potential V' is constant in time and can be set to zero. Thus, the
electric field, E = —0A /Oct, also has only a ¢ component, so the solution in this case can
be characterized as transverse electric (TE).

Then, the wave equation for A, follows from eq. (33) as

Vg = Gt = o (88)

This is identical to the form of the wave equation for an isotropic dielectric medium with
dielectric constant € that is excited by purely azimuthal currents.
We consider the limiting case of a Hertzian (point) magnetic dipole

m = me 'z, (89)

for which eq. (88) has the well-known solution'!

A— i xmbr ( L ) (90)
= kr X m - —
r ! kr)’

where the wave number is given by

o Y (91)
c
The electric and magnetic fields follow from egs. (3) and (90) as

k’2 ikr 1
E = ——_#xm" (1 - —) : (92)
Ve r ikr
ikr ikr :
B = —k% x (fxm)er +[3(f~-m)f~—m]6r (%-i-’j) (93)

Because the electric field E has no z component, the electric displacement is given simply
by
D = ¢E, (94)

even though the medium is anisotropic.

Since the fields B, D and E are the same as would occur for a Hertzian magnetic dipole
in an isotropic dielectric with constant €, we can say that the case of a magnetic dipole
oriented along the z axis leads to ordinary radiation, in the language of birefringence.

In the far zone, both B and E are purely transverse,

k’2 6ikr

Efar = —%f' X m , s Bfar = \/Ef‘ X Efar, (95)

HSee, for example, sec. 9.3 of [14].
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so a Hertzian magnetic dipole oriented along the z axis of a uniaxial dielectric medium
actually produces TEM (transverse electromagnetic) radiation in the far zone. The time-
average energy flux (Poynting) vector,

kE*m?

c G
8 \Jfer?

* c A
<Sfar> = gR@(Efar X Bfar) = Q\/E|Ef‘dl‘|2 r

sin® 0 t, (96)

is purely radial at large distances from the source.!?

A Appendix: The Scaling Method of Clemmow

An interesting method of scaling solutions of Maxwell’s equations in vacuum to ones in a
uniform dielectric medium has been given by Clemmow [16].

We again restrict our attention to media of unit permeability.

Suppose that for a known current density J°¢ =™ (and the related charge density g’e ™! =
—(i/w)V" - J%*") surrounded by vacuum we know the solutions E® and B° to Maxwell’s
equations (2). We develop a scaling procedure by emphasizing the third and fourth Maxwell
equations. Once the method is in hand we verify that it is consistent with the first two
Maxwell equations. So, we first consider the vacuum Maxwell equations,

OE  OEY OE°  OE° OEY  OE°
g0 o~ WP G g B G T g B (97)
B 0BV 4w oBY OBY 4w
I R e R S
0BY oB? ) 4

where we write the rectangular spatial coordinates in vacuum as (z°,y°, 29).
The corresponding equations for a current distribution Je™* in an anisotropic medium
where D; = ¢, F; are, of course,

OE, O0E, . oE, O0F . oF, O0F .
oy 5. P 0z ar v Ox oy 1z, (99)
0B, 0B, , 4 0B, 0B, , 4
- 5 - — rEr —dJdg, - = - E —Jy,
Iy 5, TWe + - J. 5, o wey By + . Jy
0B, 0B, , 4
- = - zEz —dJz, 1
e Dy iwe, I, + . J. (100)

12For a point dipole the time-average Poynting vector is purely radial in the near zone as well, as discussed
in [14, 15].
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We now seek under what conditions solutions to eqs. (97)-(98) can be scaled to provide
solutions to egs. (98)-(99) via the linear scaling relations

xO = aw, yO - ﬂy7 ZO = 7%,
B, = erg, B, = byBS, B, = bZBS,
(101)
E, = ezEg, E, = eyES, E, = eZES,
‘]g(s) = JaJa, Jg? = JyJy: JS = Jz s

where a, 3, 7, by, by, b, €g, €y, €., €, ¢, and e, are nonzero constants.
If both terms on the lefthand sides of each of eq. (99) are to scale the same way, we must
have
fe. = ey, Ver = ae, ae, = ey, (102)

which can be satisfied provided

ex = ap, ey = Op, e; =D, (103)

where p is a nonzero constant. Similarly, if both terms on the lefthand sides of each of
eq. (100) are to scale the same way, we must have

b, =aq, b, =pfq, b. =g, (104)

where ¢ is a nonzero constant.

For all three components of eq. (99) to be the same multiple of the corresponding com-
ponents of eq. (97), we must also have
¢_28_oy_af (105)

p o B v

However, this implies that & = [ = «, and the proposed scaling is isotropic. To have an
anisotropic scaling, we must be able to ignore one of the three equalities in eq. (105). This
is possible in case the solutions are transverse magnetic (TM) with respect to z, y or z.

A.1 Transverse Magnetic Fields

For example, suppose the vacuum solutions are transverse magnetic with respect to the z
axis: B? = 0. Then, eq. (105) reduces to

¢ _18_ay
= E_7 106
Q ﬁ ) ( )
which can be satisfied if q
a= [, = =". (107)
p
Using the relations (103), (104) and (107), eq. (100) can be written
OBy e AT ) OBy _ . o, A7y
02" »r o cayg’ 020 Ve avggy
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0B 9B € 4 JY
y T _ o2 EY g I 108
0x0  Oy° Wart T a?qj.’ (108)

For these to be the same as eq. (98), we require that

€x € €, . . .
1= 5= Py—z = 5 = 0V4s = a4y = a?qj.. (109)
We learn that the scaling method will not work for the most general anisotropic, linear
dielectric medium, but it will succeed for an uniaxial medium where €, = ¢, = €. Then, a =
[ = /e and v = y/e. We also see that any value of ¢ is viable, so we take ¢ = 1/a* = 1/e.
to make j, = 1. Then p = 1/e,+/€, and the scaling coefficients are,

Q= /€, ﬂ:\/em 7:\/E>
_ 1 _ 1 _ e

R hmE R (110)
_ _1 — _1 — 1

Ca = €€, 7 €y — Jees 0 €, = P

Je = /%, dy =15, j.=1.
The scaling relations for transverse magnetic fields are thus,

To=ver,  w = Vay,  z=ex (111)

Ey(r) = E(r"),  Ey(r) = B, El(r) = —E20), (112)

Dz(r)z\/ng(r()% Dy(x) = \[=DY(),  D.(r) = DY), (113)

1 0(y0 r) = 1 0(p0 rzﬁ 00y =
Balr) = =B, By(r) =B)(r"),  Bur) = VB =0, (114)
REO) = \[ZLm), ) = \[Fh0, 60 = L), (115)

The scaling relation for the charge density o is

i (0J° &]g a.J?

- + 24

w\0z% 0y’ = 0920

_ _i (0 €./, N O\/e./edy N o.J, ) i o(r)

w\ oex N O\/ez :_@V.J: N (116)

We now check that the first two Maxwell equations (2) also scale properly. As expected,

L) = _ 0.0 = _
w

oD oD%  HDO
_ 0 __ 0. Mo _ T Y z
Ao = 4m/ed’ =eV'-D \/E<a$0 + 2,0 + 020>

o\/e./eD,  Oy/e./eD
:\/E( cx/¢ + E/EZ’JraDZ>:V-D. (117)

o\/e.x O\/€xy Ov/ez
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The scaling of the second Maxwell equation for TM fields (but not for general magnetic

fields) is also satisfactory,

oB° 0BY 9./e.B, 0./e.B
=Vv’.BY = L Y — S =Y -V -B.
0=V 020 + oyo o\/e,x + 0\/€.y

The scaling transformations for cylindrical (p, ¢, z) are, noting that
E,=FE,sing + E,cos¢ and Ey = F, cos ¢ — Fysin ¢,

0
pO = V'CE02 + y02 = \/ap> ¢0 = tan_l % = ¢7 ZO = \/EZ>
1 1

Br) = =BO0%), Bu() = BT, B = BN,

DAr)zﬁDg(rO), Dylr) = ED&@O» D.(r) = DY),
1 1

The scaling relations for spherical coordinates (r, 6, ¢) are

B,(r) =

0
€z
p02+202:T\/ezsin29+600829, tan@ozp—:w/?tan& &’ = ¢,

50
so that,
sin 0° = Ve sinf cos§” = vecos .
\/ez sin? 0 + e cos2 \/ez sin® @ + ecos? 6
Then,
0 0
E
E.(r) = E,sinf0+ E,cosf = —Lsinf + —= cos b
NGES €.
in ¢ cosf
— (E°sinf° + EY cos 0°) 22— + (E cos 6° — EY sin 6°
(B, sin6” + Ej cos6”) eez+( . COS o sin6”) -
B EO( 0) \/ezsin29 + ecos?f
= (T EZ\/E
Similarly,

0 0

: L, E; .
Ey(r) = Epcose—Ezan@:\/;cose—i-e—an@

0 in 6
= (E°sin®° + Ej cos 90)g — (EYcos0° — Ejsin6?) =
€€, €
_ By (x)
,/ez\/ez sin? @ + e cos2 6
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BY(xr?), By(r) = By (r"), B.(r) = ﬁBO(rO) = 0.

(118)

(119)

(120)
(121)

(122)

(123)

(124)

(125)

(126)



If the righthand sides of scaling relations (120) for E are multiplied by /€ they take on same
forms as relations (122) for B. This behavior persists in spherical coordinates as well, so the
scaling relations for E and B in these coordinates are

)
€, sin” 0 + e cos? 6 E9(r°
7 E@(I‘) — 9( ) 7
€:\/e ,/ez\/ezsinQO—i-ecosQ@
1

By(r) = @Ef;(r%, (127)

2sin” 6 + e cos? 0 [€
B.(x) :Bf(ro)\/e sin € COS |
€2 62\/6 sin 9+ec0529

By(r) = \/a B3 (x%) (128)
The scaling relations (120)-(122) and (127)-(128) for E and B in both cylindrical and
spherical coordinates are such that there is no mixing of components. In particular, if the
TM vacuum solutions are also TEM (transverse electromagnetic) in some region, the scaled
solutions will also be TEM in the corresponding region.
However, the scaling relations for the electric displacement D in spherical coordinates
mix the 7 and # components,

E,(r) = E;(x") /

D,(r) = D,sinf+ D,cosf = £ Dsin + D cos 0
P €, 14 z

€z
/e DU(x?%) + (e — €.) Dy(r°) sin 6 cos 0 (129)
\/Z\/ezsin29+ec082€ 7

Dy(r) = Dpcose—DzsiHOZ[Docose DY sin 6
€z

— \/E(DQ sin#” + DY cos 90) sin @ + (DY cos 6" — Dj) sin 90) cos

= \/E(Dg sin 0° + DY cos 0") cos § — (DP cos 0° — DY sin ") sin 6
€z

_ DY(x%)(esin® 0 + €. cos? 0) (130)
\/Z\/ez sin? @ + e cos? 4 7

Dy(r) = f DY), (131)

In the far zone (wr’/c > 1) of a source that emits TM waves, the electric displacement DY
is transverse to r’ in vacuum, but D has a nonzero radial component in a uniaxial medium.
This is a manifestation of the extraordinary character of the TM fields.

A.1.1 Fields of a Hertzian Electric Dipole Aligned with the z Axis

An example of TM waves in vacuum are the fields of a Hertzian (point) electric dipole
p® = ple~™! Z at the origin, with the dipole axis along the z axis. The electric and magnetic
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fields are (see, for example, sec. 9.2 of [14]), in spherical coordinates with k° = w/c,

0 - Oei(koro—wt) i 0
E) = —2ik’p T (1 + —kor‘)) cosf”, (132)
i(kOr0—wt) ; 1
0 _ 02, 0€ ¢ .90
E;, = —k7p o (1 + 70,0 k:027"02> sin 6", (133)
i(kOr0—wt) :
0 02 0€ ¢ - A0
By = —k o (1 + k0T0> sin6”. (134)

Using eqgs. (119)-(120), we see that an electric dipole moment p° scales as

p’ — /gor0d3 0:/%( ez, ey, Ver) e dr
= e(Ve I?\/gpzn\/gpz)- (135)

Thus, the fields of a Hertzian electric dipole p = pe™™’z in a uniaxial dielectric (1) can be
scaled using eqs. (123)-(124) and (127)-(128) from those of eqs. (132)-(134) with p® = €,/ep,

i(kOr0—wt) \/_ 0

e i€ cos

E, = —2ikp— |1 , 136

YPTT ( * k0 ) (€.sin? 0 + ecos? 0) (136)
2k2 i(kOr0—wt) . ind

B - pe 1+z\/E_ € : _ sin 7 (137)
Ve r kr0  k2r0% ) (e, sin® 0 + € cos? 0)3/2

2. Li(k0r0—wt) : inf
B, — _&kpe <1+z\/5> sin (138)

Ve r kro ) e,sin?0 + ecos? 6’

where k = /ew/c = /ek? and r¥ = T\/EZ sin”§ + ecos2f. The fields Ep and By in the far
zone agree with those found in egs. (83) and (85), which validates the factor \/€/e. used in
eq. (53).

A.2 Transverse Electric Fields (and Fields in Isotropic Dielectrics)

An alternative evasion of the overconstraint in eq. (105) is to consider transverse electric
fields, for which, say, E2° = 0. Then, the dielectric constant €, does not appear in the
Maxwell equation (100). If the medium is uniaxial with €, = €, = ¢, Maxwell’s equations for
TE fields are identical to those of an isotropic dielectric of constant €. In this case we are
happy to use an isotropic scaling relation where o« = 3 = 7 in eq. (101). The logic that led
to eq. (109) now implies that

€

1= = = a’qj. = o*qj, = o*qj.. (139)

Thus, = § = v = /e. We take ¢ = 1/e and p = 1/e/€, so the scaling relations for

transverse electric fields (as well as for fields in an isotropic dielectric) are,

! = \/er, J(r%) = J(r), (r°) = % ; (140)



E(r) = . D@ =D’  B(r)=

(141)

An example of TE waves in vacuum are the fields of a Hertzian point magnetic dipole

m" = m%e~™! z at the origin, with the dipole axis along the z axis. The electric and magnetic

fields are (see, for example, sec. 9.3 of [14]), in spherical coordinates with k° = w/c,

i(kOr0—wt) :
0 02, 0¢ ¢ 00
i(kOr0—wt) % . . R
0o _ 02 0¢ v ¢ 05 ¢ -0
B = —k""m ’]"0 [k‘o’ro (1 + k‘OTO> COS@ r-+ (1 -+ W - W) sm@ 0}143)

A magnetic dipole moment m° scales as

1 1
mOZ_/rOXJOd?’0:—/\/Er><.]63/2d37"=€2m- (144)
2c 2c

Then, the fields of a Hertzian magnetic dipole m = me~*!z in a uniaxial dielectric (1)
can be scaled using eq. (140) from those of egs. (142)-(143) with m® = ¢?m,

E2m, ei(kr—wt) i .
E = — 1+ —)si 145
Ve oor ( - k;?") siné &, (145)
i(kr—wt) % : 15 1 .
B 5 € ) 1 . ) )
B = —k'm " [H (1+H>c089r+<1+g—m>sm90], (146)

where k = /ew/c. These fields, of course, agree with those given in eqgs. (92)-(93).

A.3 Hertzian Dipole with Arbitrary Orientation

If the Hertzian dipole has arbitrary orientation, its field is neither pure transverse electric
nor pure transverse magnetic. To use the scaling method, the vacuum fields must first be
resolved into transverse electric and transverse magnetic components. A procedure for this
has been given by Clemmow [17].
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