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1 Problem

What is the force per unit length on a wire of radius a and (relative) permeability ;' when it
carries uniform current density J = I z/ma? and is placed along the z axis in a magnetic field
whose form is B; = By x+ Bi[(z/a) X — (y/a) y] before the wire is placed in that field? The
medium surrounding the wire is a nonconducting liquid with relative permeability p # 1.

The form of the initial magnetic field has been chosen so that there will be both a J x B
force associated with the uniform field By = By x, as well as a force due to the interaction
of the induced magnetization with the nonuniform field By = B;[(z/a) X — (y/a) y].

2 Solution

This old problem [1] was recently reconsidered by Casperson [2], who reports an experimental
result that appears to disagree with the theory he presents. The impression was given
that no straightforward theory exists for this problem, which this note hopes to correct by
presenting three “standard” solutions that are in agreement. We also explore use of the
somewhat hybrid methods for calculating forces on magnetic media advocated by the so-
called Coulomb Committee [3, 4, 5, 6] and obtain success only if those methods are revised
in an important way. An overall perspective on these issues is given in [7].

A variant on this problem has practical import to high-energy physicists such as the
present author, who consider it to be experimentally confirmed (and continually reconfirmed)
for over 50 years [8] that high-energy particles of charge g and velocity v obey the Lorentz
force law of the form

F=¢E+v/cxB) (1)

(in Gaussian units) even when in a permeable medium where the magnetic fields are related
by B=uH>H .

A simplifying principle is that no object can exert a net force on itself (Newton’s first law).
In particular, the fields that are set up or modified when the wire is added to the problem
cannot result in a net force on the wire. Hence, the force on the wire can be calculated
via the interaction of the current and magnetization in the wire with only the fields present
before the wire was added to the problem, as emphasized in sec. 35 of [9] and at greater
length in [10]. This important result is explicitly contained in the original formulation of the
Biot-Savart force law (for media of unit permeability), that the magnetic force on circuit a
is due to effects caused by some other circuit b,
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Thus, we expect the simple result that the force per unit length on the wire due to the initial

uniform field By is
1

F = EI x By, (3)
where I = 7a?J, which is the macroscopic equivalent of the Lorentz force law (1).

Strictly speaking, eq. (3) describes the force on the conduction electrons, and not that
on the lattice of positive ions through which the electrons flow. The force (3) results in a
slight rearrangement of the distribution of the conduction electrons and positive lattice ions
so that a transverse electric field is generated that acts on the lattice to provide the force
experienced by an observer who holds the wire at rest. See [11] for further discussion.

The initial magnetic field B; also induces magnetization M in the wire, and an additional
force results if the magnetic field is nonuniform at the position of the wire. According to the
preceding argument, it should be possible to calculate this force as an interaction between
the initial magnetic field and some representation of the induced magnetization in terms of
bound currents or fictitious magnetic poles

Nonetheless, it is also desirable to have a method for calculating the magnetic force that
uses the total fields in the problem, including those generated by the wire. Two successful
approaches are to use the Maxwell stress tensor (sec. 2.2), and the bulk force density of
Helmholtz (sec. 2.3), both of which confirm the result (3).

In sec. 3 we calculate the force on a permeable, current-carrying wire by combining the
Biot-Savart force law force the volume force density f,

1
f=-J x B, (4)
C

with terms due to either magnetization currents or fictitious magnetic pole densities. As
expected from the preceding argument, this approach is successful if only the initial magnetic
fields are used in the force law. However, it turns out that when using the method of
magnetization currents, the initial magnetic field to be used in the Biot-Savart law is H;
rather than B,;.

For these calculations, the total magnetic fields B and H and the induced magnetization
density M in the permeable media will first be deduced in sec. 2.1.

2.1 The Fields B, H and M

We adopt a coordinate system in which the axis of the wire is the z axis with the conduction
current density being

Jcond - z (5)

[\

Ta
inside the wire of radius a.

Because we are dealing with magnetic media with nonzero magnetization M, both the
magnetic fields H and B = H + 47M = pH are of utility. The initial external field is

where p is the permeability of the medium surrounding the wire. When the wire is placed
into this medium, we expect a force in the +y direction according to the Biot-Savart law (4),
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and a magnetization force in the +x direction due to the nonuniform field H; that increases
with x.

In addition to the rectangular coordinate system (z,y, z), we will work in a cylindrical
coordinate system (r, 6, z). The usual transformation of the units vectors between these two
coordinate systems are

X = cosf T —sind 0, y =siné & + cosf 6, (7)

and R
r=cosf x+sinfy, 0 = —sinf x+cosfy. (8)

c
The current density (5) causes magnetic field Heona according to Ampere’s law, V x H =

(4’/T/C)Jcond,
oI . (r <a),

Hcond =—20
C

(9)

=R~

(r >a).

The part of the field H not due to Jeong we label as Hing (for induced), which then obeys
V x Hinqg = 0. Hence, we may deduce this part of the field as Hi,g = —V ¢, 4 from a scalar
potential ¢, that obeys Laplace’s equation, V¢, 4 = 0.
The external field (6) can be regarded as due to the scalar potential
Hy 2% — 42 Hyr?

¢, = —How — 5 e = —Hor cos 6 — 715 cos 26. (10)

The external field induces additional terms in the scalar potential that also vary as cos# or
cos 20, since these are two of the set of orthogonal functions in which the scalar potential
Ging(r,0) can be expanded. In particular, we can write

—HOTCOSG—iﬁcosQ@—l—Aofcos@—i-ﬂ%cos% r<a),
2 a a 2 a

Pina = (11)

—Horcos — 12 0520 + A% cos ) + AL cos 20 r>a),
2 a r 2 r

which is continuous at » = a. The induced fields obey the additional matching condition
that the radial component B, = pH, of the magnetic field is continuous at r = a (since
V -B =0). As we have different permeabilities y/ for » < a and u for r > a, the condition

o that O¢ina(r =a™) ,0ina(r =a”)
s or —h or ’ (12)
and hence,
1 (—H() cos — Hy cos 20 — % cosf — % cosQ@)
= i (—HOCOSQ—Hl cos29+%cos€+%c0820> : (13)

The equality holds separately for the coefficients of the orthogonal functions cos# and cos 26,
so that

W=
Apr = aHy;, 14
01 = 0o (14)




(HOT cosf + 1z  cos 29) (r <a),

. — /J“HJ‘
P —H, ( M:LZ ‘f) cosf — % (% - Z:—;Z‘;—;) cos26 (r > a), (15)
and
flow = S50
u+u (HO cos@+H1—cos2€) fﬁﬂ ( 0S 1n9+H1—s1n29) 6 (r<a)
= [Ho(l—i—“ “%)cos@—i—Hl (——l—u,;‘j%)cos%}f‘
[HO ( o TQ) sinf + H (g - Z:Z ‘;—j) sin 29} 0 (r > a),
i (Ho+ B )%= oty (r <a),
= [ (1 + Z+Z ‘;2 00829) + H, (ﬁ “:Z‘;—zcos 39)] X (16)
+[u “Ho 251n29—|—H1( %+Z/+Zrd sm39” (r>a).

The total magnetic field is the sum of egs. (9) and (16),

u+u (HO cosf + Hy - 00829) r+ [iﬁg “+ (HO sinf + Hy - sm29” 0 (r <a),
H = Ho(l—l—uﬂwg)cos@—i—Hl( —i—“ﬂ”d)cos%} (17)
+ [ Ho( thW02)s1n9 Hl( “/+ “d)sm29]0 (r>a),
I +“ (HO + Hy - cos@) 2L sm@} X+ (2” cos Zsin9) y (r<a),
= :Ho (1 Z+Z ‘;2 cos 29) + H, (f cos @ + Z+Z ‘;d cos 39) sin 9} X (18)
—|—[H:LHHOTQ sin 20 + H, (——sm@—l—ﬁ—jﬁ‘;& sm3€) cos@}y (r > a).
Of course,
B_ WH (r <a), (19)
pH  (r>a).

These forms obey the matching conditions that B, and Hy are continuous at the boundary
r = a. Similarly, the magnetization is given by

“;;IH (r <a),
ELH  (r > a).

M = (20)
2.2 Calculation of the Force via the Maxwell Stress Tensor

We calculate the force on unit length of the wire by integrating the Maxwell stress tensor
over a cylindrical surface of radius > a, so that any effects at the surface r = a are included.
The surface element at radius r is

dS=rdit=rdf (cosf x+sinf y). (21)
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In rectangular coordinates, and for » > a where the permeability is p, the Maxwell stress
tensor for the magnetic fields (ignoring magnetostriction) is [12]

1 y y
Ty = (BiHj - %B : H) = 4ﬁ (HH] - %m) (22)
7 7

We first calculate the x component of the force which is not expected to depend on the
current I, so we drop terms in I and IH that would eventually integrate to zero. Then,

o ur 2 2 pr (27 .
F, = (Tyy dSy + Ty dSy) = (Hz—Hy)COSQ d9+4— H,H,sin6 df
7 Jo

8w
2 I 2 o 3 2
= ﬂ/ H, 1—1—”/ 'ua—QcosQ@ + Hy —(:089—1—'u 'ua—gcos?)@
8m Jo w+pr a W+
§—p p—pa’ ’
Ho—s1n29+H1 ——s1n9—l— — sin 30 cos 6 df
WApr? a W

2 I _ 2 _
+ ﬂ/ [HO (1—1—'“/ 'ua—2c0529> (—cos@—l—'u 'u—gcos?)@)]
4 w+pr a wWtpr

[,u _MHOT—st@—i—Hl (—asm9+ W _'u—sm?)@)] sin 6 df

Wt p WAt s
o r2
= ﬂ/ H2+2H0H1 - ,u pa cos 9+H2—cos 0
8m Jo a ,u+,u7"

M/ — 2 3
- ((H2+H2) 00829+H0H1—cos39>

W
W=\ at a® a’
+ (/L’—l—,u) <H2_COS49+2H0H1 5C0$59+H cos6€> cos 6 do
27 _ 2
+ A 2H, H, ——+“ RO sing — 12 gin?0
8 Jo a _|_/“~ 1,2
po— a’ . a® .
2 ((Hg + Hy) 5 sin 26 + H0H1T—351n39>
,u/_,u 2 a4 a5 a6
+< , ) <H§—45in40+2H0H1—55in50—|—H12—6sin69> sin 6 df
Wt p r r r
HoH 2m g BoH
= 7'& 0 17"/ ECOSQG—F Iua dezlu Hag 1. (23)
4 Jo \a WA w2

This force is independent of the radius r used in the calculation, so long as r > a, and
vanishes if the wire has the same permeability as the surrounding medium.

We now calculate the y component of the force, which is expected to exhibit the J x B
force (3) proportional to I Hy, so we drop terms in I? and H? that eventually would integrate
to zero. Then,

F, = /(TyzdS + 1, ds,) = HHcos@d@JrgT/ (H2 — H?)sinf db

41 Jo 7w Jo



2 r_ 2 I 3 2]
= BT Hy 1—1—'“ il cos20 | + Hy —cos@—i—'u Ha cos30 | — —sinf]| -
/ 2 3
47 Jo w4 pr a W+ pr cr

I 2 — 3 21
[,u MHO—st@ + H; (——sm@ + W 'u—sm39> + —COSQ] cos 6 df
a

Wt r? potprd “r
2 / 2 f— K 2I i
Lo By sin2g + Hy | ——sinf+ 52" sin3g ) + = cose
B / 3
sz Jo N a w4 pr cr

2 _ 3 2] 2
_ [HO <1+ W= M—cosQ@) + H; (—cos@'u 'u—gcos?)@) — —sm@] }sin@ df
wWHpr a W cr
I 2T 2
= ,u_/ H, 1+,u HE 0520 cos 9—1—” 'qu—cos?)@cos 0
2me Jo o+ pr? WA

H I I 3
_ oK ,ua_sm 1 MHla—sin?)@siHGCose do
2+ pr? P
I 2 | Ho ! — 2 g 3
+ '”_/ Hop ,ua_sin229+,u 'qua—sin?)Gsin@cos@
27c Jo 2 W+ pr? WAoo
o 2 I 3
+ Hy 1—1—“ M—cosQ@ sin? H 'qua—cos?)@cosz@ do
Wt pr? potp
IH 2T I _ 2 IH IB
— ,u2 0/ <1+,u Ma—gco 29)0[9:'u 0= (24)
wc Jo Wt c &

The force is independent of the choice of the radius r, so long as r > a, is independent of
the permeability p/ of the wire, and agrees with the simple expectation (3).

For the record, if we had integrated the stress tensor over a cylinder of radius r < a
the result would be F = 24/ Bor? y/a*(1// + p). Since the limit of this as r — a does not
equal the result for » > a, we infer that there are important effects at the interface r = a.
The permeable liquid is presumably contained in a tank of some characteristic radial scale
b > a, at whose surface additional magnetization forces will arise. We consider these forces
as distinct from those at the interface r = a, and that only the latter are part of the forces
on the wire.

Equation (24) was deduced in a similar manner in ref. [1].

2.3 Calculation Using the Bulk Force Density

An expression for a bulk force density fin magnetic media can be obtained by transformation
of the surface integral of the stress tensor into a volume integral. See, for example, secs. 15
and 35 of [9]. The result, again ignoring magnetostriction, is

2

1 H
f=-JeonaxB——Vyu, (25)
c 8

which is due to Helmholtz [13].
In the present problem, Vi = 0 except across the surface r = a that separates the wire of
permeability x4 from the surrounding medium of permeability ;. Hence, the Vi term of the



volume integral of eq. (25) becomes a surface integral on the cylinder r = a. However, care
is required in this procedure when H? is not continous across this surface. Recalling that
the tangential component H; and the normal component B, = uH, of the magnetic fields
are continuous across a boundary, it is preferable to write H?> = H? + H?> = H? + B2 /u*.
Then,*

2
/HQVM dVol = / <H2 + B—) % dVol = / (Hf@ - B2M> i dvol,  (26)

on " On
and
1 1 (1 1
F:/deolz/—JcondedVol “/H2 i dS + (———)/Bgﬁds. (27)
c s \p

In contrast to the simple prescription given at the beginning of sec. 2, in this integral the
magnetic field B is the field on the current element J.,nq dVol from all sources, including
those in element dVol. For the second and third terms of eq. (27) where n = r, we recall
eq. (8) that for the z and y components we need only the parts of H and B? that vary as
cos @ and sin 6, respectively. From eq. (18) we find

IB

H; = 430}[1,#2 : =i (28)
(1 + 1) W ca
Iulu/2

B? = 4ByH,————cosf + ... 29
(W' + p)? 2

Thus,

1 re 27 I
F = [rar[ a—2x
cJo 0 Ta

2 21 21 2
,u’{[ - (BO +Blfcose> — —;nsin@] X+ (—;ﬂ cos @ — 7Bl—sm9> }
W+ a ca ca W+p oa

—_ ! 2w
_pr=h a db <4BoH1%COSQ> cosf x
8m Jo (W + 1)
— 2 8 IB
e ad@( O si )sm@y
8t Jo W+ oca
,u’—,u o Iu/2
+ ; a db <4BoH1/72COSQ> cosf x
87yt Jo (W +p)
2u' IBy . aByH . — ' IBy . aBoH ! .
= Ry ) Sk BRIy ()T ok
Wtpoc 2 (W+p) pWtp e 2 (W+p)
"—paByH IB
_ K M001§H_ oy. (30)
Wt 2 c

This agrees with the calculation of the previous section via the stress tensor.

!Thanks to J. Castro for pointing out this trick.



3 Use of Magnetization Currents or Fictitious
Magnetic Poles

We now take a different approach to the calculation of the force on the wire, whereby
the effects due to magnetization are included via either the magnetization current density
Ju = ¢V x M (and the associated surface current Ky, = ¢ M x i) or via the fictitious pole
density p,; = =V - M (and the associated surface pole density o)y = M - n). The wire is
considered to consist of filaments along the z axis, and the total force is calculated as an
integral over the force on the filaments in the spirit of the Biot-Savart force law.

The hope is that this approach would provide more intuitive explanations for the term
—(H?*/87)Vu in the bulk force expression (25). However, we achieve success only with
prescriptions that differ in an important way from those advocated by Brown [5] on behalf
of the Coulomb Committee.

3.1 Calculation Using Magnetization Currents

In the first version of this calculation, we include the so-called bound current density due to
the bulk magnetization M,

p =1

Juy=cV xM =
M=V A /c

VxH-= (,U/ - 1)Jcond> (31)

since the magnetic field H is related to the conduction current density Jconq by Ampere’s
law, V x H = 41J.ona/c in magnetostatics. Thus, the total current in the interior of the
wire is

Jtotal - JM + Jcond - M/Jcond- (32)

The current density Jiota is the one that should be used in the microscopic version of
Ampere’s law V x B = (47/¢)Jtota;, which leads to B(I) = 2u'Ir 49/0012 = (/H(I) inside
the wire. Since eq. (32) by itself also implies that B(I) = 24/T @/cr outside the wire, we
see that in addition to the volume magnetization current density J,;, there must be surface
currents at = a. On the outer surface of the wire the current density is given by

/

~1 .
cM(r=a")xr = c'u4 Hy(r=a") 0 xr

s

=121 244

- #- la_M/+Mc(Hosin9+H1Sin29)]27 (33)

while surface current density on the inner surface of the medium surrounding the wire is

—1 (27 2
cM(r =a") x (1) = :“47T [; _ M/ _/:MC(HO sin @ + H, sin 29)] Z. (34)
The total surface current density is thus,
—u |21 2
Ky = M47TM [; _ /L/‘/:MC(HO sinf + Hy sin29)] Z. (35)
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By adding the surface current (35) to the microscopic form of Ampere’s law, we should
be able to deduce that part of the magnetic field B not initially present. The first term of
eq. (35) has no effect on B for r < a, while for r > «a it adds a piece 2(u—p’)I /cr, so the total
magnetic field outside the wire due to current I is B(I) = 2ul 8/cr = pH(I), as expected.
The second term of eq. (35) contributes to the magnetic field both inside and outside the
wire, and in principle provides an alternative method of calculating the fields summarized
in eq. (16).

The force on a current-carrying filament is now to be calculated using an appropriate
version of the Biot-Savart law. Having tried numerous possible variations, we only find
agreement with eqs. (23) and (24) if the magnetic field we use is H; and not B;, where ¢
means the initial fields before the wire was introduced into the permeable liquid. See sec. 3.3
for additional discussion. Apparently, this prescription is the one advocated by Lorentz [14].
However, Brown, in his eq. (1.3-4") of [5], advocates the use of the initial field B;.

It is also important to use the initial field as given by eq. (6), and not the field that would
hold if a cylindrical cavity of radius a were introduced into the permeable liquid.

The magnetic force per unit length on the volume currents and surface currents is to be
calculated as

1 1
F—- / Jiotar x H; dVol + - / Ky x Hi(r = a) dS, (36)
C C

where Jiotar is given by egs. (5) and (32), and the surface current K, is given by eq. (35).
Then,

1 a 2m /I
F — —/rdr a0 P o5«
0 0

c Ta?

(Ho + Hlfcose> % — H, " sin 6y
a a

1 2 — |21 2
+ —/ ady Lt l—— K c(Hosine—i—HlsinQ@)]ix
cJo

4T a p+p
[((Ho + Hycosf) x — Hysin 6 y]
IH, . p —paHoHy IH, . W —paHoHy . plHg .
= pW—y+ +(p—p)—y = X +
e Sl s e =)=y W 2 Y
"—waByH, . 1By .
_ K~ Rrabo Lgt oy7 (37)

wWtp 2 c

in agreement with eqgs. (23) and (24). If we had used the field B;, the result would be p
times the above.

3.2 Calculation Using Fictitious Magnetic Poles

The forces on the magnetization of the media might also considered as due to a density
of fictitious magnetic poles, rather than being due to currents J,; and K;;. Some care is
required to use this approach, since a true magnetic pole density p,, would imply V - B =
4dmp,s, and the bulk force density on these poles would be F = p,;,B. However, in reality
0=V -B=V.(H+41M), so we write

V- -H=—-47V -M = 47mp,,, (38)



and we identify p,;, = —V - M as the volume density of fictitious magnetic poles, following

Poisson [15]. Inside linear magnetic media, such as those considered here, B = y/H and

V -B = 0 together imply that p,, = 0. However, a surface density o of fictitious poles can

exist on an interface between two media, and we see that Gauss’ law for the field H implies
that (H, — H)) -
2 — ) -1

OM = —47T 5 (39)

where unit normal n points across the interface from medium 1 to medium 2. The surface

pole density can also be written in terms of the magnetization M = (B — H) /47 as
ov =My — M) - n, (40)

since V - B = 0 insures that the normal component of B is continuous at the interface.
In the present problem, the density of fictitious magnetic poles on the surface r = a is
given by

Hy(r=a")-H(r=a") 14 —p
4 2 4

oM = (Hp cos @ + Hy cos20). (41)

The force on the surface density of fictitious magnetic poles is
F=0uyB(r=a), (42)

assuming that the fictitious poles couple to B rather than to H, following the advice of
Thomson and Maxwell [16].2

The total force on the medium in this view is the sum of the force on the conduction
current plus the force on the fictitious surface poles, where to avoid calculating a spurious
force of the wire on itself we use the initial magnetic field B;,

1
F=- / Jeona X By dVol + / ouBi(r = a) dS. (43)
C
Then,

1 a 2 I R R
Fo— [ rar[ a9 —2xBx
0 Ta
/

cJo
2m 1 —

+/ ad) —1 M(HOCOSG+H1COSQO)~[(Bo—i-Blcos@)i—BlsinQy]
0

2m W+ p
/_
_ B MaHoBl)AH_IBoA (44)
A 2 c 7

in agreement with eqs. (23) and (24), since HyBy = BoH;.

2We note that Brown in his eq. (1.3-3) of [5] recommends that the initial field H; be used rather than
B; when using the method of fictitious magnetic poles. However, this would imply a force 1/u times that of

eq. (42).
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3.3 The Biot-Savart Force Law in a Permeable Medium

The results of secs. 3.1 and 3.2 show that care is needed when using the Biot-Savart force
law in permeable media. We review this issue by starting with the simpler case that the wire
and the surrounding liquid both have the same permeability p # 1. Then there is neither a
surface current nor a fictitious pole density at the interface between the wire and the liquid.
However, there remains the volume current density Jy; = (1 — 1)Jcona, so that the total
current is still Jiota1 = pdcond- Since the force on the wire is correctly calculated via the force
law

1
F=" / Jeond X By dVol, (45)
c
using the conduction current, we see that if we wish to use the total current we must write
1 [ Jiota 1
F = —/ otal B, dVol = —/Jmtal « H; dVol. (46)
c I c

The other aspect of the analysis of Biot and Savart is the calculation of the magnetic
field from the current density. The microscopic version of Ampere’s law,

4
V < B = o (47)
corresponds to the prescription that
1 [ Jtotal X T Jeond X T
B:—/er\/olzﬁ/#d\/olz,uﬂ (48)
c r2 c r2

Hence, the macroscopic version of Ampere’s law,

4
V xH= - Feond, (49)
C

corresponds to the prescription that

Seond 22 dVol, (50)

independent of the permeability.
The form of the eq. (2) for the force on circuit a due to circuit b supposing the wires and
the surrounding media all have permeability pu is therefore

I, 1.1 1, % £,
Fa:_jfdlabi:M Qb]{dlax]{dbx” (51)
C Ja C a b

D) ;
Tab

where [, and [, are the conduction currents in the circuits. We also see that eq. (51) holds
even if the wires have permeabilities i, and p, that differ from the permeability p of the
surrounding medium, since the magnetic field due to wire b at the position of wire a before
wire a was introduced is given by B, = pH;, which depends on neither p, nor p,,.

An extensive bibliography on conceptual issues in magnetism is at [17].
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